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What have we proved ?
u++ Ju(1)

Ep: Up .
C'([1]-RM)-M is smooth

and DuEpfer) = /Ea (NC)Xi)),ota
rá (t) = Ʃui(t) XiGu(t1)

PYt (q) = Jult) if ((s) = @



Sub-Rieuranniau Hopf-Rinow theoreur
here 4 :T

*
M->M

exp (d) = n /et (d)) ↓eT*M

when we set the starting He (9 (M)

point we write expo(d)
H (λ) =Ʃ<λ×i>

2

exp : +
*
M -T&M

We call Ago := 360tTM : exppotdo) is def for teTo,1T]

openCTopM



usually we want to work with trajectories
st High = = Ftato

,
1]

therefore we take doε lH
다

(을)

·Theorem : if (M , dsp) is complete, then Ap=TpM
_

-Scheof the proof : by completness if St normal traj
is defined on [0 ,+) then it is defined on [0 ,T]

=> I can extendp ,
and therefore p is defined HER



Indeed
, looking at the hamiltonian system {¤I can prove that I pltil is bounded

on a neighborhood of T

and so the system for (x(, pSt)) is solvable

in a neighborhood of + 口
If there are no abnormal extremals - all
the extremals must be normal -> expoo

must be surjective



There exist extremals of Jul with the constraint

that ne Ef(g2) aUgo
The LM method can be applied to Hilbert spaces

=> 75 = (r, 6) ERR XTa
*
M + (010)

ot vDnJ + JoDuE = 0 with U = 0 or-1



S( u )=Elulz⇒ RuJ= <u->e

DuJ (v) = {v
if 0 = =-1 => boDuEgo El
if Ves I boDuEgoTe

Observatio 2 take anextremel (n(t) ,
d(t)) (Pontryagiustation)_

here d(t) =(P(* = (e)
*

(1)



(N) if <XCH ,Xi) =M = CH Fi =1, . ..,m

then (6117 , DuEpo) = (
*

(d(2)
, XPtn)* (ENiXi) Pou at

->H , NiXiDede
= JEu(H vilH ot = (u, 0)

,
2

we proved that J(1) : Dutpo-u



(A) if <d(t), Xi) =0 Vi= 1, . . .,W

then J(1) · DoEgo =0

Jand only if)



Laura if KCM opt ot every point of K is

reached from go by only strictly normal
minimizers (no abnormal lifts)

C = EdoTM/ expotbol is a minimizerCityexp
.
(6o)- R

is compact
-> Def : If In - do with SbnGc2 , ther the

corresponding traj Un : [0.1] - M cour· unit
to feltl - exp (tt.)



Bon
'
ng
ficth
is
,ppee a st,JItHalo . ' ,"

ehad

take Un the minimal control of the trag. In

⇒ dno
Da
.
Ego
=un ⇒ 1 D

。to =幾 En

we proved that minimizers with endpoints in a cpt R
are themselves a opt set, Mr



thereforeJup to subsep) Mn ->u

doul sd

moreover Du
.Epo-> DuEpo \

we can conclude do Dutpo =o (for some d)
-> Un is abnormal

□



· Sub-Rieurzuniau Hopf-Rivow M SR-uefd

ifM have no abnormal length-minimizers
&ExEm : Ax = TYM => (Midsr) iscomplete
→.A : = { r201 is opty ,

Ri= sep (
A )

we know that (0 , R)CA and A is open by loc.

compactnessJexercise) => itcffices to prove REA

SupposedyiYCM of d(xyi) =: ri-> R



Edith(1)1T*M of expltd) is the length-win
"

Yolt) from X to
ye

by hypothersevery Vi :To, vil-M can be extended to [0 ,RJ,
moreover B(X, R-2) is opt and so

, by the Luna before'
ER-EbilCMTR-s) compact => (R-3)]eMisTyR-2) such that

died > redu-Rd and by the continuity of exp
yi = exp/ridi)- exp(Rd) =

y
a



Conjugate point
gotM , qeM is conjugate to go

if Exf
*
M & Szo

docf*(1/2)such that
p

= exppo(s)
and sto is a critical paint of exppp (Dsd. oppo is )non-surjective
"First"cong point to go

wot do

is q-exp/sdo) of S = infituol tho is critical for expop?



Conj(po) = & first coug points to pol expert
%

Remark if (H) = expltdo) admits an abnormal lift
ー

then expyoldol : Efuladifwe vary to
we stay in Im (Epol by definition

THEREFORE

do⇒ Iu (Ddexpp. )C Te(Dutg.) GTJEIMISCRUcA



= (1) is conjugate to %

If we re-scale glt) , everything works the same

-> every point on an abnormal - normal trag
is conjuguate to go

Rusk : Do exppo
= Doo



· Sort of converse of the previous
result :

if5 trX to (or tux to) such that Offul
is conjugate to po) On

with f normal extremal path
=> 5220 : (1) Et -[to

,
to+3]

, UCt conj to f(0)

(2) Uito
,tota]

is abnormal



Corollary if U .To , 2)-M normal extremal

with no abnormal segments
=> Tc := Sto : j(t) conj to globy is discrete



In gensral eF . T
*
m - TMM dine JT*M) = 2n

exp=-40 ef: *M - M
dim (M) =n

Dexpoto deFlambet e is a diffeomorphism

TT
*
M = deFLTTM) has rankn in TTM

e

When isolsodepa you surjective GEOMETRIC
MEANING

야
when deFTTM) e Taligam to exp CRITICALITY



the cet of horizontal trajectories is endowed with

two topologies

& topology (Untf
if d(nCt , jCl-

WhR topology (18x-full = (n' -u(2 + cupd(fu(H,p(t)telo,27

Wh is stronger



·Theorem: ifJ is a strict normal extramal tray:
ー

(no abnormal segments) ,
then

C)te:
= inf{ conj times } 20

(2) Feat , Olity is a load length win.

in WAR

(3) FEcta
, flet] is a length min in

o



4 : N-+ + R
,

N smooth manifold

smooth

then for any curve U : [0,2]-> N

& y(s)) = D. UCo) it just depends on j(o)

while((x) = D4(( , (01) + DO4 -j(0)
the second derivative depends on the coordinates (connection)
except when Ho) is a critical point of it



This is the Hessian of it at pol =

go

Hesspo(t) (v) = D
..
34 (0,0)

NETyN
ー

5

: Up
.
- RR

, Jejle) : EjSpe) 1Upo- h
what happens at a critical point ?



Dus lEpolp ) =DuJ - d .Dattfor HETM
associated to M

J1u) ={ lul2
Hess (Jep)st= DiJ- J : DE DuJSe=<e ,v]2

= (vR-doDE(v) DISCrr) = ·I w 1 2 3 2



Given a control M : To . 1]- RM
, 0 :T01] - M

we define es(t) = S .u(st)

yS(H) = ySst)

Hessus (Jeysy) is degenerate

iff Unls) cong to Gold)



Geodesics

A curve is a geodesic if locally (int)
it is a length minimizer.

i
.e.. Et 52 it l(01t++2]) = d (f(t), y(t+s))

normal extremals are always geodesies



If p is a geodesic st fo) =

go

A= Stro/ Heat is a length -minimizer)
then A = 10 ,t] or (0 +c) (exercise)

Ult is a cut point for go

Cut(po) = Scut points for gol



· Theoreur : U: [01] +M vormal extremel with no

abnarmal segnants
auf ftocs o JCo) is a cut point to plot

along f
띠 rltol is the first couj. point -

⇒ de op [ to f(o) on j
both

c 7 FU which is a length minimizer
jowing (Co) and(to)


