Lipschitz continuous viscosity solutions for a class
of fully nonlinear equations on Lie groups

Vittorio Martino®™ & Annamaria Montanari(®

Abstract In this paper we prove existence and uniqueness of Lipschitz continuous
viscosity solutions for Dirichlet problems involving a class a fully non-linear operators
on Lie groups. In particular we consider the elementary symmetric functions of the
eigenvalues of the Hessian built with left-invariant vector fields.

1 Introduction

Let G = (R™, %) be a Lie group with R™ as support and * as group law. Let us
denote by I the set of the left-invariant vector fields. If E! = {X;,...,X,,} is any
basis of I then we know that a Riemannian metric g on G is left-invariant if and
only if the coefficients g;; := g(X;, X;) are constant functions: in particular each
n-dimensional Lie group possesses a n(n + 1)/2-dimensional family of distinct
left-invariant metrics (see for instance [15] and the references therein). Let us
fix any left-invariant metric g and let u be a smooth function, we will denote
by Dgu the gradient of u with respect to the metric g, that is: g(Dyu, X) =
Xu = du(X), for every vector field X. If V is the Levi-Civita connection for
g (we recall that the connection coefficients in term of any left-invariant basis
are constant functions), then the metric Hessian of w is the tensor field of type
(0,2) defined by:
Hu(X,Y) =XYu— (VxY)u

for every pair of vector fields (X,Y); since V is the Levi-Civita connection for g
(thatis VxY —Vy X = [X,Y]), we note that H,u is always symmetric. We will
denote by D2u := g~'Hyu the associated endomorphism. We explicitly note

that the previous definition is intrinsic, namely the eigenvalues of Dgu do not
%)

change in a change of basis. Let us consider a coordinate frame {8%17 T b
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referred to local coordinates (in our setting they are actually global), we have:

o 0 P2u ., Ou
Hg“(a*%’az) = owe,  on,

where I'; are the Christoffel symbols for the metric g (they are not constant in
general). Hence if Du, D?u denote the usual Euclidian gradient and Hessian,
then D2?u reads in local coordinates

Du := G (z)[D*u + B(x, Du)] (1)

where we denoted by G~! the matrix of coefficients of g~! expressed in the
coordinate frame (they are not constant functions in general) and the coefficients
of the matrix B are given by b;; = I'}; 8‘9;2.

Here we will consider also the case of strictly restrictions to some subspace of
I. Let then m < n and let B!, = {X1,...,X,,}, we define the subspace of the

left-invariant vector fields

HG := span{Xy,..., X}

Now we consider a left-invariant metric g,, on HG, we can “complete” it to the
full tangent space by defining the blocks metric:

—f( 9m O
g “(0 Idn_m>

where, for every integer n, Id,, denotes the identity matrix of order n. We define
Hynu(X,Y) = XYu— (VxY)u, VX, Y e HG

and D2 u = g,'Hymu. Let © C R™ be a bounded open set and let f :
QxR x R™ — R be a positive function, here we are interested on the Dirichlet
problem associated with equations of the following form

(ox(D2,u))* = f(z,u, Dgu),  k=1,...,m 2)

where, for every symmetric matrix M of order m, oy (M) denotes the k-th ele-
mentary symmetric function in the eigenvalues of M.

Our motivation comes from the geometric theory of several complex variables,
where fully nonlinear second order pde’s appear, whose linearizations are nonva-
riational operators of Hémander type. (See [16] and references therein). These
kinds of operators, also arising in many other theoretical and applied settings,
have the form of

A direct computation shows that equation reads then in local coordinates:

1

(74 (Am(@) D20 AL (&) + Qu(z, Du)) ) * = F(w,u, Du) 3)

for a suitable positive function ]7 and where A,, is a m X n matrix and @,, is
a square matrix of order m, both with smooth coefficients: in particular @Q,, is



linear with respect to Du. When m = n we will simply omit the index n: for
instance we will write A in place of A,,. We will consider then the following
Dirichlet problem:

F(x,u, Du, D*u) := —(Gk(D;mu))% + f(z,u,D4u) =0, inQ, (4)
U= @, on 91,

with ¢ : 90Q — R.
We are looking for Lipschitz viscosity solutions of (). We refer to [L], [8] for
a full detailed exposition on the theory of viscosity solutions: we will give the
basic definition of sub- and super-solution in the next section.

In analogy with [6], we define the open cone

w={A=(A1,...,Am) € R™ : gj(diag(N)) > 0, for everyj =1,...,k},

where diag(\) is the m x m diagonal matrix, and we denote by W and OI'}* the
closure and the boundary of I'}* respectively. In order to state our main result
we need the following

Definition 1.1. Let g € R™ and let ¢ be a C? function in a neighborhood
of xo. We will say that o is strictly F-admissible (respectively F-admissible) at
o, if the vector X = (A1, ... Am) of the eigenvalues of D, ¢(x0) belongs to the
open cone I'[" (respectively W} We will say that o s strictly F-admissible
(respectively F-admissible) in Q if ¢ is strictly F-admissible (respectively F'-
admissible) at xo for every xg € Q.

Moreover if p: R™ — R is a smooth defining function for €, that is

Q={zeR": p(z) <0}, 0 ={zeR":p(x)=0}

then we will say that the domain Q) is strictly F-admissible if p is strictly F-
admisstble.

We need to give also some structure conditions on the operator F', in particular
on the growth of the function f. We will require that f is strictly increasing
with respect to u, in particular let us set

i = inf a0 (5)

We define the following function

foo i AXRXR" =R, fo(z,r,P) = lim f(@,Ar, XP)

A—o0 A

We can state our main result:

'Remark that the cone ' is invariant with respect to permutation of A;.



Theorem 1.1. Let Q@ C R”™ be a bounded and smooth open set, with defining
function p strictly F-admissible, let ¢ € CY' and let f € C! be a positive
Sfunction with > 0. Moreover, let us suppose that fo, exists and it holds

1
foo(z,p, Dgp) < (O’k(D;mp)) k for every x € 00 (6)
Then there exists a Lipschitz continuous viscosity solution u of the problem .

Remark 1.1. If the function f does not depend on its first argument, then in
Corollary we relax the assumptions of Theorem by requiring % >0 and
f>0.

We will prove our result by a regularization procedure and a gradient estimate
in Section [3| Due to the fact that the equation is fully nonlinear, the regular-
ization procedure will be a very delicate issue, in order to preserve some nice
structural properties of F': roughly speaking, it won’t be enough to consider
F.(z,u, Du, D*>u) = F(z,u, Du, D?>u) + ¢Au as for quasilinear pde’s, because
the solution of F. = 0 might be non admissible for F. Our strategy is new and we
can briefly describe it as follows: first of all we will look at the k-th elementary
symmetric function of the eigenvalues of a m x m Hermitian matrix H as the
limit as € — 0 of o of a n xn Hermitian matrix H® (see Example for an easy
explanation in a simple case). However, o (H¢) is only elliptic when the eigen-
values of H* are in the cone I'}. Then we will follow an old idea of Trudinger
[19] and we will look at (o%)*/*(H®) as the limit as § — 0 of (o)Y/*(H®9),
which is uniformly elliptic when the eigenvalues of H*% = H® + § trace H® are
in the cone I'} (see Lemma . Moreover, in order to prove interior gradient
estimates, we will differentiate the regularized equation with respect to right
invariant vector fields of the group: our choice is motivated by the fact that on
a Lie group any right invariant vector field commutes with any left invariant
vector field (see Section [2] Lemma and this key property greatly simplifies
calculations when differentiating.

In Section [] we first prove a comparison principle for viscosity solutions
by simple testing that our operator F satisfies the structure conditions of [8]
Theorem 3.3] when the prescribed function f is strictly monotone increasing
with respect u. Anyway, since one can be interested even at the case of constant
function f, we would like to have a comparison principle for F' also when f is not
strictly increasing with respect to u. It is a standard fact by now that in order
to adapt the proof for the strictly monotone case in this situation, one needs to
find (for instance) a strictly sub-solution for F'. Thus, we will give a sufficient
condition on the sectional curvature of the group in order to ensure the existence
of a strictly sub-solution for F and in Theorem we prove the comparison
principle for f monotone increasing with respect u. We explicitly note that we
are working in full generality: if one considers Lie groups with some additional
structure, then one could remove the hypothesis on the sectional curvature and
one can have the comparison principle for every domain in R™. For instance
in the case of Hessian defined on the first layer (let us say of dimension m) of
Carnot groups, then one can use as strictly sub-solution a quadratic function



depending only on the “first m variables” (see [2], [3], [4]). As a consequence
of the comparison principle, via the Perron method and the construction in
Lemma of a particular sub-solution and a particular super-solution, we also
get existence and uniqueness of a viscosity solution of the Dirichlet problem
for every continuous boundary data ¢.

We conclude the Introduction by making some remarks on our operator. First
we note that there is another recurrent definition of Hessian on Lie groups, let
us call it the symmetrized Hessian H®u, that is, for every smooth function u
and for every pair of left-invariant vector fields X, Y":

XYu+YXu
—_— 7
> 7

In particular there is a very large literature on questions involving this sym-
metrized Hessian on Carnot groups (see for instance [9], [12], [20], [22], [7], [1]
and the references therein). An easy computation shows that our metric Hessian
Hgu coincides with H*®u if and only if it holds:

Hu(X,Y) =

1
VxY =S[XY], XYel (8)

We note that if the metric g is bi-invariant then (§)) holds, and it is a known fact
that if the Lie group is compact then it admits a bi-invariant metric. This is
not the case since our base manifold is R™: anyway if we allows more structure
on our Lie groups, for instance if we consider the case of Carnot groups, then
the two Hessian definitions coincide, as we will show in Example Finally,
in Example we will give an example of a Lie group that does not satisfy .

2 Preliminaries and examples

Here we recall some basic facts about Lie Groups and we will prove a key lemma.
Let G = (R", %) be a Lie group with R™ as support and * as group law. For
fixed p € G, the left translation with respect to p, is the map:

Ly:G—G, Lp)=px¢
The right translation with respect to p, is the map
R,:G—G, Ry(§)=Exp

By using one the several equivalent definition, we will say that a vector field X
is left-invariant if

XLp(g) = de(f)XE, Vf e G (9)
Analogously, we will say that a vector field Y is right-invariant if
Yr, () = dBp(§)Ye, VEEG (10)

We will denote by I the set of the left-invariant vector fields and by 7 the set
of the right-invariant vector fields. We have that any left invariant vector field



commutes with any right invariant vector field. We have not been able to find
any references with some explicit proof of this nice property: hence we prove it
in the following Lemma.

Lemma 2.1. Let us consider any couple of vector fields X,Y with X € 1l and
Y € r. Then
[X,Y]=0

Proof. If ¢ and ¢} denote respectively the flow generated by X € I and the
one generated by Y € r, then by using equations @D and one can show
that these flows read as

ei (0) = Lp(¢7 (0),  @f () = Ry(7 (0))
In fact, by definition ;* solves the following Cauchy problem:
d X
a’ i (p) = Xox(p)
¢o () =p
Now, let us define ¢ (p) := L, (5 (0)). We have

d x

S p) = L, (o (0)) S

7 (0) = dLy (7 (0) Xpx (0) = X ()

Yo(p) = Ly (903((0)) =Ly (0) =D

Therefore ¢X and 1 solve the same Cauchy problem and since X has smooth
coefficients, then they have to coincide. The same holds for ¢} .
Since the group law * is associative, at every point p we have

(0 0@ )(p) = @) (1 (P)) = Ryx et (0) = @) (0) * 7" (p)
=07 (0) * (p* 7 (0)) = (@1 (0) % p) * ¢ (0)
=) (p) * 91 (0) = Loy (@i (0) = 9 (1 ()

= (&1 o9} )(p)

and we get:
or oy =@ oy
Hence
pYiopXiop ool =Y 00X 0pf 0y = 1d.
Therefore P2
[X,Y]= (dtg(ywﬂowfowf))‘t:ozo



Next we consider a couple of significative examples in which we show struc-
tural properties related to the elegant equality .

Example 2.1. Let G be a Carnot group on R™ (see for instance [FJ]). Let us
consider the Jacobian basis E' for1 and let g be the metric that makes orthonor-
mal the vector fields of this basis. If V denotes the Levi-Civita connection for g,
by the very definition of the connection coefficients we have, fori,j,k =1,...,n:

9(Vx, Xj, Xi) = %(9([Xi7Xj]»Xk) - 9([X;, Xi], Xi) + g([ Xy, Xi], X)) (11)

Now let us suppose that the first layer of the stratification Vi™ has dimension
m < n and it is spanned by the first m vector fields of the basis, namely E! =
{X1,...,Xm}, and let us consider the Hessian defined on this layer, that is
we consider Hy nu(X;, X;), with i,j = 1,...,m: we know that [ X;, Xi] never
belongs to V™, for any k =1,...,n, hence by the formula we get

1 .
g(VXin,Xk):§g([Xi,Xj],Xk), 27]:17...,m, ]{3:1,...,71

therefore (@ holds.
The following is an example in which is not fulfilled.

Example 2.2. We consider the Lie group in R? given by the following group
law * (see also [5], pg.21): for any (z,y), (t,s) € R?

(z,y) * (t,s) = (z +t,y + se”)

A basis for 1 is given by

0 0 0

We consider the metric g that makes orthonormal the vector fields X,Y , and we
denote by V the Levi-Civita connection for g. Therefore a direct computation
shows that

0=2VxY #[X,Y]|=-Y

hence (@ is mot satisfied.

3 Regularization and gradient estimates

We first recall the definition of sub- and super-solution in the viscosity sense.

Definition 3.1. Let us consider the equation

F(x,u, Du, D*u) = 0, in €, (12)



We say that a function u € USC(Q) is a viscosity sub-solution for @ if for
every ¢ € C?(Q), it holds the following: if xo € Q is a local mazimum for the
function u — @, then ¢ is F-admissible at ¢ and

F (o, u(z0), Dyp(z0), D*p(x0)) <0 (13)

We say that a function v € LSC(Q) is a viscosity super-solution for (@ if for
every ¢ € C%(Q), it holds the following: if xo € S is a local minimum for the
function u — @, then either ¢ is F-admissible at x¢ and

F (0, u(wo), Dg(o), D*p(20)) > 0 (14)

or ¢ is not F-admissible at x.

A continuous function u is a viscosity solution for (@ if it is either a viscosity
sub-solution and a viscosity super-solution for (@

We say that a function u € USC(Q) is a viscosity sub-solution for ifuis a
viscosity sub-solution for @ and in addition u < ¢ on OfQ.

We say that a function u € LSC(Q) is a viscosity super-solution for if u is
a viscosity super-solution for (@ and in addition u > ¢ on O0N).

A wiscosity solution for s either a wviscosity sub-solution and a viscosity

super-solution for ,

Now we start our regularization procedure. For € > 0, let us define the following

blocks matrix
I Id,, 0
m 0 eld,_m

We will consider the approximated endomorphism given by the following n x n
matrix

2 . JE 2 €
Dmm,au =1, Dgu I,

Therefore we will deal with the approximated operators
1
Fé(x,u, Du, D%u) := —(Uk(D37m7€u)) * 4+ f(z,u, Dgu)

The following example shows the idea of the regularization procedure in a simple
case.

Example 3.1. Let us consider the Heisenberg group H', with vector fields given

by:
0 0 0 0 0
X=m T Y=g g T=g

Now, let det(Hu) be the determinant of the horizontal Hessian defined by the
vector fields X,Y (since H' is a Carnot group, by Lemma we can consider
the symmetrized Hessian as well):
2 XYutY X
X7 Xrerx

Hu :=
XYu+YXu 2
A Y“u



By using the previous regularization procedure, we can think of det(Hu) as the
limit of o9(H®u), as € approaches zero, where:

2 XYu+Y Xu XTu+TXu
X-u 5 5 >
Heuy = XYu;YXu Y2U 6YTuJ2rTYu
€XTu+TXu sYTquTYu 52T2u

2 2

We will prove that there exists a sequence of Lipschitz continuous viscosity
solutions of the problem with F* = 0: then by taking the uniform limit as ¢
approaches zero, we will find a Lipschitz continuous viscosity solutions w of the
original problem with F = 0. In fact we have

Proposition 3.1. Let Q C R™ be a bounded and smooth open set, strictly F-
admissible. Let us suppose that there exists a sequence of Lipschitz continuous
viscosity solutions {u®} of the problem
F#(z,u, Du, D*>u) =0, nQ, (15)
u= ¢, on 0L,

with Lipschitz constant independent of €: then if u denotes the uniform limit of
u®, as € approaches zero, then u is a Lipschitz continuous viscosity solution of

the problem .

Remark 3.1. Since the defining function of the domain € is smooth, then one
can choose € small enough such that Q is actually strictly F€-admissible.

We will give the proof for the following slightly more general operator. Let
k < m < n and define

F(z,r,p,M) = —(ok(Hm(ac,np,M)))E + f(z,r,p, M)

where f is a continuous and positive function, and where H,, is the first minor
mxm (that is Hy, = {hsj}ij=1,...m) of a nxn symmetric matrix H, with smooth
coefficients eventually depending on x,7,p, M. Then we define the perturbed
operator

Fe(x,r,p, M) = —(ak(H;(a:,r,p,M)))E + f(z,r,p, M)

with HE, := I, H I:,. Let 7o € R™ and let ¢ be a C? function in a neigh-
borhood of xg, we will say that ¢ is F°-admissible at zy if the eigenvalues
of HE,(z0,¢(x0), Dp(20), D*¢(x0))) belong to the cone I'}. The set of Fe-
admissible functions continuously deform into the set of F-admissible functions,
but we note that for £, # €9, there are no inclusions in general between the sets
of F*'-admissible functions and of F¢2-admissible functions.

We want to prove the following



Lemma 3.1. Let {u.} be a sequence of viscosity solutions for the problem F* =
0, then if we call u the uniform limit of u., as € goes to zero, then u is a viscosity
solution of the problem F = 0.

Proof. We need to prove that u is either a viscosity sub-solution and super-
solution. We use definition . First we prove that u is a viscosity sub-
solution. Let then zy € R™ and let ¢ be a C? function in a neighborhood of zg
such that u— ¢ has a local maximum at zy. We can choose a sequence x. — xy,
as € approaches zero, such that u. — ¢ has a local maximum at x.. Since u. is
a viscosity sub-solution for F¢ = 0, then it holds

pis F*—admissible at x. (16)

Fe (2e,us(x.), Dp(ze), D*p(z.)) <0

Passing to the limit in , as € goes to zero, we get
pis F'—admissible at x (17)
F(:EO, u(zo), Dp(xo), chp(:vg)) <0

Therefore u is a viscosity sub-solution for F' = 0. Now, let xo € R™ and let ¢
be a C? function in a neighborhood of xq such that u — ¢ has a local minimum
at xg. As before we can choose a sequence x. — xg, as € approaches zero, such
that u. — p has a local minimum at z.. In this situation, since w. is a viscosity
super-solution for F¢ = 0, we have to distinguish two cases. In the first one,
namely if ¢ is F°-admissible in z., then we have

pis F*—admissible at x. (18)

Fe (.Z‘E, ue(xe), Do(x,), D2<p(x6)) >0

Again passing to the limit in , as € goes to zero, we get

{ pis F'—admissible at x (19)

F (20, u(z0), Dp(x0), D*p(x0)) > 0

Therefore u is a viscosity super-solution for F' = 0. In the second case we have
 is not F*-admissible in z.. Three situations can occur passing to the limit:

(i) p is strictly F-admissible in xg,

(i) the m vector of the eigenvalues of Hy,(xo,(z0), Do(x0), D*¢(20)) does
not belong to I'}"

(iii) the m vector of the eigenvalues of H,,(zo, ¢(z0), De(z0), D*p(x0)) belongs
to O}

In the first case, since the eigenvalues of H,, (o, ¢(z0), Do (z0), D*¢(x0)) belong
to the open cone I'f" and ¢ is C?, we can choose £ > 0 small enough such that
the eigenvalues of HE, (z., p(x:), Dp(x.), D*p(z.)) belong to the open cone I'?
and we have again . In the second case, since the m vector of the eigenvalues

10



of Hp (o, p(0), Dp(z0), D*p(x0)) does not belong to ', then u is a viscosity
super-solution for F' = 0 at xy by definition. In the third case, since the m
vector of the eigenvalues of H,,(zo, p(z0), Do(xo), D*¢(x0)) belongs to oI,
there exists at least one index j in {1,...,k} such that

0 (Hm (20, 0(20), Dp(x0), D*p(20))) = 0

Now, since j < k

we obtain

{ pis FF—admissible at xg

F(.ﬁo, u(l'o), D@(xo)a D2S0($0)) =0+ f(x07 U(Jfo), D¢(x0)7 D2S0(x0)) > 0
(20)

Therefore u is a viscosity super-solution for F' = 0. O

Proof of Proposition|3.1l First of all since the Lipschitz constant for the se-
quence {uc} is independent of ¢, then the uniform limit w is still a Lipschitz
continuous function. Then, by the previous Lemma [3.1] we have that u is a
viscosity solution of F' = 0. Finally we note that since u. is either a viscos-
ity sub-solution and super-solution for the Dirichlet problem with F¢ = 0, the
inequalities on the boundary conditions simply pass to the limit. O

In order to find the sequence {u®} we will need a further (uniformly elliptic)
regularization. Let us fix € > 0, and let us denote by Ay ,, cu the perturbed
g-Laplacian of the group G, namely:

Ay m.eu = trace(D?

g,m7€u)

For § > 0, we define
D;m’&éu = D;mﬁu +6(Agm.cu)ld,

where Id,, denotes the identity operator of order n. Hence we define the operator
5 2 2 %
Fo°(x,u, Du, D*u) := —(0%(D} ,,, . sw) " + f(z,u, Dgu)

It turns out that —F? is uniformly elliptic in the set of F%-admissible func-
tions with ellipticity constant depending on € and 4, in particular we have:

Lemma 3.2. There exist constants 0 < A\ 5 < Ac 5, depending on € and 0, such
that

Ae,s trace(N) < —FE"S(x, r,p, M+ N)+ Fs"s(av,r,p7 M) < A. ;s trace(N)

11



for every symmetric and positive definite n X n matrix N, and for every x €
Q,r e R,peR™ and for every symmetric n X n matrix M such that the eigen-
values of HE (v, p, M) := HE,(z,p, M)+ 6 traceHE, (x, p, M) are in the cone T'}.
Here we have denoted by

Hy,(z,p, ) A% (@) MATT (z) + Q% (x,p),
A% () := I° An (), Q°(x,p) := I"Qn(x, p)I°

(see )

Proof. It’s a straightforward computation, by taking into account that the func-

tions (ak) g are homogeneous of degree one, monotone increasing and concave,
and the fact that the matrix A®(z) is strictly positive definite and smooth on
the compact domain Q. Precisely, let 0 < A\* < A® be positive constants such
that

NId, < A°(z)A°T (z) < A°Id,
as quadratic forms and for all 2 € €. By the concavity and the monotonicity of

1
(ak) k we have
- F€’5(1’7 T.7p’ M + N) + Fa’é(x7 T'?p? M)

= (U;.C (Hf,;‘s(x,p,M—i—N)) >% - (O'k (Hﬁf(x,p,M)) )%

e

/N

ox (H:, (x,p, M + N) + dtrace(H;,(x,p, M + N))Id, ))

e

~/

o (HS (z,p, M) + 6 trace(HE, (z, p, M))Idn))

=

o ( AENAET + dtrace(A°NAT)Id,, ) )

1

/N /N

oy (8trace(A*NAT)Id, ))

> 0N trace(N )(O'k (Id, )) = Ae,s trace(N)

el

Moreover, by the monotonicity, the homogeneity and the concavity of (ak)

12



and by Lagrange theorem there is 6 €]0, 1] such that

—Fa’é(m,r,p,M—l—N) —I—F‘E"s(aj,r,p,M)

- <gk (HZ (2, p, M + N)) )% — <0k (Hf,;5(a:,p,M))>

k

B

o (H: (x,p, M + N) + d trace(H:,(x,p, M + N))Id, ))

o (H (x,p, M) + d trace(H.,(x,p, M))Id,) ) '

IN

1

o (H. (x,p, M) + d trace(H:, (x, p, M))Icln))I

(
- (o

( s ( (Hg; £9(x,p, M) + (14 0)ftrace (A°NA°T) 1d,,) )
1+ 5) trace (AENAET)
(&W (O’k) (1 +6)0trace (A°NAT) Id,,) ) - (14 0) trace (AN AT)

IA

(8% (ok) g (Idy,) ) - (1+6)trace (A*NAT)
< (14 0)A®trace (N) = A, strace (N)

1 1
where 0 ((Uk (7“)) k) denotes the sum in j of partial derivatives of (ak) * with

T
respect to r;; and we have used its positiveness and its decreasing monotonicity

in the set of k-admissible matrices EL and its homogeneity of degree zero. O

Bounds for the second derivatives and for their Holder seminorms now follow
from the uniformly elliptic theory in [I8], [I3], since F* is uniformly elliptic
in the sense of [I§]. Estimates for higher derivatives follow from the linear
uniformly elliptic theory [0, Lemma 17.16]. These estimates, together with the
fact that F% = f > 0 when the eigenvalues of H € o'z, allow us to apply
the method of continuity [10, Theorem 17.8] Therefore for every ¢s € C*°
there exists a classical solution u*% € C?? of the Dirichlet problem related to
F#9 =0 (from further regularity results, u®° is actually C*); moreover u* is
strictly F-admissible.

We will prove a gradient bound for «5°, uniform in e, §. Thus, with fixed € > 0,
by taking the uniform limit as § goes to zero we will find a Lipschitz continuous
viscosity solution u® of the Dirichlet problem related to F'¢ = 0; in this last limit
process we can use the stability property of the viscosity solutions with respect
to the uniform convergence, since the sets of F*-*-admissible functions satisfy a
crucial property of inclusion as ¢ decreases, for fixed e (see for instance [21]).
The idea is to consider the strictly elliptic regularization F*° and provide uni-
form gradient estimates on the smooth solution via a Bernstein method, by
using derivatives along right-invariant vector fields. First we note the following

2We recall that A is k-admissible if o;(A) > 0 for every j =1,...,k
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fact: for any two Riemannian metric g, g, we have by the very definition of the
gradient, that for every smooth function w, it holds g(Dgyu, -) = g(Dgu, -). Now,
if we denote by [Dgu|? = g(Dgu, Dyu) (and the same for | Dgulz), therefore since
Q is a compact subset of R”, we have that there exist two positive constants
Cy < Oy such that on € it holds:

C1|Dguly < [Dgulg < Ca|Dgulg

Therefore fixed any metric g, having an estimate on |Dgu|; will imply an esti-
mate on any other metric gradient, in particular on the Euclidean one Du. Let us
denote by r the set of the right-invariant vector fields and by E™ = {Y7,...,Y,}
any basis of r. We will denote by g the right-invariant metric that makes or-
thonormal the vector fields of the basis E”. Hence, in the basis E™ we have

n n

Dgu = Z(YkU)Ym |Dgul? = Z(qu)z
k=1 k=1

Next we have:

Proposition 3.2. Let Q C R"™ be a bounded and smooth open set, strictly F©-
admissible, let ¢ € CYY(Q) and f € Ct with p > 0. Moreover suppose that
@ holds. Then there exists a Lipschitz continuous viscosity solution u® of the

problem .

We will prove the Proposition with the help of several lemmas. For § > 0,

let us consider the operator F¢°. First of all we explicitly note that if a function

is strictly F®-admissible with respect to Dg’m’a, then it is also strictly F=°-

admissible. Since —F*? is strictly elliptic there exists a smooth solution u®? of
the problem

{ F&%(z,u, Du, D?>u) =0, inQ, (21)

U = g, on 012,

where ¢g is the convolution of ¢ with the usual Euclidean mollifier. Let us
denote by fy, the derivative of f with respect to its first argument along the
vector field Yy, and define M :=sup (3 >°;_; | fv,.|?) . We have

Lemma 3.3. We assume the same hypotheses as in Proposition . Let

w = % Dgus"; % Then it holds:

supw < max {supw,M/uQ} (22)
Q a0

Proof. If w < M/u? there is nothing to prove; thus let us assume the con-
verse. We apply the Bernstein technique, that is: we differentiate the equation
Fed(z,u, Du®®, D?u®%) = 0 along Y}, then we multiply by Y (u®°) and we take
the sum over k from 1 to n. Since the coeflicients of the left-invariant metric g
are constant functions, the only terms of second order we need to differentiate
are of the form:

XiXus® — (Vx, X)u®, X, X, el

14



Since V is the Levi-Civita connection for g, we have that also the vector field
Vx,X; is left-invariant. Then, by Lemma (2.1)) we have:

Vi (X Xju® — (Vx, X;)u®?) = X; X;V3u® — (Vx, X;)Viu®?

Thus, by taking into account that u®? is strictly F*-°-admissible, we have
0 2 €,0 %
ajj = {%((ak(Dgﬁmﬁ,éu ’ )) )} >0 (23)

where h;; are the entries of D2 su=°. Now we define the linear operator

n

Lo == 37 ay{ D} et} + 3 g5 (Dot}
i=1 "

ij=1

A straightforward computation shows that

- M
Lw < =20, fw — E que"sfyk < — —wp <0, (24)
I
k=1

therefore by a standard application of the classical maximum principle we obtain

22). 0

Next, if v denotes the inward normal direction to 92 with respect to g, we need
to find an estimate for the normal component of Dzu?, that is v/(u®?). We
have

Lemma 3.4. Again we assume the same hypotheses as in Proposition .
Therefore it holds:

sup V(ua’é)‘ <C (25)
o0

with C depending on || D¢||s, || D?¢||oo, ||[us°

|OO'

Proof. Let p € C*° be a defining function for Q, strictly F-admissible. Then p
is F'=°-admissible for ¢ and § small. Let us consider for a small v > 0

Qy={zeR": —y < p(z) <0}
and let us define the following functions, for some A > 0
U= ¢gs — Ap, U= gs+ Ap

where we have also denoted by ¢s a smooth extension on the whole domain €.
We have u =7 = ¢5 = u®° on 0Q and u < u®® <7 on {p = —4} for

1
A >~ max{ (max ¢ + max [u7]), (min ¢ — max|u?)}
0 Q Q Q Q

o I : 2 _ N2 " 2
Then u < u®° <@ on 0f25. Now, since Dg7m7€75g = Dgymﬁﬁqbé + )‘Dg,m,s,ﬁpa

by a direct computation we have o3 (D2, _ su) = Nop(DZ  _ sp) + o(\F), as
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A — +400. Therefore, for A > 0 large enough and by using condition @, uis a

sub-solution of
Fe9(z,u, Du, D?>u) =0, in Q,

(26)
u=u°, on 082,
Now, let u; be the solution of the semilinear strictly elliptic problem
Lr/n\1% 9 .
—7[ ] trace(Dy ,, . su) + f(x,u, Dgu) =0, inQ,,
u = us,é’ on 082
Then, from the inequality
2 r_1r(n\1% 2
(gk(Dg,m,E,éu)) < n [ m } tr&ce(Dg,m,a,éu)
we have that wu; is a super-solution of
F&%(z,u, Du, D*u) = 0, in{,,
(28)
u=u°, on 09,
Finally, since trace(D?2 , _ ;u) = —Mrace(D2, _sp) + 0()), as X — +o0, we

also have that w is a super-solution of

1 n\1% .
- [(m)] trace(D;m’Eyéu) + f(z,u,Dgu) =0, inQ,,

(29)
u=u"’, on 05,
for A > 0 large enough. By the classical comparison principle, we get:
u<u®® <y <w ~ inQy
therefore
v(u) < v(u™’) < v(w)

on Jf). This ends the proof. O
Last, we estimate u®°.
Lemma 3.5. Under the hypotheses of Proposition , it holds:

sgp |us®| < C (30)

where C' is a positive constant not depending on €, 4.

Proof. We need to find a bounded sub- and super-solution to . By direct
computation, we have that
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i) the function
= inf
u 1 (b +cp

is a sub-solution to , with

k
c> M, (inf o (D2, < 50) =t ¢p > 0)
7

ii) the function

U = sup ¢
aQ
is a super-solution to
Since u and @ are bounded on €2, we get . O

Proof of Proposition[3.9 . By putting together Lemma[3.3] we have the
thesis. 0

We are now ready to give the proof of our main theorem.

Proof of Theorem . By Proposition [3:2] there exists a Lipschitz viscosity so-

lution u® of the problem (15). By Proposition u® uniformly converges to a
Lipschitz viscosity solution u of the problem (4] O

The following Corollary captures the case f constant.

Corollary 3.1. If f is independent of x and f > 0,0,f > 0 then Theorem[1.1
still holds.

Proof. First of all assume f > 0,39, f > 0 and remark that M = 0 in . Then
assume f > 0,0,f > 0. For 0 < s < 1, let f* = f + s and u® be the viscosity
solution given by Theorem [I.1] of the problem

_(Uk(DZ,mu)) * + fs(x’ u, Dgu) = Oa iIlQ, (31)
u =@, on Jf2.

By Lemma u® uniformly converges to a Lipschitz viscosity solution
u of the problem . O

4 Comparison Principles

Now we give a sufficient condition to ensure the uniqueness of the viscosity
solution of the Dirichlet problem . By following the analysis on comparison
principle in [8] and [IT], we see that if the prescribed function f is continuous,
positive and strictly increasing with respect to u, then F' is proper in the set
of F-admissible functions, according the definition in [§]. However, in order to
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prove the comparison principle for F' in the set of F-admissible functions we
also need the following non trivial lemma. Let us denote by

Hyp(2,p,X) i= A (2) X AL, (2) + Qn (2, p)
with A,, and @Q),, as in .
Lemma 4.1. There is a function w : [0,00[— [0, 00| that satisfies w(0+) = 0
such that
Fly,r,a(z—y),Y) = Flz,r,a(z —y), X) Swlale -y +]z—y])  (32)

whenever x,y € Q, r € R, X, Y are Hermitian matrices such that

_3O‘<é ?)S()o( —OY)S?)O‘(—II II> (33)

and the eigenvalues of Hp,(z,a(z —y), X), Hp(y, oz — y),Y) are in T},

Proof. Since Q,(z,p) is smooth and linear with respect to p, there is L > 0
such that

— Lolz — y)* L < Qu(z, oz — ) — Qu(y. a(z — y)) < Lajz — y[* L, (34)

and since A,, is smooth, by with a standard argument there is L > 0 such
that
A ()X AR (@) = An(y)Y AT (y) < Lafe — y[*In, (35)

(see [8, equation (3.17)]) . By putting together and we get
Hyp(x, oz —y), X) < H(y, a(z —vy),Y) + (L + L)a|z — y[*Ln. (36)

Now, recall that in the set of Hermitian k-admissible matrices the function
G(A) = —(0ox(A))Y* is monotone decreasing, convex and homogeneous of de-
gree one, i.e. G(AA) = AG(A) for all A € R*. Define g(t) = G (A +tAL,). We
have that g is continuous in [0, 1] and differentiable in ]0, 1[. Thus, by Lagrange
Theorem, there is 6 €]0, 1] such that g(1) = g(0) + ¢’(#) and by the convexity
and the homogeneity of G we have

oG
Q5
oG
aajj
oG

8ajj

G (A+ M) =G (A) + — (A + 0AL,,) A

>G (A) + Ao (OML) (37)

=G (A) + AL (L) = G(A) = ACu

where (), 1 is a positive constant only depending on m and k.
By applying to the right hand side of and by the monotonicity of
G we get

G(Hp(z,a(z—y), X)) > G(Hu(y, a(z —y),Y)) = Cp k(L + L)alz —y[*. (38)
Finally, by and the continuity of f we have (32)) O
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We can conclude that the following comparison principle holds

Proposition 4.1 (First comparison principle). If the prescribed function f is
continuous, positive and strictly increasing with respect to u, then if u and w are
respectively viscosity sub- and super-solution of F' = 0 in Q, such that u(y) <
u(y) for all y € 09, then u(z) < u(x) for every x € Q.

Proof. F is proper in the set of F-admissible functions, and by Lemma [4.1| F’
satisfies [8] (3.14)] and therefore the hypotheses of [8, Theorem 3.3] are full
satisfied. O

A comparison principle in the class of uniformly horizontal convex sub- and
super-solution of the Monge-Ampeére equation in Carnot groups has been proved
in [4]. We remark that Theorem [4.1]refines such result because we do not require
a uniform F' admissibility condition. Since we are interested even at the case
of constant function f, we would like to have a comparison principle for F' also
when f is not strictly increasing with respect to u. It is a standard fact by now
that in order to adapt the proof for the strictly monotone case in this situation,
one needs to find (for instance) a strictly sub-solution for F'. Let us denote
by K the sectional curvature related to g: the following Lemma is standard in
Riemannian geometry and we refer to [17] for the proof.

Lemma 4.2. Let us suppose that there exists a constant M > 0 such that K <
M. Then there exists a constant rpy > 0 (the injectivity radius) only depending
on M such that for every xo € G, the squared distance function ¢ := dZ(xo,-) is
well defined and smooth on the geodesic ball B(xo,rar). Moreover ¢ is strictly
convex on B(xg,rn), namely there exists a constant cpy only depending on M,
such that

Hyp > cmy, on B(xo, )

In particular if M = 0 then ry; = oo.
Therefore we have

Proposition 4.2 (Second comparison principle). Let us suppose that there ex-
ists a constant M > 0 such that K < M and let Q) be a bounded open set con-
tained in the geodesic ball B(xg,rn), for some xg € G. Let f be a continuous
function, positive and non-decreasing with respect to u. Then the comparison
principle for F holds.

Proof. We only need the prove it when f is not strictly decreasing with respect
to u. By the previous Lemma we see that Dggo > cyld, on Q. One can
build then a strictly sub-solution and the proof follows in a standard way. [

We explicitly note that we are working in full generality: if one considers Lie
groups with some additional structure, then one could remove the hypothesis
on the sectional curvature and one can have the comparison principle for every
domain in R™. For instance in the case of Hessian defined on the first layer
(let us say of dimension m) of Carnot groups, then one can use as strictly sub-
solution a quadratic function depending only on the “first m variables” (see [2],
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3, [4]). However the next example shows that also in general Lie group one
can have the comparison principle for every domain in R"™.

Example 4.1. We consider again the Ezample[2.9 and we explicitly note that
it is not a Carnot group. Since we have only two (orthonormal) vector fields,
X, Y, we need to compute the sectional curvature only on this pair. We obtain
by a straightforward computation K(X,Y) = —1. Since the sectional curvature
is a negative constant, therefore for every xog € R?, the squared distance function
dg(xo, \) is well defined, smooth and strictly convex on the whole R?

Finally we remark that by our comparison principles via the Perron method
and the existence of @, u in Lemma[3.5] we also get the following existence result
for the Dirichlet Problem with continuous boundary data.

Proposition 4.3. Let QO C R" be a bounded and C? open set, with defining
function p strictly F-admissible. Moreover, assume that comparison holds Then,
for every ¢ € C(0Q) and f € C(QXxR) a positive function, there exists a unique
continuous viscosity solution u of the problem .
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