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612126 · last results about geodesics
Non-holomomic targent space
* nou-holonomis order
* first order approximation of
a vector field



· Theoreur : U: [01] +M vormal extremel with no

abnarmal segnants
auf ftoas o JCo) is a cut point to plot

along f
띠 rltol is the first couj. point

⇒ de op [ to f(o) on j
both

c 7 FU which is a length minimizer
jowing (Co) and(to)



->Prof : assume Not (i) .. We are going
to prove sit)

In Ultatos there are no lang points ,
If not by what we sawslo,tis san't be length-min.
fix asequence End to arch that Ultra contains

no couj. points.
And takeIn legth min btw pol andln)We saw thatpleth is locally (in WF2) K∅
a lugth minimizer



Therefore Sho : Emi no , Im must stay
outside some neighborhood of Ultatno] (Wrt the Watop)

=> liveUn is outside the blue neighborhood · Ultro)

hin Du =& + J fits
A

Uitmitr]* Jm .

&to , toolo



Converse , If (i) or (ii) are true
,
the t to

time of time
the first in (i) or Cii)
cut point

-> Perf if (i)
,
I too it plto) is the first cong point

to pld) along U , then if to to
the Uto] is a local length-win.
ABSURD



if 7 *2 lugth minimizers btw flo) and(to)

Suppose toto
then Ul and Ult are toa

rlt*)

extremals corresponding to two different lifts %. Octo

=> they correspond to2 different liftings
of Ueto

,
te] ,

d**CA) and g*(t)
_

normal trajectories



But if you have 2 different normal liftings
of a non-trivial extremal

,
then you have

also an abnormal our

(> ((t), Xi> = M = (t) Ut+ [to+]

<(2) (t) , Xi > = Milt) Ut - Tto
,
to]

〈d 巡(2y (t), Xi) ≡0 E te[to
, tr

ABSURB

□



Let's call c : H
+ (12) - Rustaly cut time

cld) = inf { s : expfsd) is a atpointforexpltt)l}

If there are no abu · legth-minfin our SR refd)
an the wed is complete

them 2 : H
*

(2) CT
*
M -Rustol

is continuous



· Theorem normal extremals are geodesic (lminimizedー

-> Sketchof the prof: at C*(M)

consider 2o : = [dpa/peMY CT*M
Lt : = ett(L0)

L : = { (t .
ettt(do ) ldotLo } e[o はJ ×T*M

Consider the 1-force S-Holt
If the Hamiltonian

s the Lionvitke form



If0 ETATAMtheu s[w ) =[ δ,ω ) =<λ,T*w) φ=x(
6)

φ
T :TAM → M

sly = (a) ·

Indeed
,
deto => d = dga

> (sow) = <dga ,T*w) = 01ga[dr (ω)) = d/a 0x) (w
)

Eacts : (1) S-Holt is closed (d(s-Holt) =0)
(2) S-Holt is exact

, IB : S-Holt = oß



·Theoremr if Ja+ (*(M) of ilay is a diffeomorphism_

Atsto,1]
and we take Not 20

. ^

Then UH) = exp(tbo) =x = e
t H(bo)

is a strict minimizer of

anong curves
Ja (γ) = a (γ10)) + ] (γ) with the same

final point_Ank : if this is true, reasoning "locally"
we get

normal geodesic



-> Prof : take plftf(t) and lift it on It
=> jJt) withcontrols u'(t)

Define TCH) = (t, b(t)) and MCH) = (t, d'Ct)inTxT*M
P (2) =P

'

(e) ,

by def

H ( ↓
( ←))≥ S ↓ (t), q µ : (t) X.) - Klu'!

함with acCo.=]
of positive measure
Gnercise



We use the exactness of s-Holt

OLook
↓ S-Halt=(S-Hott +S S-Hote←_ 위손

4c2
.&.SdaoaYuedss

≡ flultiedt=aJ(5)



Nou-holonomic order

We focus goM and a neighborhood peUCM
where M is a SR-mfd

Definition : filok continuous. The non-holonomic

order of ati

ordgSf) : = sup GSER : f(p) = 0Jda(g ,p(s))
i

.
.e. f(p) = C . h(p, p)s tor peo



In Euclideau setting , if f(x) = 52 ·X

α = (αコーツの n)

% 1Rn
ord (f) =win {161 : ca + ob

Let's take -C%) , we consider the non-holonomic

derivatives XigXiz---Ximf (ijeS2, 2, ... ,mh )X1
, ...,Xo yen , family



·Luc : ord (f) = wax SEN : every non-holonomic der. }Xi - .Xikflq) = 0 if kel

Moreover, f(p) = 0(d/g , ploodsf))
(the sup in the definition is attained)

We are
going (i) ifSeil it Kordf),

to prove
there Xis--Xinf(g) =0 Enal

(ii) if Xi
.
-- diet19 ) =0 ta≤ l

⇒ fsp) = O (dCG ,pilts)



(i) We first consider the case f= 1 = ordif) -1

We consider P = expl+X) Cop , XifSop =fif (expl+XL ) 19 ) It =
·

=> d(pit) < It) since ordif)c2
,
7ss0

ot bydefintion f (p) = O (d(q ,p)
s+s) =O / /t /

Its
)

beingflg ) =0⇒(explttol ) q)=f 111。( ) に 。

The same reasoning works for every I by taking

Xiz - Xinflq) =-athexpf( (t,XIexp(X℃… exp(をXi@) (q ' )



d(p , p) = (te)+ 1tz) . -- + Ita) and since K<1 cord (f)

子 s70 : fSp) = O(dfqipk
+s ) = O(Hil+ -. +Ital)

k*s

)
we conclude the same way observing that f(q) = o
ー

(ii) take a Euclideau chart around , fe (%M)

f(p) = C. delpp) = C .C'dsply,p) locally a

locally ↳ geweral fact
p- by sothness



Induction. take f ot all the derivatives

(Cintrue) of order = lare a

Xir- Xie Xiersf = Xiz- Xie (Xesf) = 0

therefore by induction hypothesis X- Do
Xf ( p) = O ( dφ .

)tは)p

New consider a minimizing curve o from g
to
p



r(t= uXi , Juist = 1 a.s

T

r .9 *

-"
!

。
「

O→ fcp) = f (γ (t)) = ! 2 ui(t) Xiff(ε)) odt



ord, SH) = =min SIAN : 7 Xie--Mist Cop Fol

Properties JEvercise)
ordy Ifgic, ordg(f) +oodp(y) (ausinfe
ordg lof)- ordgff)for celpl{o}

ordg (f+g) = win Jood ,(f) , ordg(f))



Take X- Vez(gp
ord, (A) = sup ROCIR : ord, /XF), + ord, SE) #f -Cap

Preperties ordp([X,4]) 2, ordy (X) toody (4)(Exercise)
ordp (fX) zord(t) + ordy(X) (asbeforeeuality)
oodg (X) = ordp (Xf)-ordy If)

oodg (X+) = ordp(X) +ord (4)



Exsemple : Heisenberg HH2

X
1
= A
α- 블급 ; X== Jy + 슬 Jz

⇒ordsx)= ord ly) = I (because Xyx = 2, Xzy = 1)
ord (2) = 2

ord(X2) = ord (X2) == s
ord ([x2,λ2] =θz) =2



First order approximation of a vector field

take XeVec/g) then * is a fo.d of X

it ord(X - X) 30 ( *X + D
,)

Direct consequence
Xiz - -Nikf(p ) =iz

^

- * icfSp ) +O/dqip)
は)-kz

)



X2 = Span &Xe, -,X]
4
itt

= [4
]

,
di]

r = step of Mot o Itp = TGM regular if
r(q) is constant

niSq) = dim [
*

(q) 1
nicp) are constant


