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The interplay btw Riemannian and Subfianzunian distance
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Consider be , o -> Diff(r)
,
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with a similar reasoning ,
if X = EEX2 , X2] ,Xg]] ,

Xa]

=> F- [exp(tXz) , exp(tXz)] , expltX3)] --.] , exp(tXn)] = id + thX + o(th)

we call the lift side Ex(t) => by(t) =
id ++X +o(t)

Euclideau distance traveled = th . /XI

SR distance traveled ≤ N . t . 1XI

s dsR ≤ C .dk
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a
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The best estimate we can get from

yilt) = ti + + Ith) (this is o ft)
,
not o (itil))
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Last lesson resume

ord, SH) = =min SIAN : 7 Xie--Mist Cop Fol
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Nk*c ... CX = TM

Privileged coordinates
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,Xu } ,
4
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,.

--

, no) is locally constant

We-, Why* 1Also we define the weights We such that
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Example :
the Martinet case on R3
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_ Towerso M -eN
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Remark

phewilo is upperse M-oN

r = Wh is bounded on compacts



Definition : a frame of vector fields Ye
, -... In is

adapted (to the flag &4) if
Observe thatMajor,... , Unlo) is a basis of J,M if XA1

and 4 : 6 DWi ti = 1, ..., r theu ord (x)= -

We choose coordinates (ya-1yn) arounda such that

dyi (*//-2) to for s=wj (ns-z < jans)
=> ord(yi) -Wi by definition of order



If dyj(4
*1) + 0 and dyj(4V5-1) = 0 Vj = 1,,- , n

the yo are linearly adapted

if Good ly)) = =Wy Ii *
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Eupts : on R3
, Xz = &x

,
Xz = by + (x+y)8z

=> weights at o is a property of the flay (4)
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, W2
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,
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3

= 3

orders of (x , y , z) at 0

ord fal = z
,
ord ly) = 2

,
ord (t) = 2

because XeXz(z) = 1

=> (iyiz) priviteyed at 0
it is linearly ad

.

to LK? because Xz = 0 #XeDid=<1 son
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Dilations : if 172- · zn) are priv · coord
,
around

a
we introduce Sp : M-M
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δ
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s
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s
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Exercise : if of homogeneous of deg s => ordp(f) = >

Exat = ( te,_
, tn),11zlly = ☆|

ti
I . 1lp homogeneous of deg 1

⇒ 1E ( p)ldy = □ (dlq , p 2 )

and ordy (f) = min [5-T2 : f(p) = 0 (1lz(p)11p))



The exponential coordinates of the first and second kind

are privileged coordinatos around a
with 42

,-
Yn

(72
,
- , tn) ++ exp(zy42+- -- +zn4u)(p) an adapted frame

at φ

A2,-zn)i+ explanYn)o --- -

exp (zn41)(q)



There exists an "algebrach way /meaning by
polynomes) of building a set of

privileged coordinates from any set of

coordinates



First order approximations
EXil generating <P , ord (Xi) = - 1 Fizs

, --

,
m = ne

172 ,-, zn) p.C .
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d

α.
j α
zj wkk

,wj-1 Va,j
stax
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grouping terms of the same order we get,

Xi =+X ) +X _ ft
)+
__

↳ first order approx .
of X:



· Theorem : Y := X11 is a first order approx.

of Xi and theis generate
avilpotent Lie algebra of step Wn = r

-> Preef : every hourogeneous vif. such deg (X) < - Wn = -r

is O

#proof : (1) deg/8zj) =
-Wi

(2) use the Taylor
expansio



Moreover ord ([X,4]) = ord(X) +ord (4)
forway X

, Y - Lie (
,
X2
, . ..
,n)

because S* [X ,4) = [SX , S
*
y] = 5

* -wy[X
,4]

= if we take res Lie brackets of the Mis
we must get o

A



Example X = cos8 &x + sinO by lR
'
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×
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,Xn] = sin@ex-cocoby
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2
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= [X ., X.
]
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X
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X
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9
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0
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Bark : in general the wilp. approx depends on

the set of pe but

Lie (* c ---,m) does not

If
p
is regular

⇒ lie (*_
^

, - _ ) = 4
^

6
g) t(最袋 )(9 )+ -…+()q)



xi =Ʃfij(z )θzz
deg(Xi) = -1

Fij(z) hour · polynomiats of
degree wj-1

therefore in fig there are

no variables of deg > wi-e

Xi(← ) = Efijla) -
,2 Axj
in fact we can stop at E

nu-1



Consider
, given some ODE on M, = ZunXi ,

the na-holonomic associated ODE

= qUuXo
A solution is easy

to compute because

tj = Ʃ ai (t) fij (tx,
,

2
j
-r)

Fu(t) thesystema is complete (=) theMSaey Te



the Y-m induce a Sub-Riemannian distance

on R
, doa is homogeneous (of deg . 1) Wit by

· Theorem : (1) Y11- Yu satisfy the
Hormander conditio

(2) GW of theis at O is the same
of the Xis at aa

(3) dSp is homogeneous of degree 1
(4JCo et Fzet" , tHzlly *10,z) =C .

11z11g



-> Prof : we call & the flug associated to theis
we recall that [TTX, S - --]

.
Xin] is homogeneous

of degree -b .
If I = (is-, in) we use the rotation

*
I for the result of the lie bracket above Javalonyouglya

And IFI = k

=> XI has ord = -m and XI = ** + (terms of ord- -h)



=> At z =0
,
the terms of order >-h that "survive"

are some bej with wisk
YI(0) = XI(q) mod (Spanzj/wh))

= X
1(q
)wod

4k -

→
(p

therefore
, by induction

,
dim [10) = dim &gg) , sameyoutto



Let XIel- , YIn be an adapted forme at a
i

.
e. XIjEX Vj

^

=> XI
,

Sd),
, ..., YInfol has raak = n

=> non-zero determinant
, but the det of this is

a homogeneous polynomial of def = o

i
.

s. a constant to

=> the Hormander condition is respected everywhere (1)



for13) consider a traj. J of the nilpotent system

2t( t)= ☆Ui(t)Xo( y(t)l, and its dilation fxf ot

vict) = Zdmist *: (SaY(H)
by construction * -54
Exercise-

by the ex in blue
, Sy ison

업 (δ; 0r) = S) Aj(8.08)

admissible trajectory between

Sjsol) and Sp(ST)) , and 1 (GG) = 1 . 1(8)
this proves (3)



For the point (4) ,
observe that

bothdgo. and 1 - H
p
are homogeneous of degrees

then we can choose & it 1 - &10
,2) = C

C

on GHzlg = 1}
io



Ball-Box theoreur

SEr-1En) p.c ,

at 4
> 7C

, 3010

st if d(pp) < So ,
then

さ Hteprly ≤ dsrSgip) ≤ C - l1 z(p
) lly

Corollary ; for a sufficiently small
where Box (2) =

Box(*Y c B(q , 2) a Box(C . 2) =Es*

]x ... x Ega, awn]



for the proof we need that

·Leanna : if zlt) and ECt) are trajectories

satisfying SE
= Enixi for the same a st
=己uit" Huctlll = 1 a . e

.

audt(o )= fo) = Zo

→ Ut ( t)- * ( t) 1 lg ≤ C , t
,
tr

5 =max (t, lzolq) = E



->PorBBT : we already know that C . 1E1 =d(g, 4)
because of def- of oud

We need to
prove d/p ,p) = C .

UE/ply
We will show that for I zoll

g
small

enoug
d 10

,201 = 2 . 510
,to) and we knowCoto) ~llz1lg



We take the minimizing curve Zolt) of speed 1
wnt d

, 0. [ o, T
]→ 1R"aad to = d(0,z.)

such a curve exists ifa is small enough

atcall most the

resociatedcutroaConsiderzo (t) the curve

with control MoCt) but

wot X1
,
-,Xur

. π (ε)



to (t ) : Fo ,T0]→ IR
"

l(zo(t)) = To baundeb
tnin by ε

from the learned lEilly = 450(+01 -( )Ug≤
C
. . のTo

な

in fast by definition we can bound

tad . tTo =I -dloito)
=⇒(0 ,.) = D MZall

,
≤ D. d

"

(0
,
2.)
억



As before we build

2 It) minimiting for & , 07 臙and E , It) เจtz : = Z
,
(Tz) ,SE,CG) ≤ Tα 「

d
'

fo
、tz) ≤ D. do ,it.)

答

露
が

and so on at every step



With 112011 small enough ,

D . 510
,20-*

⇒ 10,t. ) ad(oit)-
do

、te )≤
* 10,tn) e deto) and tn-

ask - > +N



d(0 ,to) -
> [l/tn(t) im= (0

≤ 2 . d λ( 0
,
t
.
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