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Kantorovich formulation of Optimal Transport Benamou-Brenier formulation(s) of Optimal transport
Given a Polish space (M, d) and a Borel cost function Let 11; a narrowly continuous family of probabilities, where ¢ € |0, 1|, and v,
¢ M x M — RU {+o0} a Borel family of vector fields on M such that [[ ||v||dpdt < +00. They

: . t the Continuity Equation if
the classic formulation of Optimal Transport for 1, 11 € P(M), is the respect the Lontinuity tquation |

minimization problem (&) // (010 + (v, V@) o) dpy(x)dt = /gb N — /¢ d g
Chion( o, p11) = inf / c(x, T(x))duy(x). Vo € C°(|0,1] x M)
Typo=p1 J x
The condition Ty = p1 lack closedness with respect to the principal weak
topologies. The Continuity Equation describes curves of measures 1i; that follow the

flow of v; (for example see [1]). Furthermore, it is the constraint for the

To avoid this problem, we introduce the more general formulation by Benamou-Brenier dynamic formulation of Optimal Transport.

Kantorovich. The set of admissible transport plans is

[T(po, p11) = {VGPw%mM> szmwﬁWZM&

Clan(tto, 1) = inf / c(z,y) dy(x,y). The problems C,, and Cpp are equivalent in Riemannian setting.
YEIl(po,1) S pr M

We want to generalize to a sub-Riemannian manifold M. As done in [4]
for a non-linear control systems in R"”, we define a relaxed version of the

Benamou-Brenier formulation. We consider the horizontal bundle
HM CTM, v must liein HM and Vg is the horizontal gradient.

(Q) /((9%5 T <v, VH¢>) dn(t,v) — /¢(17 ')d,ul _ /gb((), -)d,uo
Vo € C°([0,1] x M)

We work with cost c(x,y) = d*(x,y). If M is a Riemannian manifold, the
cost is bounded from below and (lower semi)continuous, therefore for any
Lo, (1 € P(M) there exists a minimizer of Cln (o, 1t1).

The Kantorovich cost induces the so called Wasserstein distance on the
space Py(M) of probability measures with finite 2-momentum.

We point out that if M is geodesic (such as a Riemannian or We minimize among 1 € P(|0, 1] x HM) that disintegrate over [0, 1],
Sub-Riemannian manifold), then Py(M) is geodesic as well. If i, is a i.e. 11 is a so called Young measure (see [3]).

geodesic between iy and 11 this means that

\/CKELD(/“? MS) — |t o S‘ ' \/CKa,n(,UO, :ul) \V/S,t S [07 1]

See for example [2].

Coa ) = o / ol dn(t, v).

Just relax, the solution will come

Equivalence result

Finally, to prove the equivalence between Kantorovich and

We know that Cpp(po, p11) > Chp(o, p1)- Under the opportune

assumptions, by a compactness result, if Cjp(po, pt1) < +00, then a Benamou-Brenier, for any family of vector fields v; we consider the space of
minimizer 1 for the relaxed problem exists. admissible curves satisfying the following ODE,
. . L . 0 —
Consider m: HM — M the canonical projection. From 7 respecting the < wt?;()x) Zt(wt(x)))
\\ O —

modified Continuity Equation (&), we build
pl = man,  vl(x) = / v dn..(v). (), :=4{w: 0,1 x M — M : horizontal curve satisfying the ODE}
H,M

The pair (1), v)') respects the (original) Continuity Equation .
pair (y1;, ) resp (criginal) y = (b) Consider the map e;: 2, — M such that w > w;. For any (u, v)

satisfying (é), by a superposition principle there exists a probability

If » is a minimizer of C3 . [11), by convexity we prove ~ N
i i 0, ). by Y P i€ P(£2,) such that p, = (e;)xpt.

If we define E: w — (wp,w1) € M x M, then Eup € (1, p11) and we
can prove

/ |yl dt < / 1ol dn = i (110, 1)

and therefore the BB and BB* formulations are equivalent

d- dEun < * dpdt.
In order to prove the equivalence with the Kantorovich formulation, we / (@,y) dEgli < / o™ dp
consider the measurable map Thus Cian(po, 1) < Cpa(o, f11). We can conlude

w: M x M — GEOCI(M) CKan — CBB — C]§B7

and the map F': (t,x,y) — (t,0w(z,y)) € [0,1] x HM. Then, from a the three formulations are equivalent.
Kantorovich minimizer v € II( 1, 111) we build

= Fy(L®7)
the associated measure that follows the geodesics and respects ().
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