SMOOTHNESS OF LIPSCHITZ CONTINUOUS GRAPHS WITH NONVANISHING LEVI CURVATURE

G. CITTI - E. LANCONELLI - A. MONTANARI

Key words Levi equation, nonlinear degenerate elliptic equation, viscosity solutions, vector fields, a priori estimates, Sobolev imbedding theorem, C^∞ regularity.

1. Introduction

In this note we prove the C^∞ smoothness of the Lipschitz- continuous graphs of C^2 with smooth and non-vanishing Levi curvature.

Let Ω be an open subset of R^3 . Given a C^2-smooth function u : Ω → R the Levi curvature of its graph at the point (ξ, u(ξ)), ξ ∈ Ω, is the real number k(ξ, u) := Lu (1 + a^2 + b^2)^{3/2}(1 + u^2_t )^{1/2} , (1) where

Lu := u_{xx} + u_{yy} + 2au_{xt} + 2bu_{yt} + (a^2 + b^2)u_{tt}, (2) and a = a(∇u), b = b(∇u) depend on the gradient of u as follows a, b : R^3 → R a(p) = p_2 − p_1p_3 1 + p^2_3 , b(p) = −p_1 − p_2p_3 1 + p^2_3 . (3) In (2), (3), ξ = (x, y, t) denotes the point of R^3 , u_t is the first derivative of u with respect to t and analogous notations are used for the other first and second order derivatives of u.

The notion of Levi curvature for a real manifold was introduced by E. E. Levi in 1909 in order to characterize the holomorphy domains of C^2 . Since then, it has played a crucial role in the geometric theory of several complex variables.

In looking for the polynomial hull of a graph, Slodkowki and Tomassini implicitly introduced in 1991 the following definition of Levi curvature for Lipschitzcontinuous graphs [15].

Definition 1.1. Let Ω be an open subset of R^3 and k a given function defined on Ω × R. The graph of a Lipscihtz-continuos function u : Ω → R will have Levi curvature k(ξ, u(ξ)) at any point ξ ∈ Ω if there exist a sequence (u_n) in C^2(Ω) and a sequence of positive numbers ε_n → 0 satisfying the following conditions.

i: there exists M > 0 such that ||u_n||_L∞_{(Ω)} ≤ M, ∀n ∈ N, and (u_n) uniformly converges to u. ii: ||∇u_n||_L∞_{(Ω)} ≤ M, ∀n ∈ N. iii: L_{εn} u_n = k(ξ, u_n)H(ξ, ∇u_n) in Ω for any n ∈ N.

Investigation supported by University of Bologna. Founds for selected research topics. 1

Here L_ε and H denote the operators

L_εu := Lu + ε^2 u_{tt} 1 + u^2_t (4) and H(ξ, ∇u) = (1 + a^2 + b^2)^{3/2}(1 + u^2_t )^{1/2} (5) u_n and ∇u_n in i, · · · , iii are computed at the point ξ, a and b in (5) stand for a(∇u) and b(∇u), respectively.

If the function k, together with its first derivatives, satisfies some general growth conditions, the class of Lipschitz-continuos graphs with Levi curvature k in very large. Indeed, the existence of such graphs has been established by Slodkowski and Tamassini with viscosity techniques, starting from the key remark that the quasilinear operator L in (3) is degenerate elliptic as its characteristic form A(p, ζ) = ζ^2_1 + ζ^2_2 + 2a(p)ζ_1ζ_3 + 2b(p)ζ_2ζ_3 + (a^2(p) + b^2(p))ζ^2_3 (6) = (ζ_1 + a(p)ζ_3)^2 + (ζ_2 + b(p)ζ_3)^2, is non–negative defined. Let U ⊂⊂ Ω be a strictly pseudoconvex domain with ∂U ∈ C^{2,α}, 0 < α < 1. Let k ∈ C^1(Ω̄ × R) satisfy the conditions of Proposition 2 and Theorem 3 in [15]. Then, for every ϕ ∈ C^{2,α}(Ω̄) there exists u ∈ Lip(Ū) whose graph has (generalized) Levi curvature k(ξ, u(ξ)) at any point ξ ∈ U. Moreover u(ξ) = Φ(ξ) for any ξ ∈ ∂U( see [15], Theorem 4).

The function u solves the equation Lu = k(ξ, u)H(ξ, ∇u) in the weak viscosity sense of Crandall-Ishii-Lions (see [10]). Since the minimum eigenvalue of A(p, ·) is equal to zero for every p ∈ R^3 , the operator L is not elliptic at any point and the regularity results for viscosity solutions of non–linear elliptic and parabolic equations in [3] cannot be applied to our case. We have to introduce a completely different procedure, based on the particular structure of the Levi equation. This is well highlighted by some identities first explicitly written in [5], involving the two non–linear vector fields, which appear in the characteristic form of L, defined in (6):

X(p) := ∂_x + a(p)∂_t, Y (p) := ∂_y + b(p)∂_t, (7) where a and b are defined in (3).

For a given function u : Ω → R we will write X instead of X(∇u). Analogous abbreviations will be used for Y . Then the operator L can be written as L = (X^2u + Y^2u)(1 + u^2_t ), and, by relation (1) we call prescribed Levi-curvature equation the following:

X^2u + Y^2u = k(ξ, u)

(1 + a^2 + b^2)^{3/2} (1 + u^2_t )^{1/2} . (8) The Lie-bracket of the first order differential operators X and Y is [X, Y ] = − Lu 1 + u^2_t ∂_t. (9) This structure has been very recently used by two of the authors to prove a first regularity result for viscosity solutions:

Theorem Let us suppose k ∈ C^1(Ω × R). Let u : Ω → R be a Lipsichtz-continuos function whose graph has Levi curvature k. Then Xu, Y u ∈ H^1_{loc}(Ω) and u satisfies (8) pointwise almost everywhere. Here H^1_{loc}(Ω) denotes the classical Sobolev space of order 1.

Without any extra condition on the curvature k it seems that the previous result cannot be improved. On the other hand the following theorem was known ([5], see also [7]) :

Theorem If k ∈ C^∞(Ω × R) and never vanishes in Ω × R, then every C^{2,α}_{loc} (Ω) classical solution to (2), with α > 1/2, is of class C^∞ in Ω.

In this paper we fill the gap between these results and prove a regularity theorem which has been announced in [9].

Theorem 1.1. Let k ∈ C^∞(Ω×R) be such that k(ξ, s) ≠ 0 for every (ξ, s) ∈ Ω×R. Then every Lipschitz- continuos graph having Levi curvature k is of class C^{2,α}.

Together with Theorem 4 in [15] and Theorem 1.1 in [5] Theorem 1.1 above immediately gives the following C^∞-solvability result for the Dirichlet problem related to the Levi operator.

Corollary 1.1. Let Ω and k satisfy the hypotheses of Theorem 4 in [15]. Let us also assume k ∈ C^∞(Ω × R) and k(ξ, s) ≠ 0 for any (ξ, s) ∈ Ω × R. Then, for every ϕ ∈ C^{2,α}(∂Ω) the Dirichlet problem { Lu = k(ξ, u)(1 + a^2 + b^2)^{3/2}(1 + u^2_t )^{1/2} in Ω u = ϕ on ∂Ω

(10)

has a solution u ∈ C^∞(Ω) ∩ Lip(Ω̄).

When k vanishes identically and Ω satisfies more restrictive hypotheses, a first existence result for (10) was proved by Bedford and Gaveau [BG]. If k ≡ 0, Ω is a regular pseudoconvex open set, ϕ ∈ C^{m+5}(Ω̄), m ∈ N and ∂Ω and ϕ satisfy some additional geometric conditions, then problem (10) has a solution u ∈ C^{m+α}(Ω) ∩ Lip(Ω̄), 0 < α < 1. Besides the graph is foliated in analytic complex curves.

We would like to stress that the geometric arguments used in [1] do not work when k ≠ 0. We emphasize some important differences between our Corollary 1.1 and the result of Bedford and Gaveau. The interior regularity result, and the foliation phenomena of the solutions of the Dirichlet problem given in [1] for k = 0 strictly depends on the regularity of boundary datum. The C^k regularity result cannot be improved, since every C^2 function u depending only on the variable t solves equation (2). The foliation result has been extended in many directions (see [2], [4], [14]), but in all these papers it follows from the topology of the boundary of Ω. On the contrary, in Theorem 1.1 the local regularity property only follows from the structure of the operators L and H, since if k is of class C^∞ and everywhere different from zero, any Lipschitz-continuos solution is of class C^∞ independently of the regularity of boundary datum. Very recently, using a PDE technique similar to that introduced here, two of the present authors have proved that also the foliation result for k = 0 only depends on the structure of the operator and gave the following local version of it : Every Lipschitz-continuos graph with Levi curvature k ≡ 0 is foliated in analytic curves.

1.1. Sketch of the proof. The paper is organized as follows: in Section 2 we denote L_ε a linear operator formally defined as L_ε:

L_ε = X^2 + Y^2 + T^2_ε ,

where T_ε = ε(1 + u^2_t )^{−1/2}∂_t, and the coefficients of the vector fields depend on u. Then we prove that the coefficients a and b of the vector fields and the two functions ω = ∂_tu, and v = arctg(u_t) are solutions of L_εz = f, (11)

with different functions f.

The proof of Theorem 1.1 is based on the regularity of the solutions of this linear equation in some Sobolev Spaces W^{m,p}_ε naturally defined in terms of the vector fields X, Y and T_ε, but not esplicitly on ∂_t. The classical regularisation procedure is based on a Sobolev inequality and on an a priori estimate of Cacciopoli type. In the present situation neither the Cacciopoli inequality holds, since the vector fields are not selfadjoint nor the Sobolev inequality, since the coefficients of the vector fields are only bounded.

Hence we first prove an interpolation inequality, which will play a role similar to the Sobolev one

Proposition 1.1. Let M be such that ||a||_∞ + ||b||_∞ + ||v||_∞ ≤ M. For every function z ∈ C^∞, ϕ ∈ C^∞_0 , we have ∫ |Xz|^3ϕ^6 ≤ c ∫ |∇_ε(Xz)|^2ϕ^6 + c ∫ ( |∇_εϕ|^6 + ϕ^6 ) (1 + z^6)

(12)

where c > 0 only depends on M and k. An analogous inequality is also satisfied if we replace Xz with Y z or T_εz.

Only if the coefficients are much more regular we can establish a Sobolev type inequality with optimal exponent (this is done is Section 3). In Section 4 we establish some a priori estimate in the intrinsic directions X and Y , weaker than the classical Cacciopoli one. Using these inequalities together with the interpolation ones, we prove an priori estimates in W^{m,p}_ε , for solutions z of (11) which holds under very general assumptions on the commutators of the vector fields, but requires some strong a priori estimates on the derivative ∂_tz, and this, up to now, has not been studied iet.

In Section 5 we conclude the proof of Theorem 1.1, starting with the estimates of the derivative ∂_t, which, by inequality (9), can be expressed in term of the commutators of the vector fields. We also use in an essential way the nonlinearity of the equation: the interpolation and Cacciopoli inequalities for the derivative ∂_t provide a gain of regularity only if applied to the function ∂_tv. In this way we obtain a L^2 estimate for Xv_t and Y v_t. Since v_t =^{utt}_{1+u2t} , then, due to Definition 2.2 below, v_t has to be considered a derivative of weight 4 of u, while Xv_t and Y v_t are derivatives of weight 5 of the same function. Once proved the summability of these derivatives with respect to t, it is possible to use the results in Section 4, and obtain analogous estimates for any derivation of weight 5 and 4. In particular the coefficients a and b of the vector fields are now regular, and we can apply the

Sobolev type inequality proved in Section 3. It then follows that the derivatives of weight 4 belong to L^4, of weight 3 to L^p for every p, the derivatives of weight 2 belong to suitable classes C^α for every α. Now, using the results in [5], we deduce that u ∈ C^{2,α}.

2. Properties of the coefficients a and b Let us assume that u is a solution of class C^∞ of the regularized equation L_εu = k(1 + u^2_t )(1 + a^2 + b^2)^{1/2},

(13) on an open set Ω, where L_ε is the operator defined in (4). Let us denote by simplicity a = a(∇u) and b = b(∇u) the coefficients introduced in (3) and X and Y instead of X(∇u) and Y (∇u) the vector fields defined in (7). Let us also call

T_ε = ε ∂_t √ 1 + u^2_t . In this Section we define some Sobolev Spaces in term of these vector fields, and a linear operator, formally defined as L_ε: L_ε = X^2 + Y^2 + T^2_ε .

Then we prove some properties of the coefficients a and b of the vector fields. In particular we will prove that they are solutions of a linear equation of the following type L_εz = f (14) with different functions f. We will also introduce a new function v = arctg(u_t), which has properties similar to u_t, and satisfies the same equation, but with a simpler right hand side.

2.1. Natural Sobolev Spaces. It is natural to give the following definition Definition 2.1. If f is a L^1_{loc}(Ω) function, we say that it is weakly differentiable with respect to X if there exists a function g ∈ L^1_{loc}(Ω) such that ∫ fX^∗ϕ = ∫ gϕ ∀ϕ ∈ C^∞_0 (Ω) where X^∗ is the formal adjoint of X. The weak derivative with respect to any other vector field is defined in an analogous way. Definition 2.2. For every fixed ε we will denote

D_1 = X, D_2 = Y, D_3 = T_ε = ε 1 √ 1 + ω^2 ∂_t, ∇_ε = (X, Y, T_ε), and we will also define D_4 = T = 1 √ 1 + ω^2 ∂_t. We will define the weight of an index i ∈ {1, · · · , 4} as follows: |i| = 1 for every i = 1, · · · 3, and, due to identity (9), |4| = 2. In general, if α = (α_1, · · · , α_q) ∈ {1, 2, 3, 4}^q we set |α| = ∑ i |α_i| and D_α = D_{α1} · · · D_{αm} .

Then, for any open set U ⊂ Ω we call W^{m,p}_ε (U) = {f : D_αf ∈ L^p(U), ∀α : |α| ≤ m} ||f||_W^{m,p}_{ε (U)} = ∑ |α|≤m ||D_αf||_Lp_{(U)}. In particular ||f||_W 0,p_{ε (U)} = ||f||_Lp_{(U)}. We also say that f ∈ W^{m,p}_{ε,loc}(Ω) if for every ϕ ∈ C^∞_0 (Ω), fϕ ∈ W^{m,p}_ε (Ω).

Let us recall that the coefficients of the operator are the derivatives of the function u, in the direction of the vector fields: Y u = a and Xu = −b. (15) ¿From this equality it follows that Lu = (X^2u + Y^2u)(1 + u^2_t ) and L_εu = (X^2u + Y^2u + T^2_ε u)(1 + u^2_t )

(16) Moreover, if we introduce two new functions: ω = ∂_tu, and v = arctg(u_t), (17) the derivatives with respect to t of the coefficients a and b can be expressed as follows ∂_ta = Y v − ωXv and ∂_tb = −Xv − ωY v. (18) As a consequence the formal adjoints of X, Y and T_ε become X^∗ = −X − (Y v − ωXv), Y^∗ = −Y − (Xv + ωY v), T^∗_ε = −T_ε + ωT v. (19) Also the commutators can be simply expressed in terms of v:

[X, Y ] = T_εvT_ε − k(1 + a^2 + b^2)^{3/2}T, [X, T_ε] = −Y vT_ε, [Y, T_ε] = XvT_ε

(20) Finally we recall that for every f ∈ C^∞(Ω), for every ϕ ∈ C^∞_0 (Ω) ∫ ∂_tXfϕ = − ∫ ∂_tfXϕ and ∫ ∂_tY fϕ = − ∫ ∂_tfY ϕ. (21) All the assertions (15) - (21) are direct computations. We refer to [6] for a detailed proof of them.

2.2. A linear equation. We turn now to prove that a, b, and v are solutions of the linear equation (14) for a suitable left hand side f. We first note that, by (13) and (16), u is a solution of equation L_εu = k (1 + a^2 + b^2)^{3/2} (1 + ω^2)^{1/2} . (22) Now we prove that, if a function z is a solution of equation (14), then its intrinsic derivatives Xz, Y z and T_εz are solutions of the same equation, with a different right hand side.

Lemma 2.1. If z is a solution of (14) then s_1 = Xz is a solution of the equation L_εs_1 = Xf + k(1 + a^2 + b^2)^{3/2}T Y z + Y ( k(1 + a^2 + b^2)^{3/2}T z ) + (23) +2XvT_εvT_εz − 2Y (T_εvT_εz) + 2T_ε(Y vT_εz). Proof It is a direct computation. Differentiating the equation with respect to X, we get X^2s_1 + Y^2s_1 + T^2_ε s_1 = = Xf − [X, Y ]Y z − Y [X, Y ]z − [X, T_ε]T_εz − T_ε[X, T_ε]z = (using the identities (20)) = Xf − T_εvT_εY z + k(1 + a^2 + b^2)^{3/2}T Y z− −Y ( T_εvT_εz − k(1 + a^2 + b^2)^{3/2}T z ) + Y vT^2_ε z + T_ε(Y vT_εz). Note that −T_εvT_εY z + Y vT^2_ε z = (by(20)) = −T_εvY T_εz + XvT_εvT_εz + Y vT^2_ε z = = −Y ( T_εvT_εz ) + Y T_εvT_εz + XvT_εvT_εz + T_ε ( Y vT_εz ) − T_εY vT_εz = (by(20)) = −Y ( T_εvT_εz ) + T_ε ( Y vT_εz ) + 2XvT_εvT_εz. Inserting this computation in the previous one we infer the thesis.

An analogous computation ensures that Lemma 2.2. If z is a solution of (14) then s_2 = Y z is a solution of the equation L_εs_2 = Y f − k(1 + a^2 + b^2)^{3/2}T Xz − X ( k(1 + a^2 + b^2)^{3/2}T z ) + (24) +2Y vT_εvT_εz + 2X ( T_εvT_εz ) − 2T_ε ( XvT_εz ) . Lemma 2.3. If z is a solution of the equation (14) then s_3 = T_εz is a solution of the equation L_εs_3 = T_εf − 2Y vXs_3 + 2XvY s_3

(25) − ( (Xv)^2 + (Y v)^2 + (T_εv)^2 ) s_3 + k(1 + a^2 + b^2)^{3/2}T vs_3.

Proof Differentiating the equation with respect to T_ε, we get X^2s_3 + Y^2s_3 + T^2_ε s_3 = = T_εf − [T_ε, X]Xz − X[T_ε, X]z − [T_ε, Y ]Y z − Y [T_ε, Y ]z = (using the identities (20)) = T_εf − Y vT_εXz − X(Y vT_εz) + XvT_εY z + Y (XvT_εz) = = T_εf − Y v[T_ε, X]z − Y vXT_εz − XY vT_εz − Y vXT_εz+ +Xv[T_ε, Y ]z + XvY T_εz + Y XvT_εz + XvY T_εz = (using again (20) to sum the terms 4 and 8) = T_εf − 2Y vXs_3 + 2XvY s_3 − ( (Xv)^2 + (Y v)^2 + (T_εv)^2 ) s_3 + k(1 + a^2 + b^2)^{3/2}T vs_3.

Let us finally turn to the principal properties of the functions a, b, v, aim of this subsection.

Proposition 2.1. The function a defined in (3) is a solution of the equation L_εa = Y (k(1 + a^2 + b^2)^{3/2}(1 + ω^2)^{−1/2}) −

(26)

−k(1 + a^2 + b^2)^{3/2}T Xu − X ( k(1 + a^2 + b^2)^{3/2}T u ) . The function b is a solution of the equation L_εb = −X ( k(1 + a^2 + b^2)^{3/2}(1 + ω^2)^{−1/2} ) + (27)

−k(1 + a^2 + b^2)^{3/2}T Y u − Y ( k(1 + a^2 + b^2)^{3/2}T u ) . The function v defined in (17) is a solution of the equation L_εv = T (k(1 + a^2 + b^2)^{3/2}).

(28)

Proof First note that for every vector field D_i with i = 1, · · · 4 we have D_i(T_εu) = εD_i ( ∂_tu (1 + (u_t)^2)^{1/2} ) = ε D_i∂_tu (1 + (u_t)^2)^{3/2} = ε D_iv (1 + (u_t)^2)^{1/2} . (29)

Since u is a solution of equation (22), from Lemma 2.2 and (15) it follows that L_εa = L_εY u = Y ( k(1 + a^2 + b^2)^{3/2}(1 + ω^2)^{−1/2} ) − −k(1 + a^2 + b^2)^{3/2}T Xu − X ( k(1 + a^2 + b^2)^{3/2}T u ) + +2Y vT_εvT_εu + 2X(T_εvT_εu) − 2T_ε(XvT_εu). On the other hand 2Y vT_εvT_εu + 2XT_εvT_εu + 2T_εvXT_εu − 2T_εXvT_εu − 2XvT^2_ε u = (by 29) = 2Y vT_εvT_εu + 2[X, T_ε]vT_εu + 2εT_εv Xv (1 + (u_t)^2)^{1/2} − 2εXv T_εv (1 + (u_t)^2)^{1/2}

= 0,

by (20). Hence assertion (26) follows. Assertion (27) can be proved in the same way, using the fact that b = −Xu.

Let us now prove (28). Differentiating (29) we get

D^2_i (T_εu) = ε

D^2_i v (1 + (u_t)^2)^{1/2} − ε ω(D_iv)^2 (1 + (u_t)^2)^{1/2} . From this relation and Lemma 2.3 we infer that ε L_εv (1 + (u_t)^2)^{1/2} = ( (Xv)^2 + (Y v)^2 + (T_εv)^2 ) ε∂_tu (1 + (u_t)^2)^{1/2} + +T_ε ( k(1 + a^2 + b^2)^{3/2}(1 + ω^2)^{−1/2} ) − 2Y vXT_εu + 2XvY T_εu+ − ( (Xv)^2 + (Y v)^2 + (T_εv)^2 ) T_εu + k(1 + a^2 + b^2)^{3/2}T vT_εu = (the first and the fifth terms cancel, and, by relation (29), the terms 3 and 4 cancel) = T_ε(k(1 + a^2 + b^2)^{3/2})(1 + ω^2)^{−1/2} + k(1 + a^2 + b^2)^{3/2}T_ε ( (1 + ω^2)^{−1/2} ) + +k(1 + a^2 + b^2)^{3/2}T vT_εu = T_ε(k(1 + a^2 + b^2)^{3/2})(1 + ω^2)^{−1/2}.

This implies assertion (28).

3. Imbedding theorems in the spaces W^{m,p}_ε

In this section we prove a Sobolev type inequality in the spaces W^{m,p}_ε (Ω), under the assumption that ||a||_∞ + ||b||_∞ + ||ω||_∞ ≤ M_1 (30)

and that k(ξ, s) ≠ 0 ∀(ξ, s) ∈ Ω × R. As we already noted in the introduction this assumptions ensures that X, Y, [X, Y ]− T_εvT_ε are linearly independent at every point, and that det(X, Y, [X, Y ] − T_εvT_ε) is uniformly bounded away from 0. It is known that a Sobolev inequality with optimal exponent holds if the coefficients of the operator are smooth. Here we will see that it is possible to prove the same assertion, under a weaker condition, which can be considered an ”intrinsic” Lipschitz continuity. In particular it is satisfied when the coefficients belong to suitable W^{m,p}_ε spaces.

3.1. Vector fields with Hölder continuous coefficients. If the coefficients a and b of the vector fields are Hölder continuous with respect to the euclidean distance and ω is bounded, we can associate to X, Y and T some frozen vector fields

Definition 3.1. Let us fix three open sets Ω_1 ⊂⊂ Ω_2 ⊂⊂ Ω, and assume that a, b are Hölder continuous in Ω. For every ξ_0 ∈ Ω we denote

X_{ξ0} = ∂_x + (a(ξ_0) + 2(y − y_0))∂_t Y_{ξ0} = ∂_y + (b(ξ_0) − 2(x − x_0))∂_t.

Since [X_{ξ0} , Y_{ξ0} ] = −4∂_t then ∂_t can be considered the frozen operator of T .

The Lie algebra generated by X_{ξ0} and Y_{ξ0} is non commutative, and free of step 2. Hence it is an Heisenberg algebra, and it is possible to introduce a canonical change of variable: ϕ_{ξ0} (x, y, t) = ( x, y, t − (a(ξ_0) − 2y_0)x − (b(ξ_0) + 2x_0)y ) , which changes X_{ξ0} and Y_{ξ0} into two vector fields X_H and Y_H , independent of ξ_0. If we denote d_H the control distance of these vector fields, then the control distance associated to X_{ξ0} and Y_{ξ0} is d_{ξ0} = d_H ∘ ϕ_{ξ0} (see [13] for the definition of control distance) . The distance d_{ξ0} can be explicitly computed and it is easy to see that d_{ξ0} is locally equivalent to the following distance: ~d_{ξ0} (ξ, ζ) = (( (x_ξ −x_ζ )^2 +(y_ξ −y_ζ )^2

)_2 + ( t−t_0 −a(ξ_0)(x_ξ −x_ζ )−b(ξ_0)(y_ξ −y_ζ

)_2)1/4 , in the sense that there exists an universal constant M_2 such that for every ξ, ζ in Ω_2

M^{−1}_2 ~d_{ξ0} (ξ, ζ) ≤ d_{ξ0} (ξ, ζ) ≤ M_2 ~d_{ξ0} (ξ, ζ)

(31)

(see [5] for a detailed proof).

It follows that, if a and b are Hölder continuous in classical sense, then there exists a constant M_3 such that

|a(ξ) − a(ξ_0)| ≤ M_3d^α_{ξ0} (ξ, ξ_0), |b(ξ) − b(ξ_0)| ≤ M_3d^α_{ξ0} (ξ, ξ_0)

(32)

for every ξ, ξ_0 ∈ Ω_2.

The Lebesgue measure of a sphere B_{ξ0} (ξ, R) in the metric d_{ξ0} is R^4|B_0(0, 1)| so that the homogeneous dimension of R^3 with respect to L_{ξ0} has to be considered

N = 4. This implies in particular that for every function f ∈ C^∞(Ω_2) and for every ball such that B_{ξ0} (ξ, R) ⊂⊂ Ω_2 ∫ B_{ξ0} (ξ,R) f(d_{ξ0} (ξ, ζ))dζ = C ∫_R 0 f(ρ)ρ^{N−1}dρ. (33)

Let us also recall that the operator X^2_H + Y^2_H is the Kohn Laplacian on the Heisenberg group, and it has a fundamental solution Γ_H , explicitly computed by Folland [11]. The fundamental solution of the operator X^2_{ξ0} +Y^2_{ξ0} is then the function Γ_{ξ0} (ξ, ζ) = Γ_H (d_{ξ0} (ξ), d_{ξ0} (ζ)). As a consequence the fundamental solution satisfies the following relation

Γ_{ξ0} (ξ, ζ) = Γ_H (ϕ_{ξ0} (ξ), ϕ_{ξ0} (ζ)) ≤ ≤ Cd^{−N+2} H (ϕ_{ξ0} (ξ), ϕ_{ξ0} (ζ)) ≤ Cd^{−N+2}_{ξ0} (ξ, ζ) ∀ξ, ζ for a constant C only dependent on Γ_H .

Remark 3.1. ¿From the definition of fundamental solution we can deduce the following assertion: for every z ∈ C^∞_0 (Ω_2) z(ξ) = ∫ X_{ξ0} Γ_{ξ0} (ξ, ζ)X_{ξ0} z(ζ)dζ + ∫ Y_{ξ0} Γ_{ξ0} (ξ, ζ)X_{ξ0} z(ζ)dζ. Analogously, adapting to the Kohn Laplacian a standard argument known for the classical laplacian, it is possible to prove the following Morrey type estimate for the vector fields X, Y and T . Let us denote z_{ξ0,B(ξ,R)} the mean on B_{ξ0} (ξ, R) of the function z and let ξ_0 ∈ Ω_1. If R > 0 satisfies R < d_{ξ0} (ξ_0, ∂Ω_2)/4, and ξ ∈ B_{ξ0} (ξ_0, R), then we have |z(ξ) − z_{ξ0,B(ξ,R)}| ≤ ∫ B_{ξ0} (ξ,2R) d^{−N+1} ξ_0 (ξ, ζ) ( |Xz(ζ)| + |Y z(ζ)| ) + (34)

+ ∫ B_{ξ0} (ξ,2R) d^{−N+1} ξ_0 (ξ, ζ) ( |a(ζ) − a(ξ_0)| + |b(ζ) − b(ξ_0)| ) (1 + ω^2)^{1/2}|T z(ζ)| + ∫ B_{ξ0} (ξ,2R) d^{−N+2} ξ_0 (ξ, ζ)(1 + ω 2)^{1/2}|T z(ζ)|. Then the following Theorem holds

Theorem 3.1. Assume that a, b and ω satisfy conditions (30) and (32), and that p, q are real numbers such that p, q > 1 and N < min(p, (1+α)q). Then there exists a constant C only dependent on M_1, M_3, Ω_1 and Ω_2 such that for every z ∈ C^∞(Ω) ||z||_L∞_{(Ω1 )} ≤ C ( ||z||_L1_{(Ω2)} + ||Xz||_Lp_{(Ω2 )} + ||Y z||_Lp_{(Ω2 )} + ||T z||_Lq_{(Ω2)} ) . Besides for every ξ, ξ_0 ∈ Ω_1 |z(ξ) − z(ξ_0)| ≤ Cd^r_{ξ0} (ξ, ξ_0) ( ||Xz||_Lp_{(Ω2 )} + ||Y z||_Lp_{(Ω2 )} + ||T z||_Lq_{(Ω2 )} ) , where r = min ( 1 −^N_p , α + 1 −^N_q ) . In particular, if p = ∞, and N < αq, then |z(ξ) − z(ξ_0)| ≤ Cd_{ξ0} (ξ, ξ_0) ( ||Xz||_Lp_{(Ω2)} + ||Y z||_Lp_{(Ω2)} + ||T z||_Lq_{(Ω2 )} ) for every ξ, ξ_0 ∈ Ω_1, where we have denoted p^′ the exponent conjugate of p in the sense that^1_p +^1_{p′} = 1.

Proof It is quite standard to deduce these assertions from formula (34). Hence we will prove only the first one. With the same notations as in (34), for every ξ ∈ B_{ξ0} (ξ_0, 2R) we have |z(ξ)| ≤ C R^4 ∫ B_{ξ0} (ξ,2R) |z(ζ)|dζ+

+C ( ∫ 2R 0 ρ^{(−N+1)p′+N−1}dρ )_{1/p}′ ( ||Xz||_Lp_{(Bξ0 (ξ,2R))} + ||Y z||_Lp_{(Bξ0 (ξ,2R))} ) + +C ( ∫ 2R 0 ρ^{(−N+1+α)q′ +N−1}dρ )_{1/q}′ ||T z||_Lq_{(Bξ0 (ξ,2R))} ≤ (since B_{ξ0} (ξ, 2R) ⊂ Ω_2) ≤ C ( ||z||_L1_{(Ω2 )} + R^{1−N/p} ( ||Xz||_Lp_{(Ω2 )} + ||Y z||_Lp_{(Ω2 )} ) + R^{1+α−N/q}||T z||_Lq_{(Ω2)} ) . 3.2. Intrinsic Lipschitz continuous coefficients. If condition (32) holds with α = 1, then the function

d(ξ, ξ_0) = d_ξ (ξ, ξ_0) + d_{ξ0} (ξ, ξ_0)

(35)

is a pseudodistance, and the functions a and b are lipschitz continuous with respect to it.^1

Proposition 3.1.

Proof It is a consequence of the estimates (31). Indeed

d_{ξ0} (ξ, ξ_0) ≤ C ~d_{ξ0} (ξ, ξ_0) ≤ ≤ C ( ~d_ξ(ξ, ξ_0) + |a(ξ) − a(ξ_0)|^{1/2}|x − x_0|^{1/2} + |b(ξ) − b(ξ_0)|^{1/2}|y − y_0|^{1/2} )

≤ C ~d_ξ (ξ, ξ_0) ≤ Cd_ξ (ξ, ξ_0). Then d_{ξ0} (ξ, ξ_0) ≤ C ~d_{ξ0} (ξ, ξ_0) ≤ ≤ C ( |x − x_1| + |x_1 − x_0| + |y − y_1| + |y_1 − y_0| ) + +C ( |t−t_1−a(ξ)(x−x_1)−b(ξ)(y−y_1)|^{1/2}+|t_1−t_0−a(ξ_0)(x_1−x_0)−b(ξ_0)(y_1−y_0)|^{1/2} ) + +C ( |a(ξ_0) − a(ξ_1)|^{1/2}|x − x_1|^{1/2} + |b(ξ_0) − b(ξ_1)|^{1/2}|y − y_1|^{1/2} ) ≤ ≤ C ( ~d_ξ (ξ, ξ_1) + ~d_{ξ0} (ξ_0, ξ_1) ) ≤ C ( d(ξ, ξ_1) + d(ξ_1, ξ_0) ) . Definition 3.2. If condition (32) holds with α = 1, then we will say that a and b are Lipschitz continuous with respect to the intrinsec distance, and we will denote C^α_d (Ω) the class of functions Hölder continuous with respect to d.

1We recall that a pseudodistance is a function d : R^e × R^3 → R satisfying the same conditions as a distance, but with the triangular inequality replaced by the requirement that there exists a constant C > 0 such that for every x, y, z d(x, y) ≤ C(d(x, z) + d(z, y))

Theorem 3.2. Assume that a and b are Lipschitz continuous with respect to the intrinsic distance and that there exists a constant M_4 > 0 such that ||Xa||_L∞_{(Ω2 )} + ||Y a||_L∞_{(Ω2 )} + ||Xb||_L∞_{(Ω2 )} + ||Y b||_L∞_{(Ω2 )} + ||∇_εv||_L4_{(Ω2 )} ≤ M_4. Let p be a real number such that 1 < p < N. Then there exists a constant C only dependent on the Lipschitz coefficients M_3 and M_4 such that for every z ∈ C^∞_0 (Ω_1) ||z||_Lr ≤ C||∇_εz||_Lp and r = Np N − p . Proof Using Remark 3.1 we get z(ξ) = ∫ X_{ξ0} Γ_{ξ0} (ξ, ζ)Xz(ζ) + ∫ Y_{ξ0} Γ_{ξ0} (ξ, ζ)Y z(ζ)+ + ∫ X_{ξ0} Γ_{ξ0} (ξ, ζ)(a(ζ) − a(ξ_0))∂_tz(ζ) + ∫ Y_{ξ0} Γ_{ξ0} (ξ, ζ)(b(ζ) − b(ξ_0))∂_tz(ζ).

Evaluating the function z at the point ξ_0, and using identity (20), we get

z(ξ_0) = ∫ X_{ξ0} Γ_{ξ0} (ξ_0, ζ)Xz(ζ) + ∫ Y_{ξ0} Γ_{ξ0} (ξ_0, ζ)Y z(ζ)+

+ ∫ X_{ξ0} Γ_{ξ0} (ξ_0, ζ)(a(ζ) − a(ξ_0))

(1 + ω^2)^{1/2} (1 + a^2 + b^2)^{3/2} [X, Y ]z(ζ) − ∫ X_{ξ0} Γ_{ξ0} (ξ_0, ζ)(a(ζ) − a(ξ_0))

(1 + ω^2)^{1/2} (1 + a^2 + b^2)^{3/2} T_εvT_εz(ζ) + ∫ Y_{ξ0} Γ_{ξ0} (ξ_0, ζ)(b(ζ) − b(ξ_0))

(1 + ω^2)^{1/2} (1 + a^2 + b^2)^{3/2} [X, Y ]z(ζ) − ∫ Y_{ξ0} Γ_{ξ0} (ξ_0, ζ)(b(ζ) − b(ξ_0))

(1 + ω^2)^{1/2} (1 + a^2 + b^2)^{3/2} T_εvT_εz(ζ). These terms have similar behavior, so that we will study only one of them. Let us choice for example:

I_3(ξ_0) = ∫ X_{ξ0} Γ_{ξ0} (ξ_0, ζ)(a(ζ) − a(ξ_0))

(1 + ω^2)^{1/2} (1 + a^2 + b^2)^{3/2} XY z(ζ) = (if we denote X^ζ the derivative with respect to the variable ζ, and use identity (19)) = − ∫ X^ζ ( X_{ξ0} Γ_{ξ0} (ξ, ζ)(a(ζ) − a(ξ_0)) 1 (1 + a^2 + b^2)^{3/2} ) (1 + ω^2)^{1/2}Y z(ζ) − ∫ X_{ξ0} Γ_{ξ0} (ξ_0, ζ)(a(ζ)−a(ξ_0)) 1 (1 + a^2 + b^2)^{3/2} ( X(1+ω^2)^{1/2}+(Y v−ωXv)(1+ω^2)^{1/2} ) Y z(ζ) ≤ ≤ C ∫ d^{−N+1}(ξ_0, ζ)|Y z(ζ)| + C ∫ d^{−N+2}(ξ_0, ζ)|Xv(ζ)||Y z(ζ)|. Inserting this estimate in the previous expression we obtain:

z(ξ_0) ≤ C ∫ d^{−N+1}(ξ_0, ζ)|∇_εz| + C ∫ d^{−N+2}(ξ_0, ζ)|∇_εz||∇_εv|. Since the distance d is doubling then the asserted inequality holds.

Theorem 3.3. Assume that a and b are lipschitz continuous with respect to the intrinsec distance. Let z be a function such that Xz, Y z ∈ C^β_d (Ω_2), ∂_tz ∈ L^{N/(1−β)}(Ω_2) with 0 < β < 1. Then there exists a constant M_4 only dependent on M_3 and M such that for every ξ, ξ_0 ∈ Ω_2:

|z(ξ) − z(ξ_0) − Xz(ξ_0)(x − x_0) − Y z(ξ_0)(y − y_0)| ≤ ≤ M_4d^{1+β} (ξ, ξ_0) ( ||Xz||_Cβ_{(Ω1 )} + ||Y z||_Cβ_{(Ω1)} + ||T z||_Lq_{(Ω1 )} ) . Proof Applying inequality (34) to the function z_1(ξ) = z(ξ) − Xz(ξ_0)(x − x_0) − Y z(ξ_0)(y − y_0), we get

|z(ξ) − z(ξ_0) − Xz(ξ_0)(x − x_0) − Y z(ξ_0)(y − y_0)| = |z_1(ξ) − z_1(ξ_0)| ≤≤ ∫ B_{ξ0} (ξ,2d_{ξ0} (ξ,ξ_0))) d −N+1 ξ_0 (ξ, ζ) ( |Xz(ζ) − Xz(ξ_0)| + |Y z(ζ) − Y z(ξ_0)| ) + (36)

+ ∫ B_{ξ0} (ξ,2d_{ξ0} (ξ,ξ_0)) d^{−N+1} ξ_0 (ξ, ζ)|a(ζ) − a(ξ0)||T z(ζ)|+ + ∫ B_{ξ0} (ξ,2d_{ξ0} (ξ,ξ_0 )) d^{−N+1} ξ_0 (ξ, ζ)|b(ζ) − b(ξ0)||T z(ζ)|+ + ∫ B_{ξ0} (ξ,2d_{ξ0} (ξ,ξ_0)) d^{−N+2} ξ_0 (ξ, ζ)|T z(ζ)| ≤ since Xz, Y z ∈ C^β_d , and by the assumptions on a and b, ≤ ∫ B_{ξ0} (ξ,2r) d^{−N+1} ξ_0 (ξ, ζ)d β ξ_0 (ξ0, ζ) + ∫ B_{ξ0} (ξ,2r) d^{−N+2} ξ_0 (ξ, ζ)|T z(ζ)| ≤ ∫_r 0 (ρ^β + r^β )ρ ( ∫ r 0 ρ^{(−N+1)q′ +N−1}dρ )_{1/q}′ ||T z||_q. Corollary 3.1. Assume that (30) is satisfied and that there exists a constant M_5 such that ||a||_W 2,6_{ε (Ω2 )} + ||T a||_W 1,3_{ε (Ω2 )} + ||T^2a||_L2_{(Ω2)} +

(37)

+||b||_W 2,6_{ε (Ω2)} + ||T b||_W 1,3_{ε (Ω2 )} + ||T^2b||_L2_{(Ω2 )} + ||T ω||_L3_{(Ω2)} ≤ M_5. Then he function d defined in (35) is a distance, a and b are lipschitz continuous with respect to it, and the following inequalities hold:

: i) if 1 < p < N, r = Np/(N − p) then ||z||_Lr ≤ c||∇_εz||_Lp ∀z ∈ C^∞_0 (Ω_1), : ii) if p > N, q > N/2, and β = min(1 − N/p, 2 − N/q) then |z(ξ) − z(ξ_0)| ≤ cd^β (ξ, ξ_0) ( ||∇_εz||_Lp_{(Ω2 )} + ||T z||_Lq_{(Ω2)} )

∀z ∈ C^∞(Ω_2) and for every ξ, ξ_0 ∈ Ω_1.

Proof Let us first note that, by the standard Sobolev imbedding theorem there exists a constant only dependent on M_5 such that ||T a||_L6_{(Ω2 )} + ||T b||_L6_{(Ω2)} ≤ C. By identity (18) we also have ||∇_εω||_L6_{(Ω2 )} ≤ ||T a||_L6_{(Ω2 )} + ||T b||_L6_{(Ω2 )} ≤ M_5.

Besides all the other second order euclidean derivatives are bounded:

||∂^2_{tt}a||_L2_{(Ω2 )} ≤ C | | | | | |T ( ∂_ta (1 + ω^2)^{1/2} ) + ω∂_taT ω (1 + ω^2)^{3/2} | | | | | |_{L2(Ω2 )} ≤

≤ ||T^2a||_L2_{(Ω2 )} + ||T a||_L6_{(Ω2 )}||T ω||_L3_{(Ω2)} ≤ C. Since ||X∂_ta||_L2_{(Ω2 )} = ||XT a||_L2_{(Ω2 )} + ||XωT a||_L2_{(Ω2 )} ≤ ≤ ||XT a||_L2_{(Ω2 )} + ||Xω||_L3_{(Ω2 )}||T a||_L6_{(Ω2 )} ≤ C, then ||∂_{xt}a||_L2_{(Ω2 )} ≤ ||X∂_ta||_L2_{(Ω2 )} + ||∂^2_{tt}a||_L2_{(Ω2 )} ≤ C and ||∂_{xx}a||_L2_{(Ω2 )} ≤ ||(X − a∂_t)^2a||_L2_{(Ω2 )} = ||X^2a − Xa∂_ta − aX∂_ta − a(∂_ta)^2 − aX∂_ta + a^2∂_{tt}a||_L2_{(Ω2 )} ≤ C. Hence a, b belong to the classical Sobolev space H^1(Ω_2) and there exists a constant M_3 only dependent on M_5 such that (32) holds with α = 1/2. Now we choose Ω_3, · · · , Ω_5 such that Ω_1 ⊂⊂ Ω_3 ⊂⊂ Ω_4 ⊂⊂ Ω_2. Hence ||Xa||_L1_{(Ω2 )} + ||∇_εXa||_L6_{(Ω2 )} + ||T Xa||_L3_{(Ω2 )} ≤

≤ ||a||_W 2,6_{(Ω2)} + ||∇_εvT a||_L3_{(Ω2 )} + ||XT a||_L3_{(Ω2 )} ≤ (by (20) ≤ ||a||_W 2,6_{(Ω2 )} + ||T a||_L6_{(Ω2 )} + ||T a||_W 1,3_{(Ω2 )} ≤ C.

Hence the first assertion of Proposition 3.1 with p = 6, q = 3 and α = 1/2 ensures that there exists a constant C only dependent on M_i, and Ω_i, i = 1, · · · , 5 such that ||Xa||_L∞_{(Ω4)} ≤ C. By the second assertion in Proposition 3.1, using the fact that ||Xa||_L∞_{(Ω4 )} + ||T a||_L6_{(Ω4)} ≤ C we deduce that |a(ξ) − a(ξ_0)| ≤ Cd^α_{ξ0} (ξ, ξ_0), ∀ξ, ξ_0 ∈ Ω_3 where α = 5/6, and again C only depends on M_i and Ω_i. Applying the third assertion of the same proposition we now get |a(ξ) − a(ξ_0)| ≤ Cd_{ξ0} (ξ, ξ_0) ∀ξ, ξ_0 ∈ Ω_1. The thesis now follows from Theorem 3.3.

4. L^p estimates for the linear equation In this section we prove the following a priori estimates, in the Sobolev spaces W^{m,p}_{ε,loc}(Ω) for solutions of equation (14), under the assumption that there exists a constant M such a ||u||_L∞_{(Ω)} + ||∇_εu||_L∞_{(Ω)} + ||∂_tu||_L∞_{(Ω)} (38) +||∇_εa||_L2_{(Ω)} + ||∇_εb||_L2_{(Ω)} + ||∇_εv||_L2_{(Ω)} ≤ M.

Theorem 4.1. Let p ≥ 3, m ∈ N\{0} be fixed. Assume that f ∈ C^∞(Ω), and let z be a solution of equation (14) in Ω. If Ω_1 ⊂⊂ Ω_2 ⊂⊂ Ω then there exist constants C and ~C, which depend on p, Ω_i and on M in (38), but are independent of ε or z such that the solution satisfies the following estimate ||z||^p_{W m+1,pε (Ω1 )} + ∑ |i|=m+1 |||D_iz|^{(p−1)/2}||^2_W 1,2_{ε (Ω1 )} ≤ ≤ C ( ||f||^{2p/3}_{W m,2p/3} ε (Ω_2 ) + ||v|| 2p W^{m,2p} ε (Ω_2 ) + ||z|| 2p W^{m,2p} ε (Ω_2) ) + + ~C ( ||T z||^{2p/3}_{W m,2p/3ε (Ω2 )} + ||T z||^p_{W m−1,pε (Ω2 )}+ ||a||^{2p}_{W m,2pε (Ω2 )} + ||b||^{2p}_{W m,2pε (Ω2)} + ||(1 + a^2 + b^2)^{3/2}||^{2p}_{W m−1,2pε (Ω2 )} ) . If k = 0, then we can choose ~C = 0.

In view of further applications we have stated here a more general result than it is strictly necessary in this contest. In particular we do not make any assumption of the curvature k.

The proof of this result is a modification of the classical Moser argument, which uses a Sobolev Type Theorem, and a Caccioppoli inequality. In our contest the Caccioppoli inequality still holds, but the coefficients of the vector fields are not regular, and no imbedding theorems hold in these spaces, in particular we can not apply the results just proved in the first steps of the regularisation procedure. On the contrary we prove an interpolation inequality which will take the place of the imbedding theorems.

4.1. Interpolation inequalities. Let us start with a simple remark: Proposition 4.1. For every function ϕ ∈ C^∞_0 (Ω) we have ∫ |∇_εv|^2ϕ^2 ≤ C ∫ (k^2 + |T k|)ϕ^2 + C ∫ |∇_εϕ|^2, for a suitable constant C depending only on the constant M in (38).

Proof Let us first note that ∂_taY v − ∂_tbXv = (by(18)) (39) = (Y v − ωXv)Y v + (Xv + ωY v)Xv = (Xv)^2 + (Y v)^2. Then we have ∫ ( (Xv)^2 + (Y v)^2 ) ϕ^2 + ∫ (T_εv)^2ϕ^2 =

(by (39)) = ∫ ( ∂_taY v − ∂_tbXv ) ϕ^2 + ∫ (T_εv)^2ϕ^2 =

(using (15)) = ∫ ∂_tY uY vϕ^2 + ∫ ∂_tXuXvϕ^2 + ∫ (T_εv)^2ϕ^2 =

(using (21)) = − ∫ ∂_tuY^2vϕ^2 − 2 ∫ ∂_tuY vϕY ϕ − ∫ ∂_tuX^2vϕ^2− −2 ∫ ∂_tuXvϕXϕ + ∫ (T_εv)^2ϕ^2 =

(by (28)) = ∫ ∂_tuT^2_ε vϕ^2 − ∫ ωT (k(1 + a^2 + b^2)^{3/2})ϕ^2+ + ∫ (T^2_ε v)^2ϕ^2 − 2 ∫ ωY vϕY ϕ − 2 ∫ ωXvϕXϕ = using (19) in the first term and the definition of T and (18) in the second = ∫ ω^2(T_εv)^2ϕ^2 − ∫ T_εωT_εvϕ^2 − 2 ∫ ωT_εvϕT_εϕ− + ∫ (|T k| + |k||Xv| + |k||Y v|)ϕ^2 + ∫ (T_εv)^2ϕ^2 − 2 ∫ ωY vϕY ϕ − 2 ∫ ωXvϕXϕ = (since v = arctg(ω) the terms 1, 2, and 5 cancel) ≤ ∫ |∇_εv||ϕ||∇_εϕ| + ∫ (|k||Xv| + |k||Y v| + |T k|)ϕ^2. The thesis now follows with an Hölder inequality.

Now we can prove our main interpolation inequality:

Proposition 4.2. For every p ≥ 3, there exists a constant C_p, dependent on p, and the constant M in (38) such that for every function z ∈ C^∞(Ω) and for every ϕ ∈ C^∞_0 (Ω), ∫ |Xz|^pϕ^{2p} ≤ C ( ∫ |z|^{2p}ϕ^{2p}+ + ∫ |X(|Xz|^{(p−1)/2})|^2|ϕ|^{2p} + ∫ |Xz|^{p−1}(|Xϕ|^2 + ϕ^2)|ϕ|^{2p−2} ) , where the function v is defined in (17). Analogous relations hold if we replace X with Y or T_ε.

Proof We have ∫ |Xz|^pϕ^{2p} = ∫ Xz|Xz|^{p−1}segn(Xz)ϕ^{2p} = (integrating by parts and using the fact that X^∗ = −X − Y v + ωXv) = − ∫ (Y v − ωXv)z|Xz|^{p−1}segn(Xz)ϕ^{2p} − 2 ∫ zX(|Xz|^{(p−1)/2})|Xz|^{(p−1)/2}ϕ^{2p}

−2p ∫ z|Xz|^{p−1}segn(Xz)ϕ^{2p−1}Xϕ ≤ (40)

(by Hölder inequality) ≤ C ( ∫ |∇_εv|^2|Xz|^{p−1}ϕ^{2p} + ∫ |z|^{2p}ϕ^{2p} + δ ∫ |Xz|^pϕ^{2p}

+ ∫ |X(|Xz|^{(p−1)/2})|^2ϕ^{2p} + ∫ |Xz|^{p−1}ϕ^{2p−2}|Xϕ|^2 ) (by Proposition 4.1), ≤ C ( ∫ |Xz|^{p−1}ϕ^{2p} + ∫ |z|^{2p}ϕ^{2p} + δ ∫ |Xz|^pϕ^{2p} + ∫ |X(|Xz|^{(p−1)/2})|^2ϕ^{2p} + ∫ |Xz|^{p−1}ϕ^{2p−2}|Xϕ|^2 ) choosing δ sufficiently small we get the assertion.

4.2. Cacciopoli type inequalities. Let us start with a Cacciopoli type inequality for the derivative with respect to T .

Theorem 4.2. Assume that f ∈ C^∞(Ω), and that z is a solution of (14). Then there exists a constant C > 0 dependent on M such that for every ϕ ∈ C^∞_0 (Ω) ∫ ( |∇_εT z|^2 + |T ∇_εz|^2 ) ϕ^6 + ∫ |∇_εv|^2(T z)^2ϕ^6

≤ C ∫ ( ϕ^2(|k| + |T k|) + |∇_εϕ|^2 ) |T z|^2ϕ^4 − ∫ T fT zϕ^6 (41)

We will make use of the following simple property:

Remark 4.1. From identity (21) and the definition of T it immediately follows that, for every function f, ϕ ∈ C^∞_0 (Ω) we have ∫ T Xfϕ = ∫ ∂_tXf (1 + ω^2)^{1/2} ϕ = ∫ ωT fXvϕ − ∫ T fXϕ. Analogously ∫ T Y fϕ = ∫ ωT fY vϕ − ∫ T fY ϕ and ∫ T T_εfϕ = ∫ ωT fT_εvϕ − ∫ T fT_εϕ. Proof We differentiate with respect to T equation (14), then we multiply by T zϕ^6 and integrate ∫ T fT zϕ^2 = ∫ T (X^2z + Y^2z + T^2_ε )T zϕ^6

(by Remark 4.1) = − ∫ T XzXT zϕ^6 + ∫ T XzωXvT zϕ^6 − 6 ∫ T XzT zϕ^5Xϕ− − ∫ T Y zY T zϕ^6 + ∫ T Y zωY vT zϕ^6 − 6 ∫ T Y zT zϕ^5Y ϕ − ∫ T T_εzT_εT zϕ^6 + ∫ T T_εzωT_εvT zϕ^6 − 6 ∫ T T_εzT zϕ^5T_εϕ = = I_1 + · · · + I_9.

Let us consider a few term separately

I_1 + I_4 = − 1 2 ∫ ([T, X]z + XT z)XT zϕ^6 − 1 2 ∫ T Xz([X, T ]z + T Xz)ϕ^6

− 1 2 ∫ ([T, Y ]z + Y T z)Y T zϕ^6 − 1 2 ∫ T Y z([Y, T ]z + T Y z)ϕ^6 by identities (20) = − 1 2 ∫ ( (T Xz)^2 + (XT z)^2 + (T Y z)^2 + (Y T z)^2 ) ϕ^6 − 1 2 ∫ Y vT z(XT z − T Xz)ϕ^6 + 1 2 ∫ XvT z(Y T z − T Y z)ϕ^6 = = − 1 2 ∫ ( (T Xz)^2 + (XT z)^2 + (T Y z)^2 + (Y T z)^2 ) ϕ^6 + 1 2 ∫ ( (Xv)^2 + (Y v)^2 ) (T z)^2ϕ^6.

On the other hand using identity (20) in I_2 and I_5, we get

I_2 + I_5 + I_8 = ∫ Y vT zωXvT zϕ^6 − ∫ XvT zωY vT zϕ^6 + 1 2 ∫ X((T z)^2)Xvωϕ^6 + 1 2 ∫ Y ((T z)^2)Y vωϕ^6 + 1 2 ∫ T_ε((T z)^2)T_εvωϕ^6 =

(canceling the first two terms and integrating by parts the last three terms by means of identities (19) − 1 2 ∫ (T z)^2XvXωϕ^6 − 3 ∫ (T z)^2Xvωϕ^5Xϕ − 1 2 ∫ (T z)^2Xvω(Y v − ωXv)ϕ^6 − 1 2 ∫ (T z)^2Y vY ωϕ^6 − 3 ∫ (T z)^2Y vωϕ^5Y ϕ + 1 2 ∫ (T z)^2Y vω(Xv + ωY v)ϕ^6 − 1 2 ∫ (T z)^2T_εvT_εωϕ^6 − 3 ∫ (T z)^2T_εvωϕ^5T_εϕ − 1 2 ∫ (T z)^2ω^2(T_εv)^2ϕ^6 − 1 2 ∫ (T z)^2ωL_εvϕ^6 =

using the fact that v = arctan u_t in the terms 1, 4, 7, and Proposition 2.1 in the last = − 1 2 ∫ (T z)^2ωT (k(1 + a^2 + b^2)^{3/2})ϕ^6 − 3 ∫ (T z)^2ω ( XvXϕ + Y vY ϕ + T_εvT_εϕ ) ϕ^5 − 1 2 ∫ (T z)^2 ( (Xv)^2 + (Y v)^2 + (T_εv)^2 ) ϕ^6 = − 1 2 ∫ (T z)^2ωT k(1 + a^2 + b^2)^{3/2}ϕ^6 − 3 2 ∫ (T z)^2ωk(1 + a^2 + b^2)^{1/2}(aT a + bT b)ϕ^6 −3 ∫ (T z)^2ω ( XvXϕ+Y vY ϕ+T_εvT_εϕ ) ϕ^5 − 1 2 ∫ (T z)^2 ( (Xv)^2 +(Y v)^2 +(T_εv)^2 ) ϕ^6.

Summing up all terms we get 1 2 ∫ ( (T Xz)^2+(XT z)^2+(T Y z)^2+(Y T z)^2 ) ϕ^6+ ∫ (T_εT z)^2ϕ^6+ 1 2 ∫ (T z)^2(T_εv)^2ϕ^6 ≤ ≤ − ∫ T fT zϕ^6 + C 2 ∫ (T z)^2|ω||T k|ϕ^6 +Cδ ∫ (T z)^2((T a)^2 + (T b)^2)ϕ^6 + C δ ∫ (T z)^2k^2ϕ^6 +δ ∫ (T z)^2 ( (Xv)^2 + (Y v)^2 + (T_εv)^2 ) ϕ^6 + 1 δ ∫ (T z)^2 ( (Xϕ)^2 + (Y ϕ)^2 + (T_εϕ)^2 ) ϕ^4.

By condition (18) and the boundness of ω it follows that (T a)^2 + (T b)^2 ≤ (Xv)^2 + (Y v)^2 and by condition (20) we deduce that |Xv||T z| + |Y v||T z| ≤ |[X, T ]z| + |[Y, T ]z|. Hence we get inequality (41), choosing δ sufficiently small.

Let us now prove another Caccioppoli type inequality more general than the preceding one, in the directions X, Y , T_ε, for the solutions of the linear equation (14). By Lemmas 2.1, 2.2, 2.3, if z is a solution of that equation, then its derivative is a solution of an equation of the form L_εz = f_0 + f_1Xz + f_2Y z + f_3T_εz.

(42) Hence, in view of the iteration, we will study solutions of this equation. Lemma 4.1. Assume that f_0, · · · , f_3 ∈ L^r_{loc}(Ω), and f_4, · · · , f_6 ∈ W^{1,r}_{ε,loc}(Ω) with r > 2 and that z ∈ W^{2,2}_{ε,loc}(Ω) ∩ W^{1,3}_{1,loc}(Ω) is a solution of equation

L_εz = ~f_0 + ~f_1Xz + ~f_2Y z + ~f_3T_εz + X ~f_4 + Y ~f_5 + T_ε ~f_6 + z ~f_7.

(43) For every p ≥ 3 there exist constants C_1, C_2, C_3, C_4 depending only on p, and the constant M in (38) and independent of ε and z such that for every ϕ ∈ C^∞_0 (Ω) we have ∫ |∇_ε(|z|^{(p−1)/2})|^2ϕ^2 ≤ ≤ C_1 ∫ |z|^{p−1} ( ϕ^2 + |∇_εϕ|^2 ) − ∫ ~f_0|z|^{p−3}zϕ^2 − ∫ ~f_7|z|^{p−1}ϕ^2 +C_2 ∫ |z|^{p−1}|∇_εv|^2ϕ^2 + C_3 ∫ |z|^{p−1} ( | ~f_1|^2 + | ~f_2|^2 + | ~f_3|^2 ) ϕ^2

+C_4 ∫ |z|^{p−3} ( | ~f_4|^2 + | ~f_5|^2 + | ~f_6|^2 ) ϕ^2 + C_4 ∫ |z|^{p−2} ( | ~f_4| + | ~f_5| + | ~f_6| ) |∇_εv|ϕ^2 If the curvature k = 0, we can choose C_2 = 0. If k = 0, and f_1 = −2∂_ta, f_2 = −2∂_tb, f_3 = 2ωT_εvT_εz, we can choose C_2 = C_3 = 0.

Proof Let us multiply both members of equation (43) by |z|^{p−3}zϕ^2, and integrate. Then we get ∫ ( ~f_0 + X ~f_4 + Y ~f_5 + T_ε ~f_6 + ~f_1Xz + ~f_2Y z + ~f_3T_εz + z ~f_7 ) |z|^{p−3}zϕ^2 == ∫ ( X^2z + Y^2z + T^2_ε z ) |z|^{p−3}zϕ^2 = (44)

(since X^∗ = −X − ∂_ta, Y^∗ = −Y − ∂_tb and T^∗_ε = −T_ε + ωT_εv) = − ∫ ∂_taXz|z|^{p−3}zϕ^2 − (p − 2) ∫ (Xz)^2|z|^{p−3}ϕ^2 − 2 ∫ |z|^{p−3}zXzϕXϕ− − ∫ ∂_tbY z|z|^{p−3}zϕ^2 − (p − 2) ∫ (Y z)^2|z|^{p−3}ϕ^2 − ∫ |z|^{p−3}zY zϕY ϕ+ + ∫ ωT_εvT_εz|z|^{p−3}zϕ^2 − (p − 2) ∫ (T_εz)^2|z|^{p−3}ϕ^2 − 2 ∫ T_εz|z|^{p−3}zϕT_εϕ ≤ ≤ ∫ < (−∂_ta, −∂_tb, ωT_εv), ∇_εz > |z|^{p−3}zϕ^2 − 4(p − 2) (p − 1)^2 ∫ (∇_ε(|z|^{(p−1)/2})^2ϕ^2− − 4 p − 1 ∫ < ∇_ε(|z|^{(p−1)/2)})ϕ, ∇_εϕ|z|^{(p−1)/2)} > . This obviously implies that there exists a constant C > 0 such that

4(p − 2) (p − 1)^2 ∫ |∇_ε(|z|^{(p−1)/2})|^2ϕ^2 ≤ C ∫ |z|^{p−1}|∇_εϕ|^2 + (45) − ∫ < (∂_ta, ∂_tb, −ωT_εv), ∇_εz > |z|^{p−3}zϕ^2 − ∫ < ( ~f_1, ~f_2, ~f_3), ∇_εz > |z|^{p−3}zϕ^2. − ∫ ~f_7|z|^{p−1}ϕ^2 − ∫ ~f_0|z|^{p−3}zϕ^2 − ∫ ( X ~f_4 + Y ~f_5 + T_ε ~f_6 ) |z|^{p−3}zϕ^2. Let us denote I_0, . . . , I_5 the terms in the right hand side. We have to study only I_1, I_2 and I_5. Integrating by parts the last term we have:

I_5 = ∫ ∂_ta ~f_4|z|^{p−3}zϕ^2 + (p − 2) ∫ ~f_4X(|z|)|z|^{p−3}ϕ^2 + 2 ∫ ~f_4|z|^{p−3}zϕXϕ

+ ∫ ∂_tb ~f_5|z|^{p−3}zϕ^2 + (p − 2) ∫ ~f_5Y (|z|)|z|^{p−3}ϕ^2 + 2 ∫ ~f_5|z|^{p−3}zϕY ϕ − ∫ ωT_εv ~f_6|z|^{p−3}zϕ^2 + (p − 2) ∫ ~f_6T_ε(|z|)|z|^{p−3}ϕ^2 + 2 ∫ ~f_6|z|^{p−3}zϕT_εϕ ≤ (we use relation (18) in the integrals 3, 6, and 9) ≤ ∫ |∇_εv|| ~f_4||z|^{p−2}ϕ^2+ 2(p − 2) p − 1 ∫ | ~f_4|X(|z|^{(p−1)/2})|z|^{(p−3)/2}ϕ^2+2 ∫ | ~f_4||z|^{p−2}ϕ|Xϕ| + ∫ |∇_εv|| ~f_5||z|^{p−2}ϕ^2+ 2(p − 2) p − 1 ∫ | ~f_5|Y (|z|^{(p−1)/2})|z|^{(p−3)/2}ϕ^2+2 ∫ | ~f_5||z|^{p−2}ϕ|Y ϕ| + ∫ |∇_εv|| ~f_6||z|^{p−2}ϕ^2+ 2(p − 2) p − 1 ∫ | ~f_6|T_ε(|z|^{(p−1)/2})|z|^{(p−3)/2}ϕ^2+2 ∫ | ~f_6||z|^{p−2}ϕ|T_εϕ| ≤ with an Hölder inequality ≤ C_4 ∫ |z|^{p−2} ( | ~f_4| + | ~f_5| + | ~f_6| ) |∇_εv|ϕ^2 + C_4 ∫ |z|^{p−3} ( | ~f_4|^2 + | ~f_5|^2 + | ~f_6|^2 ) ϕ^2 +δ ∫ |∇_ε(z^{(p−1)/2})|^2ϕ^2 + C ∫ |z|^{p−1}|∇_εϕ|^2 where δ will be chosen sufficiently small.

Finally we have to consider I_1 and I_2 in (45). If we do not have any hypotheses on k, we have:

I_1+I_2 = − 2 p − 1 ∫ ( ∂_taX(|z|^{(p−1)/2})+∂_tbY (|z|^{(p−1)/2})−ωT_εvT_ε(|z|^{(p−1)/2}) ) |z|^{(p−1)/2}ϕ^2 − 2 p − 1 ∫ ( ~f_1X(|z|^{(p−1)/2}) + ~f_2Y (|z|^{(p−1)/2}) + ~f_3T_ε(|z|^{(p−1)/2}) ) |z|^{(p−1)/2}ϕ^2 ≤ (using equation (18) and an Hölder inequality) ≤ C_1 ∫ |z|^{p−1}|∇_εv|^2ϕ^2+C_2 ∫ |z|^{p−1} ( | ~f_1|^2+| ~f_2|^2+| ~f_3|^2 ) ϕ^2+δ ∫ |∇_ε(|z|^{(p−1)/2})|^2ϕ^2 Now the thesis follows, inserting all terms in (45).

Note that, when k = 0, then, by (20) T_εvT_εz = [X, Y ]z, hence ∫ ∂_taXz|z|^{p−3}zϕ^2 + ∫ ∂_tbY z|z|^{p−3}zϕ^2 − ∫ ωT_εvT_εz|z|^{p−3}zϕ^2 =

(in the second and third integral we use (15) and we have ∂_ta = ∂_tY u, ∂_tb = −∂_tXu, then we use (21)) − ∫ ωY Xz|z|^{p−3}ϕ^2 − (p − 2) ∫ ωXzY z|z|^{p−3}ϕ^2 − 2 ∫ ωX|z||z|^{p−2}ϕY ϕ + ∫ ωXY z|z|^{p−3}zϕ^2 − (p − 2) ∫ ωY zXz|z|^{p−3}ϕ^2 − 2 ∫ ωY |z||z|^{p−2}ϕXϕ − ∫ ω[X, Y ]z|z|^{p−3}zϕ^2 (the integral 1, 4 and 7 cancel, as well as the second and the 5, to the other we apply an Hölder inequality) ≤ δ ∫ |∇_ε(|z|^{(p−1)/2})|^2ϕ^2 + C δ ∫ |z|^{p−1}|∇_εϕ|^2. Again, inserting all terms in (45), we get the stated assertion, for k = 0.

4.3. Iterative procedure. We can now conclude the proof of Theorem using iteratively the interpolation and the Caccioppoli inequalities. We first deduce from the preceding lemmata some a priori estimates for the derivatives of a function z, solution of equation (42).

Theorem 4.3. Let p ≥ 3 be fixed, let f_0, · · · f_3 ∈ C^∞(Ω), let z be a solution of equation (42). Then there exist two constants C and ~C which depend on p and the constant M in (38) but are independent of ε and z such for every ϕ ∈ C^∞_0 (Ω) ∫ |∇_εz|^pϕ^{2p} + ∫ |∇_ε ( |∇_εz|^{(p−1)/2} ) |^2ϕ^{2p} ≤ ≤ C ∫ |z|^{2p}ϕ^{2p} + C ∫ ( ϕ^2 + |∇_εϕ|^2 )_p

+C ∫ |∇_εv|^{2p}ϕ^{2p} + C ∫ ( |f_0|^{2p/3} + |f_1|^{2p} + |f_2|^{2p} + |f_3|^{2p} ) ϕ^{2p} + ~C ( ∫ |T z|^{2p/3}ϕ^{2p} + ∫ (|∇_εa| + |∇_εb|)^{p/2}|T z|^{p/2}ϕ^{2p} ) . If k = 0 we can choose ~C = 0.

Proof Since z is a solution of equation (42) then by Lemma 2.1 s_1 = Xz satisfies equation (43), with coefficients ~f_0 = k(1 + a^2 + b^2)^{3/2}T Y z + 2XvT_εvT_εz,

~f_4 = f_0 + f_1Xz + f_2Y z + f_3T_εz, ~f_1 = ~f_2 = ~f_3 = ~f_7 = 0, ~f_5 = −2T_εvT_εz + k(1 + a^2 + b^2)^{3/2}T z, ~f_6 = 2Y vT_εz.

Using Lemma 4.1 we deduce ∫ |∇_ε(|s_1|^{(p−1)/2)})|^2ϕ^{2p} ≤ C_1 ∫ |s_1|^{p−1} ( |∇_εϕ|^2 + ϕ^2 ) ϕ^{2p−2} +

(46) − ∫ |s_1|^{p−3}s_1k(1 + a^2 + b^2)^{3/2}T Y zϕ^{2p} − 2 ∫ |s_1|^{p−3}s_1XvT_εvT_εzϕ^{2p}+ +C_2 ∫ |s_1|^{p−1}|∇_εv|^2ϕ^{2p} +C_4 ∫ |s_1|^{p−3} ( f^2_0 +|f_1|^2|Xz|^2 +|f_2|^2|Y z|^2 +|f_3|^2|T_εz|^2 ) ϕ^{2p}

+C_4 ∫ |s_1|^{p−3}|∇_εv|^2|T_ϵz|^2ϕ^{2p} + C_4 ∫ k^2(1 + a^2 + b^2)^3(T z)^2|s_1|^{p−3}ϕ^{2p} ≤ ≤ δ ∫ |s_1|^pϕ^{2p} + C ∫ ( ϕ^2 + |∇_εϕ|^2 )_p − ∫ |s_1|^{p−3}s_1k(1 + a^2 + b^2)^{3/2}T Y zϕ^{2p} + C δ ∫ |∇_εv|^{2p}ϕ^{2p} + δ ∫ |∇_εz|^pϕ^{2p} + C ∫ |f_0|^{2p/3}ϕ^{2p} +C ∫ ( |f_1|^{2p} + |f_2|^{2p} + |f_3|^{2p} ) ϕ^{2p} + C_4 ∫ k^2|T z)^{2p/3}ϕ^{2p}. Integrating by parts the second term in the right hand side by means of Remark 4.1, we get

− ∫ |s_1|^{p−3}s_1k(1 + a^2 + b^2)^{3/2}T Y zϕ^{2p} = ∫ |s_1|^{p−3}s_1k(1 + a^2 + b^2)^{3/2}ωT_εvT zϕ^{2p}

(47)

+ 2(p − 2) p − 1 ∫ Y ( |s_1|^{(p−1)/2} ) |s_1|^{(p−3)/2}k(1 + a^2 + b^2)^{3/2}T zϕ^{2p}+ ∫ |s_1|^{p−3}s_1Y ( k(1+a^2 +b^2)^{3/2} ) T zϕ^{2p}+2p ∫ |s_1|^{p−3}s_1k(1+a^2 +b^2)^{3/2}T zϕ^{2p−1}Y ϕ ≤ ≤ δ ∫ |s_1|^p + C ∫ |T_εv|^{2p}ϕ^{2p} + C δ ∫ |T z|^{2p/3}ϕ^{2p} + δ ∫ |Y ( |s_1|^{(p−1)/2} ) |^2ϕ^{2p}+ + ∫ k^2 ( |∇_εa| + |∇_εb| )_{p/2} |T z|^{p/2}ϕ^{2p} + C ∫ |∇_εϕ|^{2p}. By Proposition 4.2, we have ∫ |Xz|^pϕ^{2p} + ∫ |∇_ε ( |Xz|^{(p−1)/2)} ) |^2ϕ^{2p} ≤ C ∫ |z|^{2p}ϕ^{2p}++C ∫ |X ( |Xz|^{(p−1)/2)} ) |^2ϕ^{2p} + C ∫ |Xz|^{p−1} ( |∇_εϕ|^2 + ϕ^2 ) ϕ^{2p−2} ≤ (48)

using (46) and (47) and the fact that s_1 = Xz, ≤ C ∫ |z|^{2p}ϕ^{2p} + C ∫ ( ϕ^2 + |∇_εϕ|^2 )_p + δ ∫ |∇_εz|^pϕ^{2p} +C ∫ |∇_εv|^{2p}ϕ^{2p} + C ∫ |f_0|^{2p/3}ϕ^{2p} + C ∫ ( |f_1|^{2p} + |f_2|^{2p} + |f_3|^{2p} ) ϕ^{2p} +C ∫ k^2|T z|^{2p/3}ϕ^{2p} + C ∫ k^2 ( |∇_εa| + |∇_εb| )_{p/2} |T z|^{p/2}ϕ^{2p}. Analogous relations hold for Y z and T_εz, hence ∫ |∇_εz|^pϕ^{2p} + ∫ |∇_ε ( |∇_εz|^{(p−1)/2} ) |^2ϕ^{2p} ≤ ≤ C ∫ |z|^{2p}ϕ^{2p} + C ∫ ( ϕ^2 + |∇_εϕ|^2 )_p

≤ C ∫ |∇_εv|^{2p}ϕ^{2p} + δ ∫ |∇_εz|^pϕ^{2p} + C ∫ ( |f_0|^{2p/3} + |f_1|^{2p} + |f_2|^{2p} + |f_3|^{2p} ) ϕ^{2p} + ~C ( ∫ |T z|^{2p/3}ϕ^{2p} + ∫ (|∇_εa| + |∇_εb| )_{p/2} |T z|^{p/2}ϕ^{2p} ) . Choosing δ sufficiently small, we get the stated assertion.

Theorem 4.4. Let p ≥ 3 be fixed, let f_0, · · · f_3 ∈ C^∞(Ω), let z be a solution of equation (42) and let Ω_1 ⊂⊂ Ω_2 ⊂⊂ Ω. There exist constants C and ~C, which depend on p, on Ω_i, and on the constant M in (38), but are independent of ε or z such that ||z||^p_{W 2,pε (Ω1 )} + ∑ |i|=2 |||D_iz|^{(p−1)/2}||^2_W 1,2_{ε (Ω1)} ≤

≤ C ( ||f_0||^{2p/3}_{W 1,2p/3ε (Ω2 )}+ 3∑ i=1 (||f_i||^p_{W 1,pε (Ω2)}+||f_i||^{2p}_{L2p(Ω2 )})+||v||^{2p}_{W 1,2pε (Ω2 )}+||z||^{2p}_{W 1,2pε (Ω2 )} ) + + ~C ( ||T z||^{2p/3}_{W 1,2p/3ε (Ω2 )} + ||T z||^p_{Lp(Ω2 )} + ||a||^{2p}_{W 1,2pε (Ω2 )} + ||b||^{2p}_{W 1,2pε (Ω2 )} ) . If k = 0, we can choose ~C = 0.

Proof If z is a solution of (42) then, by Lemma 2.3 the function s_3 = T_εz is a solution of the same equation with coefficients:

~f_0 = T_εf_0 + T_εf_1Xz + T_εf_2Y z + T_εf_3T_εz + k(1 + a^2 + b^2)^{3/2}T_evT z (49) − ( (Xv)^2 + (Y v)^2 + (T_εv)^2 ) T_εz + f_1Y vT_εz − f_2XvT_εz ~f_1 = f_1 − 2Y v, ~f_2 = f_2 + 2Xv ~f_3 = f_3.

Let us choose Ω_3 such that Ω_1 ⊂⊂ Ω_3 ⊂⊂ Ω_2. By Theorem 4.3 there exist constants C and ~C independent of ε such that

||s_3||^p_{W 1,pε (Ω3 )} + 3∑ i=1 |||D_is_3|^{(p−1)/2}||^2_W 1,2_{ε (Ω3 )} ≤

(50)

≤ C ( || ~f_0||^{2p/3}_{L2p/3(Ω2 )} + 3∑ i=1 || ~f_i||^{2p}_{L2p(Ω2 )} + ||v||^{2p}_{W 1,2pε (Ω2)} + ||s_3||^{2p}_{L2p(Ω2 )} )

+ ~C ( ||T s_3||^{2p/3}_{L2p/3ε (Ω2 )} + ||a||^{2p}_{W 1,2pε (Ω2 )} + ||b||^{2p}_{W 1,2pε (Ω2 )} ) ≤ ≤ C ( ||f_0||^{2p/3}_{W 1,2p/3ε (Ω2)} + 3∑ i=1 ( ||f_i||^p_{W 1,pε (Ω2 )} + ||f_i||^{2p}_{L2pε (Ω2 )} ) + +||v||^{2p}_{W 1,2pε (Ω2 )} + ||z||^{2p}_{W 1,2pε (Ω2 )} ) + + ~C ( ||T z||^{2p/3}_{W 1,2p/3ε (Ω2 )} + ||T z||^p_{Lp(Ω2 )} + ||a||^{2p}_{W 1,2pε (Ω2 )} + ||b||^{2p}_{W 1,2pε (Ω2 )} ) . Analogously, by Lemma 2.1, the function s_1 = Xz is a solution of

L_εs_1 = ~f_0 + f_1Xs_1 + f_2Y s_1 + f_3T_εs_1 + Y ( k(1 + a^2 + b^2)^{3/2}T z ) (51)

where

~f_0 = k(1 + a^2 + b^2)^{3/2}T Y z + Xf_0 + Xf_1Xz + Xf_2Y z + Xf_3+

+f_2T_εvT_εz + f_2k(1 + a^2 + b^2)^{3/2}T z + f_3Y vT_εz + 2Y vT^2_ε z − 2T_εvY T_εz and, by Theorem 4.3

||s_1||^p_{W 1,pε (Ω1)} + |||D_is_1|^{(p−1)/2}||^2_W 1,2_{ε (Ω1 )} ≤ ≤ C ( ||f_0||^{2p/3}_{W 1,2p/3ε (Ω3 )} + 3∑ i=1 (||f_i||^p_{W 1,pε (Ω3 )} + ||f_i||^{2p}_{L2p(Ω3 )})+

+||v||^{2p}_{W 1,2pε (Ω3 )} + ||z||^{2p}_{W 1,2pε (Ω3 )} ) + +C||s_3||^p_{W 1,pε (Ω3 )} + ~C ( ||T s_1||^{2p/3}_{L2p/3ε (Ω3 )} + ||a||^{2p}_{W 1,2pε (Ω3)} + ||b||^{2p}_{W 1,2pε (Ω3)} ) ≤ (by 50) ≤ C ( ||f_0||^{2p/3}_{W 1,2p/3ε (Ω2 )} + 3∑ i=1 (||f_i||^p_{W 1,pε (Ω2 )} + ||f_i||^{2p}_{L2p(Ω2 )})+ +||v||^{2p}_{W 1,2pε (Ω2 )} + ||z||^{2p}_{W 1,2pε (Ω2 )} ) + + ~C ( ||T z||^{2p/3}_{W 1,2p/3ε (Ω2 )} + ||T z||^p_{Lp(Ω2 )} + ||a||^{2p}_{W 1,2pε (Ω2 )} + ||b||^{2p}_{W 1,2pε (Ω2 )} ) . Finally, arguing exactly in the same way with Y z, we deduce the thesis.

Proof of Theorem 4.1 We will prove by induction that, if z is a solution of equation (42), then ||z||^p_{W m+1,pε (Ω1 )} + ∑ |i|=m+1 |||D_iz|^{(p−1)/2}||^2_W 1,2_{ε (Ω1 )} ≤

≤ C ( ||f_0||^{2p/3}_{W m,2p/3ε (Ω2 )} + 3∑ i=1 ( ||f_i||^{2p}_{W m,2pε (Ω2)} + ||f_i||^p_{W m−1,p (Ω2 )} ) + ||v||^{2p}_{W m,2pε (Ω2 )}+ +||z||^{2p}_{W m,2pε (Ω2)} ) + ~C ( ||T z||^{2p/3}_{W m,2p/3ε (Ω2 )} + ||T z||^p_{W m−1,pε (Ω2 )} +||a||^{2p}_{W m,2pε (Ω2 )} + ||b||^{2p}_{W m,2pε (Ω2 )} + ||(1 + a^2 + b^2)^{3/2}b||^{2p}_{W m−1,2pε (Ω2 )} ) , for suitable constants C and ~C depending only on Ω_i and M and such that ~C = 0 if k = 0. By Theorem 4.4 the assertion is true for m = 1. Let us assume that it is true for m − 1. Since z is a solution of (14) then T_εz is a solution of (43), with coefficients described in (49) and, there exists a constant independent of ε such that ||T_εz||^p_W m,p_{ε (Ω1 )} + ∑ |i|=m |||D^iT_εz|^{(p−1)/2}||_W 1,2_{ε (Ω1)} ≤ (52)

≤ C ( ||∇_εf_0||^{2p/3}_{W m−1,2p/3} ε (Ω_2 ) + 3∑ i=1 ||∇_εf_i∇_εz||^{2p/3}_{W m−1,2p/3} ε (Ω_2)+ ||k(1 + a^2 + b^2)^{3/2}T_εvT_εz||^{2p/3}_{W m−1,2p/3ε (Ω2)} + ||(∇_εv)^2∇_εz||^{2p/3}_{W m−1,2p/3ε (Ω2 )} 3∑ i=1 ( ||f_i∇_εv∇_εz||^{2p/3}_{W m−1,2p/3} ε (Ω_2 ) + ||fi|| p W^{m−1,p} ε (Ω_2 ) + ||fi|| 2p W^{m,2p} ε (Ω_2) ) + +||v||^p_W m,p_{ε (Ω2 )} + ||z||^p_W m,p_{ε (Ω2 )} + ||v||^{2p}_{W m−1,2pε (Ω2)} + ||z||^{2p}_{W m−1,2pε (Ω2 )} ) + + ~C ( ||T T_εz||^{2p/3}_{W m−1,2p/3} ε (Ω_2 ) + ||T Tεz|| p W^{m−2,p} ε (Ω_2 )+ ||a||^{2p}_{W m−1,2p} ε (Ω_2) + ||b|| 2p W^{m−1,2p} ε (Ω_2) + ||(1 + a

2 + b^2)^{3/2}||^{2p}_{W m−2,2pε (Ω2 )} ) ≤ ≤ C ( ||f_0||^{2p/3}_{W m,2p/3ε (Ω2 )} + 3∑ i=1 ( ||f_i||^p_W m,p_{ε (Ω2 )} + 3∑ i=1 ||f_i||^{2p}_{W m−1,2p} ε (Ω_2 ) ) + ||v||^{2p}_{W m,2pε (Ω2 )} + ||z||^{2p}_{W m,2pε (Ω2)} ) + ~C ( ||T z||^{2p/3}_{W m,2p/3ε (Ω2 )} + ||T z||^p_{W m−1,pε (Ω2 )}+

||a||^{2p}_{W m−1,2p} ε (Ω_2) + ||b|| 2p W^{m−1,2p} ε (Ω_2) + ||(1 + a

2 + b^2)^{3/2}||^{2p}_{W m−2,2pε (Ω2 )} ) ≤ Analogous relation holds for X and Y , and the thesis follows.

Remark 4.2. Let p ≥ 3, m ∈ N\{0} be fixed. Assume that f ∈ C^∞(Ω), and let z be a solution of equation (14) in Ω, and let Ω_1 ⊂⊂ Ω_2 ⊂⊂ Ω. Note that ||(∇_εv)^2∇_εz||^{2p/3}_{W m−1,2p/3} ε (Ω_2 ) ≤ ≤ ||∇_ε(∇_εv)∇_εv∇_εz||^{2p/3}_{W m−2,2p/3ε (Ω2 )} + ||(∇_εv)^2(∇_ε)^2z||^{2p/3}_{W m−2,2p/3ε (Ω2 )} ≤ ≤ |v||^p_W m,p_{ε (Ω2 )} + ||z||^p_W m,p_{ε (Ω2 )} + ||v||^{4p}_{W m−1,4pε (Ω2 )} + ||z||^{4p}_{W m−1,4pε (Ω2 )}. Then, by Theorem 4.1 and (52) ||T_εz||^p_W m,p_{ε (Ω1 )} + ∑ |i|=m |||D^iT_εz|^{(p−1)/2}||_W 1,2_{ε (Ω1 )} ≤ C ( ||f||^{2p/3}_{W m−1,2p/3} ε (Ω_2)+ +|v||^p_W m,p_{ε (Ω2 )} + ||z||^p_W m,p_{ε (Ω2)} + ||v||^{4p}_{W m−1,4pε (Ω2 )} + ||z||^{4p}_{W m−1,4pε (Ω2)}+ + ~C ( ||T T_εz||^{2p/3}_{W m−1,2p/3} ε (Ω_2 ) +||T Tεz|| p W^{m−2,p} ε (Ω_2 ) +||a|| 2p W^{m−1,2p} ε (Ω_2) +||b|| 2p W^{m−1,2p} ε (Ω_2 ) ) . Analogous relation holds for X and Y , and we get ||z||^p_{W m+1,pε (Ω1 )} + ∑ |i|=m+1 |||D_iz|^{(p−1)/2}||^2_W 1,2_{ε (Ω1 )} ≤

≤ C ( ||f||^{2p/3}_{W m,2p/3} ε (Ω_2 )+||v|| 4p W^{m−1,4p} ε (Ω_2 )+||v|| p W^{m,p}_ε (Ω_2 )+||z|| 4p W^{m−1,4p} ε (Ω_2)+||z|| p W^{m,p}_ε (Ω_2 ) ) + + ~C ( ||T z||^{2p/3}_{W m,2p/3ε (Ω2 )} + ||T z||^p_{W m−1,pε (Ω2 )} + ||a||^{2p}_{W m,2pε (Ω2 )} + ||b||^{2p}_{W m,2pε (Ω2 )} ) .

Regularity of solutions of the nonlinear equation In this section we conclude the Proof of Theorem 1.1. In order to do so, we first prove an a priori estimate for the solutions of the nonlinear regularized equation (13) in the space W^{m,p}_ε , independent of ε. By the Sobolev embedding Theorem this leads to an estimate in the space C^α_{d,ε}. Letting ε go to 0 we deduce that the function u has all the weak derivatives of order 2 in C^α_d . Then, by the results in [5], we conclude the proof of Theorem 1.1.

4.4. W^{m,p}_ε regularity of solutions of the regularized equation. Let u be a solution of equation (13), satisfying conditions (38). In order to prove an a priori estimate in the spaces W^{m,p}_ε , for the function u, we will make use of the a priori estimates established in section 3, together with a new interpolation inequality, based on the hypothesis on k:

Proposition 4.3. Let k ≠ 0 in Ω × R. If T z ∈ W^{1,2}_{ε,loc}(Ω) then for all ϕ ∈ C^∞_0 ∫ |T z|^3ϕ^6 ≤ C ∫ |∇_εT z|^2|ϕ|^6 + (53) ∫ ( (∇_εv)^2 + |∇_εz|^2 ) (T z)^2ϕ^6 + ∫ |∇_εϕ|^6.

Proof Let s_4 = T z, then ∫ |s_4|^3ϕ^6 ≤ sup 1 |k| ∫ |k|(1 + a^2 + b^2)^{3/2}|s_4|^3ϕ^6

= sign(k) sup ( 1 |k| ) ∫ k(1 + a^2 + b^2)^{3/2}T z sign(s_4)|s_4|^2ϕ^6

by (20) = sign(k) sup ( 1 |k| ) ∫ ( − [X, Y ]z + T_εvT_εz ) sign(s_4)|s_4|^2ϕ^6

integrating by parts by using (19) we get = sign(k) sup ( 1 |k| )( ∫ Y zX ( sign(s_4)|s_4|^2ϕ^6 ) − ∫ XzY ( sign(s_4)|s_4|^2ϕ^6 ))

+ sign(k) sup ( 1 |k| ) ∫ ( Y z(Y v −ωXv)+Xz(Xv +ωY v)+T_εzT_εv ) sign(s_4)|s_4|^2ϕ^6 = sign(k) sup ( 1 |k| )( 2 ∫ Y zXs_4|s_4|ϕ^6 + 6 ∫ Y zs^2_4ϕ^5Xϕ− 2 ∫ XzY s_4|s_4|ϕ^6 − 6 ∫ Xzs^2_4ϕ^5Y ϕ )

+ sign(k) sup ( 1 |k| ) ∫ ( Y z(Y v −ωXv)+Xz(Xv +ωY v)+T_εzT_εv ) sign(s_4)|s_4|^2ϕ^6

and the thesis follows.

Remark 4.3. Differentiating equation (18) we deduce that

T^2a = T ( Y v − ωXv (1 + ω^2)^{1/2} ) = (54)

= T Y v − ωT Xv − T ωXv − (Y v − ωXv)ωT v (1 + ω^2)^{1/2} = T Y v − ωT Xv − T vXv − ωY vT v (1 + ω^2)^{1/2} , and T^2b = − T Xv + ωT Y v + T vY v − ωXvT v (1 + ω^2)^{1/2} . (55)

Applying the previous result, we verify that a and b and v satisfy all the assumption necessary to apply our Sobolev embedding. For technical reasons we start with the derivatives of the function v:

Lemma 4.2. If Ω_1 ⊂⊂ Ω and u is a solution of equation (13) in Ω, with k ≠ 0, there exists a positive constant C, depending only on the constant M introduced in (38) and Ω_1 such that

||T v||_L3_{(Ω1 )} + ||∇_εT v||_L2_{(Ω1 )} + ||T ∇_εv||_L2_{(Ω1)} + ||∇_εvT v||_L2_{(Ω1 )} ≤ C,

(56)

where v = arctan u_t is the function defined in (17).

Proof By Proposition 2.1 the function v is solution of equation (28). Then by Theorem 4.2 we have that for every ϕ ∈ C^∞_0 (Ω) ∫ ( |∇_eT v|^2 + |T ∇_εv|^2 ) ϕ^6 + ∫ |∇_εv|^2(T v)^2ϕ^6

≤ C ∫ ( ϕ^2(|k| + |T k|) + |∇_εϕ|^2 ) |T v|^2ϕ^4 + C ∫ T^2(k(1 + a^2 + b^2))T vϕ^6 ≤ ≤ C ∫ ( ϕ^2 + |∇_εϕ|^2 ) |T v|^2ϕ^4 + C ∫ ( 1 + |T^2a| + |T^2b| + |T a|^2 + |T b|^2 ) |T v|ϕ^6 ≤ (by Remark 5.1 and (18) ≤ C ∫ ( ϕ^2 + |∇_εϕ|^2 ) |T v|^2ϕ^4 + C ∫ ( 1 + |T ∇_εv| + |∇_εv||T v| + |∇_εv|^2 ) |T v|ϕ^6 ≤ for δ ∈]0, 1[ to be fixed later ≤ C ∫ ( ϕ^2 + |∇_εϕ|^2 ) |T v|^2ϕ^4 + C ∫ |T v|ϕ^6 + C δ ∫ ( |T v|^2 + |∇_εv|^2 ) ϕ^6

+δ ∫ ( |T ∇_εv|^2 + |∇_εv|^2|T v|^2 ) ϕ^6.

Choosing δ sufficiently small we have ∫ ( |∇_εT v|^2 + |T ∇_εv|^2 ) ϕ^6 + C ∫ |∇_εv|^2(T v)^2ϕ^6

≤ C ∫ ( ϕ^2 + |∇_εϕ|^2 ) |T v|^2ϕ^4 + C ∫ |T v|ϕ^6 + C ∫ |∇_εv|^2ϕ^6 (for a value of δ which can be different from the preceding one) ≤ C δ ∫ ( ϕ^6 + |∇_εϕ|^6 ) + δ ∫ |T v|^3ϕ^6 + C ∫ |∇_εv|^2ϕ^2 (by Proposition 5.1) ≤ C δ ∫ ( ϕ^2 + |∇_εϕ|^2

)_3 + δ ∫ ( |∇_εT z|^2 + (∇_εv)^2(T z)^2 ) ϕ^6 + C ∫ |∇_εv|^2ϕ^2. Choosing δ sufficiently small, and ϕ ≡ 1 in Ω_1 we get the thesis.

Remark 4.4. We explicitly note that, if Ω_1 ⊂⊂ Ω then, from the previous Lemma, and (54) and (55), it follows that

||T^2a||_L2_{(Ω1 )} + ||T b||_L2_{(Ω1 )} ≤ C,

(57)

for a constant C only dependent on M and Ω_1.

Let us estimate the derivatives of the functions a and b:

Lemma 4.3. For every Ω_1 ⊂⊂ Ω, there exists a positive constant C, depending only on the constant M in (38) and Ω_1 such that

||∇_εT a||_L2_{(Ω1)} + ||T ∇_εa||_L2_{(Ω1)} + ||∇_εvT a||_L2_{(Ω1 )}+||∇_εT b||_L2_{(Ω1 )} + ||T ∇_εb||_L2_{(Ω1 )} + ||∇_εvT b||_L2_{(Ω1 )} ≤ C.

(58)

Proof By Proposition 2.1 the function a is a solution of equation (26). If we denote the right hand side f_a, we have |f_a| ≤ |∇_εa| + |∇_εb| + |∇_εv|. (59) Choosing ϕ ∈ C^∞_0 (Ω_1) ϕ ≡ 1 in Ω, by Theorem 4.2, we get ∫ ( |∇_εT a|^2 + |T ∇_εa|^2 ) ϕ^6 + ∫ |∇_εv|^2(T a)^2ϕ^6 ≤ C ∫ ( ϕ^2(|k| + |T k|) + |∇_εϕ|^2 ) |T a|^2ϕ^4 + C ∫ T f_aT aϕ^6 (since T a is bounded in L^2(Ω_1) by the constant M and ϕ is fixed)

≤ C(1 + ∫ T f_aT aϕ^6) (integrating by parts with respect to T and using the expression (19) of the adjoint) = C ( 1 − ∫ f_aT^2aϕ^6 − 6 ∫ f_aT aϕ^5T ϕ + ∫ f_aT aωT vϕ^6 ) ≤ (since |T a| ≤ |∇_εa|) ≤ C ( 1 + ∫ ( |f_a|^2 + |T^2a|^2 + |T a|^2 + |T a|^2|T v|^2 ) ϕ^4 ) ≤ C, by (59) Lemma 5.1 and Remark 5.2. This inequality provide an estimate for the derivatives of a, arguing in the same way with the function b, we conclude the proof of the Lemma.

Remark 4.5. We explicitly note that, if Ω_1 ⊂⊂ Ω then ||∇_εv||_L6_{(Ω1 )} + ||T a||_L6_{(Ω1 )} + ||T b||_L6_{(Ω1 )} ≤ C,

(60) for a constant C only dependent on M and Ω_1.

Indeed by (18) we have that Xv = − T b + ωT a (1 + ω^2)^{1/2} , Y v = T a − ωT b (1 + ω^2)^{1/2} , T_εv = εT v, hence, ||X∇_εv||_L2_{(Ω1 )} + ||Y ∇_εv||_L2_{(Ω1 )} ≤ ≤ ||XT a||_L2_{(Ω1 )} + ||XT b||_L2_{(Ω1 )} + ||XvT a||_L2_{(Ω1 )} + ||XvT b||_L2_{(Ω1)} + ||XT v||_L2_{(Ω1)} +||Y T a||_L2_{(Ω1 )} +||Y T b||_L2_{(Ω1 )} +||Y vT a||_L2_{(Ω1 )} +||Y vT b||_L2_{(Ω1 )} +||Y T v||_L2_{(Ω1)} ≤ C for a constant C only dependent on M and Ω_1, by Lemma 5.1 and Lemma 5.2. In particular ||v||_W 2,2_{ε (Ω1 )} ≤ C. (61) On the other hand, always by Lemma 5.1 we have ||T ∇_εv||_L2_{(Ω1 )} ≤ C. Hence by the classical Sobolev embedding Theorem there exists a constant C only dependent on M and Ω_1 such that ||∇_εv||_L6_{(Ω1 )} ≤ C, By (18) we also have ||T a||_L6_{(Ω1 )} + ||T b||_L6_{(Ω1)} ≤ C.

Lemma 4.4. For every Ω_1 ⊂⊂ Ω there exists a positive constant C, depending only on M, and the choice of Ω_1 such that

||a||_W 3,2_{ε (Ω1)} + ||b||_W 3,2_{e (Ω1 )} + ||v||_W 2,3_{ε (Ω1)} + ||v||_W 3,2_{ε (Ω1)} ≤ C. Proof Applying Theorem 4.3 to the function z = a, we get ∫ |∇_εa|^3ϕ^6 + ∫ |∇_ε(∇_εa)|^2ϕ^6 ≤ ≤ C ( 1 + ∫ a^6ϕ^6 + ∫ |∇_εv|^6ϕ^6 + ∫ |f_a|^2ϕ^6+ + ∫ |T a|^2ϕ^6 + ∫ |∇_εa|^2ϕ^6 + ∫ |∇_εb|^2ϕ^6 ) . Choosing ϕ ≡ 1 in Ω_1 and using the estimate (59) for f_a, we deduce that ||a||_W 2,2_{ε (Ω1)} ≤ C. Also using Lemma 5.2 we have ||T ∇_εa||_L2_{(Ω1 )} + ||X∇_εa||_L2_{(Ω1)} + ||Y ∇_εa||_L2_{(Ω1 )} ≤ C.

Using the classical Sobolev imbedding Theorem, we get ||a||_W 1,6_{ε (Ω1)} ≤ C, and in the same way ||b||_W 1,6_{ε (Ω1 )} ≤ C. (62) Applying Theorem 4.1 we deduce ||a||_W 2,3_{ε (Ω1)} + ||a||_W 3,2_{ε (Ω1 )} ≤ ≤ ||f_a||_W 1,2_{ε (Ω1 )} + ||v||_W 1,6_{ε (Ω1)} + ||T a||_W 1,2_{ε (Ω1 )} + ||T a||_L3_{(Ω1)}+ +||a||_W 1,6_{ε (Ω1)} + ||b||_W 1,6_{ε (Ω1 )} ≤ C, by Remark 5.3 and Lemma 5.1 Arguing in the same way with the functions b and v, the assertion is proved.

Finally let us verify that the last condition on the coefficients a and b required by the Sobolev embedding theorem is satisfied:

Remark 4.6. For every Ω_1 ⊂⊂ Ω there exists a positive constant C, depending only on M, and the choice of Ω_1 such that

||T a||_W 1,3_{ε (Ω1 )} + ||T a||_W 2,2_{ε (Ω1)} + ||T b||_W 1,3_{ε (Ω1 )} + ||T b||_W 2,2_{ε (Ω1 )} ≤ C, and ||a||_W 2,6_{Lε ,loc(Ω)} + ||b||_W 2,6_{Lε,loc(Ω)} ≤ C. Proof By (18) and Lemma 5.3

||T a||_W 1,3_{ε (Ω1 )} + ||T a||_W 2,2_{ε (Ω1 )} + ||T b||_W 1,3_{ε (Ω1 )} + ||T b||_W 2,2_{ε (Ω1)} ≤ ≤ ||∇_εv||_W 1,3_{ε (Ω1 )} + ||∇_εv||_W 2,2_{ε (Ω1)} ≤ C. In particular, we get ||T (∇_ε)^2a||_L2_{(Ω1)} = ||[T, ∇_ε]∇_εa||_L2_{(Ω1)} + ||∇_ε[T, ∇_ε]a||_L2_{(Ω1 )} + ||(∇_ε)^2T a||_L2_{(Ω1 )} ≤

(by (20)

≤ ||∇_εvT ∇_εa||_L2_{(Ω1 )} + ||∇_ε(∇_εvT a)||_L2_{(Ω1 )} + ||(∇_ε)^2T a||_L2_{(Ω1 )} ≤ (writing the first term as (∇_εv)^2T a + ∇_εv∇_εT a by means of (20) and using an Hölder inequality )

≤ ||∇_εv||_W 1,6_{ε (Ω1)} + ||T a||_L6_{(Ω1 )} + ||T a||_W 1,3_{ε (Ω1)} + ||v||_W 2,3_{ε (Ω1)} +||T a||_W 2,2_{ε (Ω1)} ≤ M. This last inequality, together with Lemma 5.3 and the classical Sobolev imbedding Theorem ensures that ||a||_W 2,6_{ε (Ω1 )} + ||b||_W 2,6_{ε (Ω1)} ≤ C. Note that, by Remarks 5.2, 5.3 and 5.4 we can apply the Sobolev embedding theorem stated in Corollary 3.1 and we deduce that Theorem 4.5. For every Ω_1 ⊂⊂ Ω there exists a positive constant C, depending only on M, and the choice of Ω_1 such that ||u||_W 5,2_{ε (Ω1 )} ≤ C. Proof Applying Theorem 4.1 to the function a we get ||a||_W 3,3_{ε (Ω1)} + ||a||_W 4,2_{ε (Ω1 )} ≤ ≤ ||f_a||_W 2,2_{ε (Ω1 )} + ||v||_W 2,3_{ε (Ω1)} + ||v||_W 1,12_{ε (Ω1)}+ ||a||_W 2,3_{ε (Ω1)} + ||a||_W 1,12_{ε (Ω1 )} + ||T a||_W 2,2_{ε (Ω1 )} + ||T a||_W 1,3_{ε (Ω1 )}+ +||a||_W 2,6_{ε (Ω1 )} + ||b||_W 2,6_{ε (Ω1 )} ≤ (by Corollary 3.1)

≤ ||f_a||_W 2,2_{ε (Ω1 )} + ||v||_W 3,2_{ε (Ω1 )} + ||a||_W 3,2_{ε (Ω1)} + ||T a||_W 2,2_{ε (Ω1 )}+ +||b||_W 3,2_{ε (Ω1)} + ||T b||_W 2,2_{ε (Ω1 )} + ||a||_W 2,6_{ε (Ω1 )} + ||b||_W 2,6_{ε (Ω1)} ≤ .

Analogously, arguing in the same way with b and εv, we get ||∇_εu||_W 4,2_{ε (Ω1)} ≤ C, which equivalent to the thesis.

4.5. C^{2,α} regularity of viscosity solutions. Let u be a strong viscosity solution, and (u_j ) its approximating sequence, as defined in Definition 1.1. For each function u_j we will denote a_j = a_{uj} and b_j = b_{uj} , the coefficients introduced in (3), X_j , Y_j the corresponding vector fields, defined in (7), ∇_{εj} and W^{k,p}_{εj} (Ω) the related gradient and Sobolev spaces, introduced in Definition 2.2. Besides a and b, X, Y , ∇_0 will be the coefficients and vector fields associated to the limit function u, while W^{k,p}_0 (Ω) will be the associated Sobolev space. By definition of viscosity solutions we have ||u_j ||_L∞_{(Ω)} + ||∇_{εj} u_j ||_L∞_{(Ω)} + ||∂_tu_j ||_L∞_{(Ω)} ≤ ~M. By this assumption and the results in [7], we have ||∇_{εj} a_j ||_L2_{(Ω)} + ||∇_{εj} b_j ||_L2_{(Ω)} + ||∇_{εj} v_j ||_L2_{(Ω)} ≤ ~M, for a constant ~M independent of j. Besides a_j → a, b_j → b, as j → +∞ L^2_{loc}(Ω).

Theorem 4.6. If u ∈ Lip(Ω) is a strong viscosity solution of (2), then for every α ∈]0, 1[ a, b belong to the space C^α_{eucl,loc}(Ω) of Hölder continuous functions in euclidean sense. Besides a and b admit Taylor development of first order with respect to the intrinsic distance d: if z = a, or z = b, and α ∈]0, 1[, then for every ξ ∈ Ω z(ξ) = z(ξ_0) + Xz(ξ_0)(x − x_0) + Y z(ξ_0)(y − y_0) = O(d^{1+α}(ξ, ξ_0)).

Proof Let Ω_1 ⊂⊂ Ω_2 ⊂⊂ Ω_3 ⊂⊂ Ω, let α ∈]0, 1[, and and let p < N/(1 − α). Since a_j = Y_j u_j and b_j = −X_j u_j , by Theorem 5.1 ||a_j ||_W 4,2_{εj (Ω3)} + ||b_j ||_W 4,2_{εj (Ω3)} + ||v_j ||_W 3,2_{εj (Ω3)} ≤ C,

for C independent of j. By the Sobolev imbedding Corollary 3.1 there exists a constant C only dependent on ~M and p such that

||∂_ta_j ||_Lp_{(Ω1)} + ||X_j a_j ||_Lp_{(Ω1 )} + ||Y_j a_j ||_Lp_{(Ω1 )} ≤ C||a_j ||_W 2,p_{εj (Ω1 )} ≤

(63) ≤ C||a_j ||_W 3,4_{εj (Ω1)} ≤ C||a_j ||_W 4,2_{εj (Ω1)} ≤ C Consequently, by the classical Sobolev embedding theorem (a_j ) is bounded in C^α_{eucl}(Ω_1), and the limit a belongs to this space. By the Sobolev imbedding Corollary 3.1 it also follows that there exists a constant C > 0 independent of j such that for every ξ, ξ_0 ∈ Ω_1, |X_j a_j (ξ) − X_j a_j (ξ_0)| ≤ Cd^α_j (ξ, ξ_0).

By Theorem 3.2 the Taylor expansion follows.

Theorem 4.7. If u ∈ Lip(Ω) is a strong viscosity solution of (2), then u ∈ H^2_{loc}(Ω) and for every α ∈]0, 1[, for every multiindex I of weight 2 D_I u ∈ C^α_{d,loc}.

Proof Applying Theorem 5.1 and Sobolev imbedding Corollary 3.1 to every element of the approximating sequence, and letting j go to ∞, it follows that for every multiindex I of weight 2 D_I u ∈ C^α_{d,loc}, for every α ∈]0, 1[, while u ∈ W^{5,2}_0 , from which it follows that u ∈ H^2_{loc}(Ω).

4.6. Proof of the Main theorem. We can now apply the solution u of class C^{2,α}_d just found the regularity results stated in [5], and conclude the proof of the main result.

This approach is an iteration of the method used in section 3. Since a and b have Taylor development of order 1, it is possible to introduce the following vector fields, which approximate X and Y much better than the analogous vectors introduced in section 3:

X_{ξ0} = ∂_x + P^1_{ξ0} a(ξ_0)∂_t Y_{ξ0} = ∂_y + P^1_{ξ0} b(ξ_0)∂_t, where P^1_{ξ0} a(ξ_0) = a(xi_0) + Xa(ξ_0)(x − x_0) + Y a(ξ_0)(y − y_0), and P^1_{ξ0} b(ξ_0) is defined in ana analogous way. It then follows that

[X_{ξ0} , Y_{ξ0} ] = − k(ξ_0)(1 + u^2_t )^{1/2} (1 + a^2 + b^2)^{3/2} ∂_t. (64)

In order to use the theorems stated in [5] we first recognize that the distance used here is equivalent to the control distance associated to the vector fields used in [5], and that a function with weak derivative of class C^α_d , has also the Lie derivatives in C^α_d , which is the notion of derivative used in [5]:

Remark 4.7. If condition (32) holds with α = 1, then the distance d is equivalent to the following quasidistance ~d: ~d(ξ, ξ_0) = inf {( (θ^2_1 + θ^2 )^2 + θ^2_3 )_{1/4} : γ_θ ∈ E(ξ, ξ_0) } where E(ξ, ξ_0) = { γ_θ : [0, 1] → R^3 : γ_θ(0) = ξ_0, γ_θ(1) = ξ,

γ^′_θ = θ_1X + θ_2Y + θ_3∂_t, θ ∈ R^3 } . Remark 4.8. Assume that f ∈ C^α_{loc}(Ω) for some α ∈]0, 1[ and its weak derivatives Xf, Y f ∈ C^α_{loc}(Ω), ∂_tf ∈ L^p_{loc}(Ω) with p > 1/α. Let ξ ∈ Ω, and let γ be an integral curve of X such that γ(0) = ξ. Then Xf(ξ) = d dh (f ∘ γ)_{|h=0}. We refer to [8] for the proof of these two remarks.

Proof of Theorem 1.1 The function u is a solution of class C^{2,α}_d of the equation

X^2u + Y^2u − (Xa + Y b)∂_tu = f(1 + u^2_t )^{1/2},

with f = k(1 + a^2 + b^2)^{3/2} ∈ C^{1,α}_d for every α < 1. By (64)

X∂_tu(ξ_0) =

(1 + u^2_t (ξ_0))^{1/2} k(ξ_0)(1 + a^2 + b^2)^{3/2} X ( X_{ξ0} Y_{ξ0} − Y_{ξ0} X_{ξ0} ) u(ξ_0).

Then by Theorem 3.3 in [5] ∂_tu ∈ C^{1,α}_d . Since u ∈ H^2, the derivative ∂_ta exists. By relation (18), and the regularity of ∂_tu, this derivatives belongs to C^α_d . Then a and b and f are of class C^{1,α}_d and partially differentiable with respect to t, with derivative of class C^α_d . Then by Theorem 3.2 in [5], ∂_tu ∈ C^{2,α}_d . In particular u ∈ C^{2,α}_{euclid}.

References

1. E.Bedford, B.Gaveau, Envelopes of holomorphy of certain 2-spheres in C^2, Am. J. of Math., 105, 1983, 975-1009.

2. E.Bedford, W. Klingenberg, On the Envelopes of holomorphy of a -spheres in C^2, Journal of the A.M.S. , 4, 3, 1991, 623-646.

3. X. Cabré, L. Caffarelli, Fully nonlinear Elliptic Equations, Amer. Math. Society, Providence, 1995.

4. E.M. Chirka, N.V. N.V.Ščerbina, Pseudoconvexity of rigid domains and foliation of hulls of graphs, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 21, 1995, 707-735.

5. G.Citti, C^∞ regularity of solutions of the Levi equation, Analyse non Linéaire, Annales de l’I.H.P 15, 1998, 517- 534.

6. G. Citti, A. Montanari Strong solutions for the Levi curvature equation to appear on Advances in Differential Equations (also downlodable from http://www.dm.unibo.it/ citti/html/pubblic.html).

7. G. Citti, A. Montanari C^∞ regularity of solutions of an equation of Levi’s type in R^{2n+1} to appear on Ann. Mat. Pura Appl (also downlodable from http://www.dm.unibo.it/ citti/html/pubblic.html).

8. G. Citti, A. Montanari Analitic estimates of solutions of the Levi equation to appear on (also downlodable from http://www.dm.unibo.it/ citti/html/pubblic.html).

9. G. Citti, E. Lanconelli, A. Montanari On the smoothness of viscosity solutions of the prescribed Levi-curvature equation Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 10, 1999, 61-68.

10. M.G.Crandall, H Ishii, P.L. Lions, User’s guide to viscosity solutions of second order partial differential equations, Bull. Amer. Math Soc. (N.S.), 27, 1992, 1 - 67.

11. G.b.Folland, Subelliptic estimates and function on nilpotent Lie groups, Arkiv f. Mat., 13, 1975, 161-207.

12. [FS] G.B. Folland, E.M.Stein, Estimates for the ¯∂_b Complex and Analysis on the Heisenberg Group, Comm. Pure Appl. Math. 20, 1974, 429 - 522.

13. A.Nagel, E.M.Stein, S.Wainger Balls and metrics defined by vector fields I: Basic properties, Acta Math. 155, 1985, 103-147.

14. N.V.Ščerbina, On the polynomial hull of a graph. Indiana Univ. Math J., 42, 1993, 477-503. 15. Z.Slodkowski, G.Tomassini, Weak solutions for the Levi equation and Envelope of Holomorphy, J. Funct. Anal, 101, no. 4, 1991, 392-407.

Dipartimento di Matematica, Univ. di Bologna, P.zza di Porta S. Donato 5, 40127, Bologna, ITALY, e-mail citti@dm.unibo.it, lanconel@dm.unibo.it, montanar@dm.unibo.it