Existence and Concentration of Positive Solutions

for a Super-critical Fourth Order Equation
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Abstract In this paper we investigate the problem of existence of solutions
for a super-critical fourth order Yamabe type equation and we exhibit a fam-
ily of solutions concentrating at two points, provided the domain contains

one hole and we give a multiplicity result if we are given multiple holes.

1 Introduction and main results

In this paper we will study the existence of positive solutions for a homoge-

neous super-critical problem of the form

A2y = [uf"fu on  Q
(F:)
u=Au = 0 on 0N
where €2 is a smooth bounded set of R", with n > 5, and p = Z—J_rf‘l is the

critical exponent. This problem was studied in the case of the Laplacian by

Del Pino et al. in [11], [10], where they use the finite dimensional reduction
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method. Our work will be in the same spirit. Let us recall that problem
(P:) was studied in [5] where the authors show that there is no one-bubble
solution to the problem and there is a one-bubble solution to the slightly
sub-critical case under some suitable conditions.

Recall that for e = 0, this problem has a deep geometrical meaning, in fact if
(M, g) is an n—dimensional compact closed riemannian manifold with n > 5,
we can define the QQ—curvature (see for instance [18])

3 _4n?2 +16n — 16 2
n n” 4+ 16n R?_

= T o1 (n—2)2

Ric*+ ————AR,
[Riel” + 50—

4
then after a conformal change of the metric, one gets for ¢ = un—4g ,

Qgun-t = Pyu, (1)

where Py is the Paneitz operator, defined by

A2 (n—2)* +4 4 n—4
Pyu == Aju dw((Z(n—Q}(n—l)Rg n—2RZC du | + 5 Qu.

Hence prescribing the (Q—curvature problem is analogous to the scalar cur-
vature prescribing problem. Now remark that in the flat case, for instance

if we consider an open set of R", the problem of prescribing constant Q-

curvature coincides with (P:) with e = 0 that is
Ay = |uP . (2)

The variational formulation of (2) under Navier boundary conditions in a
bounded set was deeply studied, especially from the perspective of the theory
of critical points at infinity, introduced by Bahri [1] (see [9], [14] and [13]),
and this reveals more interesting analytical phenomena involving the topol-

ogy of the underlying set 2. We bring the attention of the reader to the fact



that this problem is not compact, that is for the case ¢ = 0 it corresponds ex-
actly to the limiting case of the Sobolev embedding H? (Q)NH} (Q) — L%,
(see [21]), and thus we loose the compact embedding. The case € > 0 is even
worse since the continuous embedding is also violated, so the variational set-
ting in the classical spaces fails to show existence of solutions: in fact as in
the case of the Laplacian, if the domain is star shaped we know that it has
no solutions in the super-critical case and no positive solutions in the critical
case ([21], [22]). In this work we will show the existence of positive solutions
of (P.) having two concentration points in a domain with holes and those
solutions do not survive when ¢ — 0.

We also recall that the authors in [17] proved also existence and multiplicity
results for the problem (F.) with ¢ = 0 and with a non-homogeneous term.

The main result of this paper reads as follow :

Theorem 1.1. Let D be a bounded smooth open domain of R™, and let
P € D, then there exists py > 0 such that if 0 < p < py and Q@ = D—B(P, u),
then there exists eg > 0 and a family of solutions u. for problem (P.) with

0 < e < eg. Moreover u. reads as follows :

1 = 1 nzd
QpAien—1 QAo 71
ue () = + + e (x)
<en2u% + |:c§i|2> (A + as|2>

where . —> 0 as € —> 0 uniformly, and o, is a constant depending on n.

i and & are critical points of a function that will be determined later and

there exists 0 < ¢ < C' such that
cu <& — Pl <Cu, i=1,2.

Using the same idea and the estimates in the proof of the theorem, one

can then show:



Corollary 1.2. Let D be a bounded smooth open domain of D — Ui<i<mB(P;, w;),
then there exists eg > 0 and 2™ —1 solutions for problem (P.) for 0 < e < &y,

moreover those solutions read as follows :

n—4 n—4
1 2 1

apA1jEn—14 anAg jen—1
Uk,e (z) = E 2 2 + ) 2 D) +¢e (2)
. n—4a __ c€ n—4a __ c€
=L\ EnEAL ‘I &1 Agg€n ‘9” £2,j

where . — 0 as ¢ — 0 uniformly, 1 < k < m and o, is a constant
depending on n. A;j and & ; are critical points of a function built using the

Green’s function and its reqular part. Also, there exist 0 < ¢ < C such that
cp < |6, — Pj| < Cpyj, i=1,2 and 1 < j <m.

As remarked in the paper [10], from the proof one can see that there is no
need for the excised domains to be balls: in fact the scheme of the proof ap-
plies in the same way if one considers any holes contained in some small balls
(see also Corollary 2.1 in [11]). Moreover we believe that our result can be
generalized with a condition similar to that of Theorem 1.1 in [11], where the
authors consider general holes with assumptions on the cohomology groups:
in fact one uses estimates on the expansions of the Green’s and Robin’s
functions in the abstract min-max argument, and for the bi-Laplacian these
last functions are essentially the same as in the classical case, just by taking

into account the related exponent.
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2 Preliminaries

Let us start by defining the following functions

e (@) )T
r)=|—"—"> ,
(3% ( ()\2 + |.’E . €|2>
where A > 0 and ¢ € Q. For v € D?*2?(Q), we will denote by Pu the

projection on H? (Q)NH} (), defined as the unique solution of the problem

A% = uw” on Q
)
v=Av = 0 on 0
We recall that for the bi-Laplacian operator, the Green’s function of a set

Q) with Navier boundary conditions is defined to be the solution of

A2G (z,y) = 4, on £
G(z,y) =A,G(z,y) = 0 on 0N '
This function can be written as

Qan

G(z,y) = — H(z,y), Vz,y € Q and = # v,

Jr—y"*
where a,, is a positive constant depending on n and H is the positive smooth
solution of
A2H (z,y) = 0 on
H(z,y) =——, AH(z,9)=A—— on 0Q

oy lz—y|

(3)

Now let &1, & be two points in ©, and A, A2 > 0, we will write U; = U(&,Ai)
and U; = PU;. Then one has U; = U; — ¢; and

pila) = A N7 [ Ty +o\7) (@
Away from x = £, we have
Ua) = Gl 6T [ T+ o). 6

b}



For more details about these estimates we refer to the Appendix.

Let us set now .J to be the functional defined by
1 1
=5 [1su = [, )
2 Q P +1 Q
and let us find an expansion of
1
J(U1+U2 /‘A U1+U2 | —? (Ul—l-Ug)p. (7)
We define the set

Os5 () = {(&1,62) € A x Q61 — &| > 6 and d(&;,00) > 6}, (8)

where § > 0 is a small fixed number and let
e
p+ 1

Lemma 2.1. For (£1,&2) in Os (Q) we get

Then we have the following

JUh+U) = 20, +% (/ Up) (H (G, &) N+ H (&,8) N1 — 2)\:24)\;246:(51,52))
+o (max(A1, X))

The proof follows from the following estimates (see Appendix):

2
.2: *2_ T7P ey \n—4 n—4
/Q|AUZ| /RnyAU\ </RU> H (6,6) X4 + o(AP ),

_\2%2 n-4 n-a
/AUlAUQ: </ U”) M2 A% G(&,&) + o (max(M, A)" 7)),
Q n

1 1 — N2
ﬁ QUZ-erl — p—&—l/QUpH _ </ UP> H(ﬁufz) )\?74_{_0()\?74)’

and
1
[ oyt -t



2 4 pa
:2</nUp> )qTAQZ G(flafz)+0(max()\1’>\2)n—4)‘

Therefore one has

1
J(UL+Us) = Q/A(U1+U2)2— NEEEA

+1

2

- Z( /| Ui)? — +1Up+1> /AUIAUQ
1

_Im Q(U1+U2)p+l_Uf+1_U2p+l

2 2 o
-y (/ o ([ o) H(@-,@w—ﬁ*)— L[

=1 R +

4

Up> )\1 T )\; G(&,8)+o (max()\l, )\2)”_4)

2
" </ > CHOR </nUp)2)‘1n24)‘2 G (&1,62)
~(/,

n—4

1 . 2 n—4 n—-4
= 20, + 3 </ U”) (H (€L, E) N4 H (€9, &) N7 =207 \,2 G
+o0 (max()\l, )\2)"_4) .

€.a)

Consider now the perturbed energy functional J. defined by

1 1
Jo(u) = / Auff - — T / P,
2 Jao pt+ltelg

and assume that (\;)""* = ¢, A% . Hence we have

Je(U1+Usz) = J(U1+Us)+ / (U + U2)p+1_

ﬁ ) / (Uy + Ux)PH In(U1+Us)+o (¢)

p+1Jg

Using the fact that

/(U1+U2)p+1=2/ Up+1+0(1).
Q n



and for p > 0 small, we have

/ (Ul +U2)p+1 111(U1—{—U2) = / (U1+U2)p+1 1D(U1+U2)
Q l[z—&1]<p

+ / (Uy + Us)P In(Uy + Us) + 0(e),
|z—&2|<p
Notice that

n—4
/ (U1 + U In(U403) = —In(A 7)) / (U + Us)PH In(Uy +Us)+
l[z—&1|<p lz—¢&1|<p

n—4 n—
2

4
+/ (U1 +U2)p+1 111()\1 U1+)\12 Us)
lz—&1|<p

n—4

——uoy ) ([ 07 voon) + [ 07w o),

so that
—4 _ _
/ (U1 + Us)P M In(Uy +Us) = — 2 5 (k) Up+1+2/ 0" InT-+o(1)
Q Rn n
(9)
Thus
Je(Ur + Us) = J(Uy + Ua)+
—=p+1 n—4 —=p+1 2 —ptl, =
— — 1 - 1

e <(p+ L I n(/\l)\g)/n el L nU>+o(s)

Using the previous lemma we have the following
Lemma 2.2. Let us set (\)"* = ¢, A2e. Then we get

Jo(Ur 4+ Us) = 2C), + Yne + wpeln (&) + wpeV (&1, &2, A1, A2) + o(e)
for every (&1,&2,A1,A2) € Os () X ((5,5_1)2. Where:

2 +1 2 —ptl, =
””:W/nﬁp “ori S, U U waln(en),
w — L Pt
L=
(p+1)? Jrn

)

and finally

U (&1, 60, A1, A9) = = (H (&.61) AT + H (&2,&2) A3 — 2A105G (&1,&2))+In (A1As) .

DN | =



3 Linear Problem

From now on let Q. = 57ﬁ9 and we will consider points & € €. and
numbers A; > 0 for ¢ = 1,2 such that |} — &| > 55_ﬁ, d(&,o00:) >
&fﬁ and § < A; < 6. For the sake of simplicity we will adopt the
same notations as in [10], that is V;(z) = Ug,,\; for A} = (an?)ﬁ.
The projections on H? (Q.) N Hg (€2.) will be denoted by V;. Consider the
functions B o
7ij = ggj, i1 =1,...,n and 7m+1 = gX;
and their projections Z;; = PZU. Let V=Vi+Voand V =V + V5. Now

for a smooth function h, we want to solve the following linear problem :

A —(p+e)VPely = h+ 3, eV Z; on {2
©w = AQO = 0 on an
<v2,p—1zij,<p> — 0 for i=1,2;j=1,...,n+1
(10)

We define the following weighted L*° norms : for a function u defined on €2

. N
e A
n—4

2
where w; = (H-]zl—g"z) , B= ﬁ , and

ull, o = [ (wn + w2)™Vul| o

with v = %.

Proposition 3.1. There exists ey > 0 and C' > 0 such that for all0 < & < gg
and all h € C“(Q) the problem (10) admits a unique solution ¢ = L.(h).

Moreover we have



and

[cij| < CRl, -
We need the following

Lemma 3.2. Assume there exists a sequence € = g, such that there are

functions p. and h. such that

Ao, — (p+e)VPTlp. = ho+ Zi,j Cij Vipilzij on Q.
e = Age = 0 on 00,
<Vip_lzij790€> - 0 for i=12;:j=1..,n+1

for certain constants c;j depending on e, with ||h.||,, = o(1) if n # 6,8 and

In(e)* ||h|,, = o(1) in dimension 6 and 8. Then |¢c||, — 0.
Proof. Take p > 0 and define
R I
Assume first that [l¢c[|, = 1. Then testing by Z;; we get
Zcij <V;p_1Zz'j, Zlk> = (e, A2 Zy, — (p + )VPT1 21 — (he, Zik)
which is an almost diagonal system (see Appendix). Since
N2Zy, = pVi ™ Zy,

we get

(e, N*Zyy, — (p+)VPT 1 Z1) = o(1) llpell, -

And since

[(he, Zur)| < C'|hell

*x 7

10



we can deduce that ¢;; = o(1). Now let us estimate ¢.. Using the Green’s

representation formula one has :

pe (2) = (p4) | GV g /Q Gla,y)ht Y e /Q Gla, )V 2,
£ £ ij £

We recall that
_ 1 —pte—1+48
| v el <Clled, [ T < Ol (r(a) + wa(0)’
Q. R |2 — Y|
and

G(z,y)he
0.

IN

Ol [ o (=) (1 -si) )

< Cllhell,, In(e)™ (wi (@) + wa(x))”,
where m = 1 if n = 6,8 and m = 0 elsewhere. For the last term we have

/Qg G(z,y)

VI zy

N
Q
S.M
5

1 ﬂ—l—
T ‘Vi Zij

n+7

oy (e l-dr)

IA

Q
]
5

IN
Q
g
&
+
S
=
<
S

Now, we also recall that

0 0 _
G(xay>he+zcij ; gG(m,y)Vf lZZ»j.

0pe
2 (1) = (p+e) ,
Q. O i

0 o
o Gla,y) VPt /

. 0

and one has the following

[ ] < cin, [ s (1) (14l -a) )

< Clhelly In(e)™ (wi(z) + wg(x))/j"—ﬁ

IN

In the same way, for the other terms we get

0 _ 1
G, )Vl oc| < Cllge]l, (wi(@) + wa(a))” 7
Qe aﬂfl P

11



and

< C(wi(z) + wolx)) s

0 -1
/S axiG(m,y)Vf Zij

Hence one has

- @) < C(lleell, + ()™ e, ) (wila) +wa(@)® (A1)

Ve @] < C(llpell, + ()™ hell,. ) (wi(a) + wa(@)* 7
In particular since [[¢c||, = 1, we have
9= ()] (wn () + wa(2)) 7~ 4Tz ()] (wn(2) + wa(x) ™7~ < C (wn () + ()"

Thus there exists R > 0 and v > 0 such that ||¢£|]LM(B(€§,R)) >~ for i =
1,2. Also using elliptic regularity theory, one has that ¢. (z — £}) converges
uniformly on every compact set to a function ¢ solution of the following
equation :

A%G = pU o & on R,

for a certain A > 0, and using the fact that

. C
ol < 2P

a simple boot-strap argument yields to

ol < 20D

Thus using the classification of solutions in [16] one finds that ¢ is a linear
combination of %U,\p, i=1,...,n and %UA,(). But passing to the limit in
the orthogonality conditions, it yields to ¢ = 0 which contradicts the fact
that ||gog||Loo(B(§,l7R)) > . Now to finish the proof, notice that from (11) we

get that
lell, < € (llgell, + (@)™ ell..)

12



Proof. of proposition (3.1):
Consider the Space

1

H={pe H Q)N H ()5 (V7' Zij.0) =05}
endowed with the H? (.) N H} (€2.) inner product, namely

(u,v) = AuAv
Qe

The weak formulation of the problem then becomes
(p,0) =((p+e) VPt Lo —h,v), VveH.

Therefore using Riesz representation theorem, we get that

o ="T.(p) +h

where T is a linear operator that is compact on H because of the elliptic
regularity and Sobolev embedding, hence using the Fredholm alternative we
have existence of a unique solution if and only if the kernel of the operator
Id — T is trivial. One is led to consider then the solutions of ¢ = T, (¢),

but this is equivalent to solving the problem

A2p— (p+e)VPrely = Y. c;VP ' Zy; on Q.
0 =Ap = 0 on 0,
<Vip_1Zij,<p> - 0 for i=1,2:j=1,..n+1

The conclusion thus follows from the lemma, and the unique solution for
this is ¢ = 0 . Also the fact that ||¢||, < C||h|,, follows easily from the

previous lemma. ]

Now using the same strategy and following the argument in [10] we get

Proposition 3.3. Under the assumption of Proposition 3.1, we have

IVeaLe M, < CllAll,-

13



4 Finite dimensional reduction

In this section we want to reduce the resolution of the problem to the study
of critical points of a function defined on a finite dimensional manifold. So
here we will look for a solution of the form u = V + ¢ where o € H, the
Hilbert space defined in the previous section. We will split the difficulties
in several steps. First we will start by looking for a solution of the following

intermediate problem

AV +9) - (V4R = eV 2 on Qe
P =Ap = 0 on 0
<Vf‘1zij,¢> — 0 for i=1,2:j=1,...n+1
(12)

Notice that this problem is equivalent to

AG— (p+e)VPH 5 = N(§) — Re + > ci; VP Zi (13)
i,J

where € H and
Ne(@) = (V+ 2 = (p+e)VPHlp —vree

and

R. =VPte U —UY.

We will split the problem and then we will use a fixed point argument to
find a solution. If we take ¢ = —L.(R;) then one is looking for a solution

to (13) of the form @ = ¢ + v and thus ¢ will satisfy
¢ = Le(Ne(p +9)). (14)
Consider the fixed point problem

o = Le(Ne(p+ ) = Az (¢)

14



We want to show that A, satisfies the contraction mapping theorem in an
appropriate complete set. Let us estimate N; (u) for |lul|, < 1. Using a
Taylor expansion we get the existence of ¢ € [0, 1] such that

_(pt+e)lpte-1)

N (u) 5 (V + tu)P~ 2o,
withp—2:%—2:%: 12— = Soif n <12 one gets
N: (u) Vﬁﬁ = (p+ 8)(p2+ £ 1)77%(‘/ + tu)P~ ey
< OV P o e |y 2
< CVTEATeTE 2
< ? lull?.

For n > 12, the proof is more involved, since we have to distinguish two
cases. First consider § > 0 and take the region d(y,09Q:) > dc™ = 4 then

one has the existence of C5 > 0 such that V > C;V and therefore we get

8 —1
Ny | = PEACEE Dy ey
—93__8
< VR ||u)?
< OV u)? < 02 |u)?

If d(y, 09) < (567ﬁ, by using Hopf lemma, we have that for ¢ sufficiently
small V' (y) ~ %—‘;d(y,BQE). Then we recall that |VV| = ‘VV’ +o(1)

\VV] > Ceni for e small enough

and thus V (y) > Csz%id(y, 09Q¢). Therefore

NV T < ov R (s, 00.)) e
< ORIy, 002 ]2
< Cenzt =3 (p—2)— B, — o428+ -2 ”UH
< o,

15



hence
VP22, it n < 12

[[Ne ()]
Ce2=1ju|)? if n > 12

Now consider
R = VP& VL _Vhpypte PP VP VP VD 4 o(eP)
< ) CeViI(Vy) + o),
thus

We get then the following

Lemma 4.1. There exists C > 0 such that for € small enough and for

llu|l, <1 we have

C (\|u||3 +g2) ifn <12

C (626—1 ul)? + 525+1> if n > 12

(16)

Now, we can state the following

Proposition 4.2. There exists C > 0 such that for € small enough, the

problem (14) has a unique solution ¢ with ||¢||, < Ce.

Proof. Let
F={ue H (@0 H (@), ul, <<}

and then consider A. : F — H?(Q)NH} (Q). By using the previous lemma

16



and proposition 3.1 we get
[A: (W, < ClINe(u+ ).
C (Huui +g2) if n < 12
C (6%*1 ul? + 525“) if n>12

Ce? if n < 12
C20+ ifp > 12
so for € > 0 small enough, we have that A. maps F into itself. Now let us

estimate || A: (u) — Az (v)]], for u,v € F. Since
[Az (u) = Ac (), < ClINe(u + ) = Ne(v + 9], »

it suffices to show that V. is a contraction to finish the proof of the propo-

sition. Notice that by construction
DuNo(u) = (p+¢) ((V +w)y = — vt

thus
IN-(u+ ) = Ne(v + )| < VP2 [h] Ju— o],

where h belongs to the segment u + 1, v 4+ 1. Hence
8 —2
Vo Ne(u+9) = Ne(v+ )| < V7Ol Ju = o,
and this leads to
7_%4 ﬂ—2
Vot IN(u+9p) = Ne(u+ )| < CVE 7 (Jlull, + [loll, + 191,) lu =]l -

Therefore

C (lully + vl + 1) [l = ol if n <12
CeP=2 (Jlull, + [lvll, + 191, llu —vll, if n > 12

< CEmin(l,pfl) Hu - ,UH* 7

[Ne(u+ 1) = Ne(v+9)|,. <

and thus for € small it is a contraction, and that finishes the proof. O

17



Lemma 4.3. The map (&,A) — ¢ (&', A) is of class C1 for the norm |||,

and there exists C' > 0 such that
IVeadll, < Ce.
Proof. Let K be the map defined by
K (€,A,0) =2 - A()
We recall that
DuN=(u) = (p+) (V +u) < - yree)
and
DeN.(u) = (p+e) [(V Ul (p e — VP2 — VP*H} DeV.
The same holds for Dy N.(u). Also,

DyK (¢, A,u) h = h+ Lo(DyNe(u+ ¥)h) = h+ M(h).

Now
MR, < C|DuNe(u+)hl,,
g+
< C|V DyNe(u+)|| A,
[o¢]
and since
___ 8 __op_
VDNt 0)| < OV uk
we get
HV = DUNE(u+¢)H <C
o0 28 if n > 12
Therefore

IM(R)], < Ce™m 20 ||n],

18



and by using the implicit function theorem, ¢ depends continuously on the
parameter (&', A).

In the other hand if we differentiate with respect to & we get

D¢ K (€', A, u) = Dgu+ D Le(N(u+ )
From proposition (3.3) we have that

|Der L (R, < C IRl
and thus we need to compute
Degp = (DerLe)(Re) + Le(Dg Re)

But

DgRe = (p+ VP 1Dy V — V) ' De V3

which depends continuously on the parameters, and this is enough to prove

that @ is C! with respect to the parameters (¢, A). Moreover we have

Derp = — (DK (€,A,9)) " [(De'Le) (Ne (¢ + ) +

(17)
+L. (Der(N: (9 +9))) + Le (Dp(N:) (9 + ) Derp)]

hence

[Derell, < C(IN (¢ + ) + || D (Ne (0 + 9))],, + [[Dp(Ne) (0 +¢) Derp[,) -
Now we know that from (16)

Ce?ifn <12

| Ne(o + )], <
" Ce28H1 if > 12

[De(Ne ()] = (p+o)|[(V+wf=" = (ot e = VP 2y~ vl Do)

IN

CVP~2|De V| |ul

_91n=3
< OV ),

19



From this we get

___ 8 __n—3 _
V| Der (N (w)| < CV 7

therefore

| Der(N= (3 + )], < Ce,

and a similar estimate gives

|D&(N2) (& + ) Derp),, < Ce.

Since there is no difference for the case of the differentiation with respect to

A, we omit that proof.

5 The reduced functional

O

Here we will use the same notations for the rescaled parameters and domain,

and we recall that so far we have p = ¢ + ¢ is the unique solution of

AV +3) - (V+p)ie
7=Ap =
(v 'zye) =

0
0

bl
Zz‘,jcwvz‘ Zij on

on 00,

with [|¢]|, < e and it is smooth with respect to (£, A) and more than that

va/,/\ (go)H* < Ce. So, now we want to go back to our original set {2,

therefore we will denote & = 5_"%451- where & € ) and we recall that if

we take & and A so that it ¢;; = 0 then we have a solution of our original

problem.

Let Z. be the functional defined by

1
= [ 1af

1

Cptetl

20

/ |U‘p+6+1
Qe



so that v = V 4 @ is a solution to our problem if and only if it is a critical
point for this functional.

Let us set k = and consider the functions defined on €2 by

G =y
BEA) (1) = 75 (eTmag A) (=77 a),
b(@) =By (=T aa),

and

Therefore if we set U(z) = Uy(x) 4 Uy (z) and
(€M) =7 (T +0+ (6 0))

then
IEN) =" (V+y+9).

Lemma 5.1. u = U + 121\—{— P(&, ) is a solution of the problem P- if and

only if (§,A\) is a critical point of I.

Proof. Notice that
DI (V + ) Zij = Z Cl <Zk;lle71, Zij>
kl

hence using the fact that the system is almost diagonal, we get that
DI (V +¢) Zij =0
for every 1, j if and only if ¢;; = 0 for every 7, j. Notice also that if we assume

that %I (€,A) = 0 then

B
— T (V+73)=0.
ol (V+9)
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Namely if and only if

_ 0 0

Now it is easy to see that

aZ/ClV =Zu + 0(1)
hence
DI.(V +9) (Zi + o(1)) = 0. (18)

Now for a given a smooth function u, we can find constants a;; such that

<u - ZaijZij, Zklvlpl> =0, for every k,!1
tj
But by construction DZ.(V +@)v = 0 for every v € H, the space defined in

section 3. Notice that one can show that |a;;| = O(||u|/,). Combining this

fact with (18) we get

DI(V +9) (Zi + wo(1)) = 0,

where w is a uniformly bounded function in the space spanned by Z;;, and
hence

DI(V +9)Zi =0,
which finishes the proof. ]
Proposition 5.2. We have the following expansion

5K_1[(V +P) =20 + e + wpe¥ (§, A) + o(e),

where o(e) — 0 ase — 0 in the C* sense, uniformly in Os () x (6, 6*1)2 .
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Proof. Let us show first that

1(€,A) — J. (ﬁ) = o(e).

Indeed, using a Taylor expansion we have

J. <U+$) s (17+1Z+<ﬁ) —/OltD2J€ (ﬁ+$+t@> 3, 3] dt

and this holds since DJ, (CAf + @/b\ + 95) = 0. Therefore, we have
1 PR 1 PR
/ 1021, (U + 6+ 15) 5.6 db = =1 / DL (U + 0 +13) (5. 8l dr
0 0
1
= 81“/ t [/ Vel = (p+e) (V +4 + t) ™= 902] dt
0 Qe

1
_ s / / [ / (p+2) [VPrt = (V o+ 6+ 1) 7Y 2 4 N (9 +9) w] dt.
0 e

But we have ||¢||, + [|¢||, = O (¢), using (16), we get

-1 —p—1
/QNs«awmg/ v *ﬁHNe«own**nwn*scé”/ 7P < o8,

€ €

Now, the remaining part can be estimated as follows

/ |:VP+€71 _ (V_f_w_f_tsp)z%efl} 902 < 082/ VQ/J’ [Versfl _ (V—f—¢+t§0)p+€71}

£

< Ce,
therefore
I(&A) = J(U+1)=o0(e).

For the second stage we consider the derivative with respect to £ of the

difference, then one gets

~

De [1(6,4) = J.(0 + )] =
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S /0175 [/Q De[N. (¢ + )¢l + (p+2) De ([V7H! = (V + 0+ 1077 902>] dt,

hence using the same argument in [10] and the rescaling for &, we get the

desired result.
Now we want to estimate the difference between J.(U + 1,/0\) and J.(U). In

fact one has

Je(U + %) = Jo(U) = " (I(V +¢) — I(V))

=gl [/01 (1—1) ({(p +¢) / <(V + tp)PreTt vp+€—1) W] -2 / R‘%) dt] .

By using the same estimates as above we get
JE(U + w) - Js(U) =0 (5>

Now, to finish, we need to estimate the derivative of the difference :

mﬁuﬁ+@—k@ﬂ=éﬁnﬁ%wﬁur4w

([(p +¢) /Q ((V + tp)PreTt Vp+8_1> wﬂ —2 /Q R%) dt] :

€ €

hence

0(e) — 26" wa Dy / RE4).

€

S
2
=

=)

_l’_
=

|

N
=

I

Thus an argument similar to [11] adapted to our problem yields to the result,

that is

~

De 1T + ) = J(0)] = ofe).

We also notice that if we set T = % — % then we get

J-(0) = g (& (01 + 1))
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Hence

£

_ _ 1 —e2
B (UL + Uy)) = Je (UL + U +/ Uy + Up)PT1e
€ (e° (U1 + U2)) (U1 + Us) P s Qg(l 2)

Now we remark that

1—52/ (U + U = L (Cen(e) +0(e)) </n eln(Us + Us) (Ur + U2)"* +

p+1l+ejq. p+1
—2¢e1l —
/ (U, + U)P* + 0 (5)) _ 22 [ grn o
(9] p + ]. Rn
and therefore the proposition follows. O

6 The exterior domain case

In this case let us consider the domain D = R"™ — B(0, 1), and we recall that

the regular part of the Green’s function of the exterior of a the unit ball is

given by:
H* (:177 y) = a—n,Hv
[yl (z =)
where y = ‘y% is the reflection with respect to the unit ball. Hence one can
see that if
1 1
px (z,y) = Hy (2,2)% Hy (y,y)? — Gu(z,y)
then
_ 1 1
a’nlp* (x7y) = n—4 n—4 + n—4

(14 |2yl = 22| |yl cos (6)) *

(o =1) = (P -1) *

1

n—4

(1P + 1yl = 22| [yl cos (8)) *

By this formula one can see that critical points of p. (z,y) are located so

that x and y point in opposite directions, that is when sin(f) = 0. Therefore
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we will take x = se and y = —te, where e is a unit vector and s and t are

real numbers greater than 1. Hence our function reads as

p(st) =an ( n—41 nez T ! n—4a ! n_4>
-1)7 (s2-1)7 (140 (s +1)

and it is easy to see that it has a negative absolute minimum in a point of

the form (k, k). Hence we can write

e =—p(k, k)=~ in_ p. (@, y) (19)

and consider the set

A= {(x,y) € DQ;IO* (‘$| ) ‘y|) < —7"}

where 7 is a small positive real number so that p = —r is a closed curve
on which Vp # 0. Observe then that two situations might happen on 0A:
either there exists a tangential direction 7 so that Vp-7 # 0 or x and y point
in two different directions and Vp, (z,y) # 0 points in the normal direction.
Also, it is important to observe that if we consider D, = R™ — B (0, p)
then G, (z,y) = p* "Gy (p~ 'z, p~'y) and hence we set A, = pA and that
corresponds to the set p, (|z|,|y|) < —pt="r.

For a general domain Q =D — B(p, u) one has

G(z,y) = Gu(z —p,y —p) + O(1),
for (x,y) € (p,p) + A,, and O(1) is bounded in the C! sense independently

of u.

7 Main Theorem

Since the function ¥ defined in section 2 is singular in the diagonal of €2 x §2,

we replace the term G (£1,&2) by G (£1,&2) = min (G (§1,&), M) for a
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constant M > 0 to be fixed later. We will restrict our study to Q2% x Q% x Ri

where

Q% ={£€Q;d(£00) > a}

and in fact we will restrict more our function to the set Ai X ]R%r.

Recall that using this restriction we get that p < 0 and hence the principal
part of ¥, which is a quadratic form, has a negative direction, and we will set
e (&1,&2) the vector defining it. In fact if e (£1,&2) = (e1 (£1,&2) ,e2 (£1,€2)) ,
then

H(fl,ﬁl)% H(£27£2)% ) '

e(f aé ) = < 1 s 1
VT B @) pa.6) HEE) p(n )

Hence we have

W((E6) e (6,6) = —5 — I (€,&)),

Now let k& be the number defined in (19), then we set
S =5(0, puk)

and define the class of curves v : $*x [s,s7'] x[0,1] — A, xR? defined by:

i) for (&1,&2) € S2, t € [0,1], the following holds
Y (517 527 S, t) = (517 627 se (517 52)) )

v (&1, 6,571 t) = (&1, 62,5 e (€1, 6))

i) v (&1,62,t,0) = (&1, &2, te (&1,&2)) , for all (&1,&2,t) € S x [s,571].

Now we have the following
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Proposition 7.1. The min-maz value defined by

C () = inf sup U (v (&1,82,t 1)),
v (51,52,t)652><[s,s_1]

s a critical value of .

The proof of this proposition is similar to the one in [11], therefore it

will be omitted. The main result is then proved.

8 Appendix

Here we will give a list of estimates used in some of the proofs.

n—4

Let U ey (2) = (m> ? and fori = 1,2 we willset U; = Ug, ).

Also using the same notation as in section 1, we set U; = PU;, €19 =

1 — Jdic(£. ; di
Tl 6l and d; = dis(&;, 012). Here the O is for §& — oo and
£12 —> 0.

Proposition 8.1. Let 01 = Uy — Uy, then :
i)0 < 0 < Uy,
i) (x) = H (&1, 2) 2+ ()

iii)fy (x) = O (2;2 2 fi(@)=0 <Z}§_+2>
Wi (@) =0 )

n—4

>

3

. 2 o n—4 )‘?_2
Lemma 8.2. i) ||U1||” = (U1,U1) =Cp, —c1H (§1,6) A"+ O

dn—2
.. n—4 n—4 n:i )\n—21 \n—2
i) (U2, U1) = 1 <€12 —H (£1,6) A7 A2 >+O (5{5 + d,il—_g + dzl_2>
% _ )\n—Q
i) Jo Uy = Co = 24 (€.60 N~ + 0 (3)

nid O (efy In(ey) + % In (@)) if n>8
w) [ Uy Uz = (U, Ur)+ 4




Lemma 8.3. We have the following estimates on aa)\ U;.

z’)<U1, ,\%%U1> nde H (6,6) A7+ 0 (dnf>

(014 i) 0 ()

ad 0] (6{12%4 In (51}1) + sz In
Z’U)fQ U2n74/\1f1(,%U1 = <U2,/\1*1%U1>—|— nd

Uy =
10 4 n—d4 n-4 n
i) (U, 3 g5 U1) = o1 <>\18>\1512+NEH<517§2)>‘12 Ay >+O <g"2—4 + 3

n—4
O|e12ln (51_21) n 2711,4 ifn<7

nid @) (e&%“ In(epy) + Q—Z In (d—l
’U)fQ Ug%l (%Ul)"_4 = <U2,)%1%U1>+ n—41 4

n—4 \n
1

X
O 8121H(€1_2) n 2714) ifn<7
1

Lemma 8.4. We have the following estimates on a%Ul

¢)<U17%18%U1> el (6, 60X 3+O( o)

dn 2
n+i 1 —2
n—4 n—4 n—2
iii)(Us, 3 ag1U1> = (;18&512—8&111(51,52) 12 A )+O( e + gt
et o e T () + i (f)) ifn>s
w)f Ur*+9U, = <U2, U1> n—4 n—4
@2 At Ot 2106 O(Elgln (EI;) " 2#4) an§7
e - AP d
n+d 0(6124111 (8121)+d—nln (—1>) ifn>38
U)fQ UQ)% (%Ul) n—4 — <U2’ )\1 6§1U1> . L*‘ll /\n—4 A1
0] <5121n (51_2) n d,{4) ifn<7
1

The proofs of these estimates are similar to the ones in [1] and we refer

also to [5], [6] and [13] for more details.
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