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2)2/26 * Recap of the Pontyagin extremals
*Endpoint wap
* Volterra "chronological" expansion
* Endpoint map differential



We proved that I length minimizer Fo .gair
forr suff . small

In general the lack of compactness comes from
the non-completness of M

,
but M is locally opt

because Ego JU neigh of
go

suff- swall

st U is complete (diffeomorphic to a disk in RM)



On a SR manifold the following are equivalent
(2) (M, dsR) is complete
(2) 55TX

,r) is compact fr > o

(3) Fs0 et fx,X ,s) opt
· (Riewamise) Hopf-Rinow theorem on SR-mfds

,
if

tfae there are wo abe
minimizers and

(1) (M,d) complete

↑
7x : expx :TIM- M

(2) closed-bounded = ept => µ is

(3) M is geodesicallycomplete exppiTiM- - M complete



Notationalremark : if X-Vec(M)
,

it acts on TM and T*M

via c-EX and Je-tX)
*

This last action induces a flow on T
*
M

(etX)* -
etEx where hy(b) = (), X)

we also stated that if Plt is the flow for Xt

=>Jp the flow associated to



&
we use Port for the flow of

a
non-aut vf

.

because the rotations Pe
*

and ethe are misleading



Recap of the Poutyagin extremals { Xa
-,
tu }

if p admissible generating family

M = SuSt)
,
MeSt) , ...,um(t)) is a

minimal control for = ut(
* (10 ,

13 - RM)

& extremel of the J functional (WiththeH

ift-
(N (6 (t)

,
Xi>y =u=(t) λ(t) = Pt, o

(

)
。

\ (A) <λ (t) , Xi>z(t)
=0 *=Ʃui(taxi



Observe that normal extremas are smooth

Indeed
,
j(t) = F(dand H is a smooth function

on (*¢*M) => ( (t) smooth

leven if jCH) =It 2 . e)(
…

Regularity of abnormal extremals ->> open question



The Endpoint map is defined on a broader

class of controls

me L2 ([0,27 - R*)
J(Ja) = f Σ㎡(t) odt

Ur = maximal solution
of

fri=
로K(0 )

=4*X

.

Mo = SMEL: ·We is defined on 0,1



·Lud : Upo is
open

in 12

-> Prof(sketch) : first observe 1(u) = lul ,
therefore for

sufficiently small Ba(0, E)C Up
To prove that Upo is open we want to show that

&(at) , just) -o uniformly wrt like
.
(Exercise

because we choose a opt night of Ju ,
we set Et

do = min JOK , jult)) and choose like suff small that dipat ,fulado
□



Endpoint map
Ego : Up
.
CL2 -> M ot Epo(u) = Yo(1)

analogously EJM) = Justi
& Equ is wearly continuous (neantoploesesum

ENDL
&EpoEM if M is complete

=> Fq5 legth minimizer from po
to
a



· Theorem : Ego is weakly continuous

We want to prove
that Un-e = Ego(u) -> Ep.

(n)

By the UBP (Huif. Boundedness Principle) , Italy is bounded

Mnlzcto tr => Un = Jun cEqro)
if we repar the Un by constant speed , they are wif.
Lipschitz => by A

.A
., EUnl has opt closure

in the sense of unit. convergence



EU: 0, 1 -> M It On -of uniformly

γu(t) = % ← 堂然展φ otf?tniserAigety
↓ ↓

this ow this cour,
USt) weakly stronglyto

u= (t) to Xz((t))for ->- βbecause
Un(H -+f(t)

so plt) must be fult: A
uniformly



A control ueM, is a minimizer if July = &(p0 · Epoful)
· Threm: RCM opt = Mr =Su minimizers : Epfu) tk)

is compact in the strong (2 topology (peths
-> Def : Send CMK ,

as before Imm/in is bounded

= Sund is wearly opt .

- Cup to cubrep) Un-utL



therefore Epolen) -> Epofu) e K

IMnlz+
d 790 . Egolen))-+ d (g0, EgoSee))

because they
are minimizers

weak semicont of the norm =>

lulp < him inf(unlyz = d J40 , Ego(u)) = (u/,2
e is a minimizer

, n+Mr and IMali - lut2
this implies len-ull - 0 A



· Theoreur
ー Eq is sooth

on Upo and

FereUp Duty SMT = ! Pet laENGX)/dt
e- L2([o ,2- 1Rm) -> TrasiM



Volterra expansion t

We would like to havebmething like f(t) =po+Sibids
which is true ou Rm

,
and is true in coordinates

on any smooth refd M.

Also it is true Fat (*(M)
,
t

orCUH) = =aGloll + (<ola, USSI) As = Mar +This is on ds

o) a



:- Hotfdsto wake seas

for diffeomorphisms

We hd totu"Functionalanalysis setting
for the operators acting on COSM



if f + (
*

(M) ,
deN

,
RCM cpt

1I flla
,
k : =

sup {Xis---Xief :o1
GEIN

the set of semi-norms 11-1a
,
k
, KCM subsets

induce a topology on COSM) does not depend or

the basis that we choose on TM

# 4x2
, - , Xnd a basis of to Lot

ageneratiynos



Ext : with this topology , (
*(M) is Frechet

(complete, metrizable, loc convex, topological vec. space)
if PeDiff(M)

, exercise · FkCM cpt 7 Ca
,p. R > O

etfe(O(M)
, 1Ff1

,R
- C: 1l f (a

, PCR)

this allows to define /Pla
,
k : =

Sop SHA : /F1114the same can be done with V .F.



* It is continuous : if it is continuous as a function off
wrt the topology

* It is measurable: if t ef = ff(g) is measurable

fr EpeM
·It is loc integrable : ifIllla ,

motto WheRcMat

*It is abs , integrable : if Fbt loc integrable ot
t

ft= fo + 1 3,ds At



*It is loc
. Lipschitz : if FafN

,
KCM cpt

Fc = ((6, k) et

A familyofAthSt
-

/measurable
if treAff is continuous/measurable #f+(*(M)



non-autonomousrf is a family of v.F. Xt

which is measurable and loc-bounded

non-autonomous flow is a family of diffeomorphism Pt
which is AC

the flow of a non-but v.F . is a non-aut flow



If At .By are families of operators on (&(M)

JBos : n + (
*

(M) - /Bords
ㆁ

ㆁ

Bt: ∞ → 없 (Bta)
if the families are derivable =>

( AEOBE)AtOBE + AEOB!



GWe would like to write a flow Pst in terms

of an associated (non-aut vf. Xt "as an integral

If Pis the
-

'low associated to xt

= the ODE of Xt isgH = HoXt

=> Pt = PtOXt with Pss = id Ys



A notation like the following if often used
Et t

Psit = , todo orp' ! Xtole

look at the difference withXot



For now we set Post = Pt

T t

IPE = Ptoxt
⇒ PE,Xsds= idt fots dsPo = id

t
=

0 +! 「( i+ !o4s,然 @ 4szdsz =

t

-
id + (Xs

,

ds
,
+fPoXsoXs

,
dzols
,

ㅇ

posset



In the end

→

(Xgds = (XsnOXO---oXs
,

ds-d e
la(t
)

燃售噬 ,=Ʃ
volf4n1
)
x
"

=
et*Observation 1

: if[ XXt .]
=
0 tth, tea fxss =et ,4 t =fx ds



The expression we stated formally has good convergence
properties

· Theoreur if (L , 1 · 11) < (OJMY is a Banach space-

XtoeL
,
FeeL & +E

and Xt is bounded for toI wrt 11 : /

⇒ (
HDt.

-ot' zal ↑dn
'"
'*ut.- HX:
,
4 .-4al表 !(

.

「4
,
9) " dan

this gives convergence



For a more precise result we call SuCt= /X0-0ne
· Theoreus : Vtco

, 2, NEIN ,
R CM cpt , n+ (

+

(M)

1)- SN(t)olamNallanm
for some KCRICM & C =Can

,
k1 > ocpt

with Dt = STIla
,
k



In our case Xt= [u(Xi , if we set lu/s
,
t = 1n/cSto

,+)

LHS _. eGult . lutHaN



If Qt = Pt
,0

= PE
'

⇒ $ QE = -XtoPe

Q
0

= 0

π
Qt =: / -Xots you can obtain similar expressions

as the ones for Pt



Differential of Epo
In this formalism we recall that PrX = PoXOP

= Ad(D
-

1)X

we will use Ad(P-1) instead of Pr

We want toctudy perturbations of a flow

suppose oit) = Xt + Ye we look at 4t as a perturbation



If Pt = Jos the

Jastyst
-
(

fAdtpstusds) oPtㆁ

-> Post: St ' = SXstsSRE=SEOPE'

by definition 55 =30(x+ 4x)=+ 0.pt + R+ o PI

=> stoyt = reopt = ri = St04t0pt



BE =St 0YEOPE = RtO Ad (PE) E

→ Rt = fAdcP)4sdd
□



#hreue DuEpole) = 15(UTNXi)ltt
-> Pref : by what we said, we know

Excel = %· ·iP
→ tq、(a+v) =

900 JEurE +t =

.
0 ) Ad /P

.

^

] (εv0t%)→ 0 .
"



let's work it out for u= o

Epole) =

g.0Xi we use the estimates of

before

-(vi) alla, C .
ele

.IHalla
,
h

the RHS is an o(l)
therefore taking the differential only the first order remains



for other utL?
,

observe that Ad/PSM) =Pos
and you have to make an additional composition
with pr

모


