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The Levi Monge—Ampere Equation:
Smooth Regularity of Strictly Levi Convex
Solutions

By Annamaria Montanari and Francesca Lascialfari

ABSTRACT.  We prove smoothness of strictly Levi convex solutions to the Levi equation in several complex
variables. This equation is fully non linear and naturally arises in the study of real hypersurfaces in crtl)
for n > 2. For a particular choice of the right-hand side, our equation has the meaning of total Levi
curvature of a real hypersurface C" and it is the analogous of the equation with prescribed Gauss
curvature for the complex structure. However, it is degenerate elliptic also if restricted to strictly Levi
convex functions. This basic failure does not allow us to use elliptic techniques such in the classical real
and complex Monge—Ampere equations. By taking into account the natural geometry of the problem we
prove that first order intrinsic derivatives of strictly Levi convex solutions satisfy a good equation. The
smoothness of solutions is then achieved by mean of a bootstrap argument in tangent directions to the
hypersurface.

1. Introduction

Let M = {z : p(z) = 0} be a real hypersurface in C"*! of class C>*,0 < o < 1. Let us
denote by D the open set

D:={ze (o) < 0} .

By following a suggestion implicitly contained in a article by Bedford and Gaveau [1], we define
the total Levi curvature of M at a point z € M as

0 orp o Ogp
d1p hip 0 e
ku(2) = —[9p] "2 det | e (L.1)
Ont1P 7P o0 ByyyngaP
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. ; 2 .
In (1.1), 9, 8]3 Bl]f denote the derivatives %, a%’ az?_azj’ respectively, dp = (910, ..., Op+1P)

and the derivatives are computed at z. The total Levi curvature is independent of the defining
function p and can be considered analogous to the Gauss curvature for the classical Monge—
Ampere equation (see [16]). For example, if M is the sphere of radius R with center at zero, then
we can choose its defining function as p = |z 24+ |Zn+1 |2 — R? and an easy calculation
gets k= R™".

The aim of this article is to show the following theorem.

Theorem 1.1. If D is a strictly pseudoconvex domain such that
72— ky(2)

is of class C®, then M is a real submanifold of C"t! of class C°.

We recall that a domain {p < 0} is strictly pseudoconvex if the Levi form p is positive
definite on the boundary.

This problem is of local nature and leads to the study of the C° regularity of classical
solutions to a fully nonlinear PDE of subelliptic type, in a sense that will be clear below.

In order to explain our problem, we introduce some notations of the theory of several complex
variables. Denote by TO(C the complex tangent hyperplane to M at z € M, and define the Levi
form L(p) as the restriction to TO(C of the Hermitian form related to the complex Hessian matrix

of p
( 32,0 >I’l+l
Hessc p = — .
0210Zp /ey

The Levi form naturally arises in the study of envelopes of holomorphy in the theory of holomor-
phic functions in Ccrtl (see [13, 17, 19, 23] for details on this matter). It is a standard fact that
the Levi form is the biholomorphic invariant part of the real Hessian of the defining function; one
way to derive it is to seek for a biholomorphic invariant analog of Euclidean convexity (see for
example, [19]). Since L(p) is obtained from part of the second fundamental form of M, it is not
unreasonable that it will have some properties similar to curvatures. Bedford and Gaveau were
the first to remark this, and in [1] they bounded in term of the Levi form the domain over which
M can be defined as a non parametric surface.

Since our result is local, we can assume for example 9d,, ., p # 0inaneighborhoodof z € M

and choose U = {h;,l =1, ..., n} a complex basis of TO(C
9z, 0
hi=e — —"—eny1 .
82;1+]

with (e;);=1,... .n+1 the canonical basis of crtl, L(p) is a Hermitian form in »n variables whose
coefficients are

Ap(p) = <(Hess(c p)hl, hp), Vhi,hpel.
By our choice of Ay,

PP T Pn+1Pp PLPp

R P e L P S e LR O

Ap(p) = 0150 — oo |
n+

where subscripts denote partial derivatives.
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Introduce real coordinates z; = x; +iy; foreveryl = 1,...,n 4 1. Since we have assumed
0z, 0 # 0 at z € M, it is not restrictive to take dy,,, p 7 0. With this convention, there is a
neighborhood U of z such that M N U is the graph of a C? function —u :  — R, with Q an open
bounded subset in R?**!. Then we can choose the defining function of M as p = 4(u + y,11),
M ={y,y1 = —u(x1, ¥1, ..., Xn, Yn, Xnt-1)}. The coefficients A;5(u) of the Levi form L(u) are
quasilinear partial differential operators. Precisely, the real part and the imaginary part of A;5 (u)
are:

Re (All-,(u)) = (axlxpu + Dy y, A,y U A @By, U

+ bla}’p)‘nﬂu + bI’a}’erH—lu + (alal’ + blb[’)a2 u)

Xn+1

Im (A[I;(u)) = <8xlypu — E)xpylu — ap Oy x, U + a,ay,,xmu (4
+ b p By — b1, U+ (bpar — blap)afwlu)
where
_ —0y, U — Oy U Oy, U _ Oyt — Oy U Oy, U (1.4)
I+ (axn+1”)2 I+ (axn+1”)2
In particular, for every [ = 1,...,n, the diagonal coefficient A;;(u) is a degenerate elliptic
second-order operator, whose characteristic form
E=(&1.....6m11) — (Bur + 611$2n+1)2 + (Ex + bz$2n+1)2 ,
is non negative definite for every & € R?**1 but has 2n — 1 eigenvalues identically zero.
Define the Levi Monge—Ampere operator as
LMA(u) = det (Al;(u)) . (1.5)

Definition 1.2. We say that a function u € C?(2) is Levi convex (strictly Levi convex) at & if
Lu)(&) = 0 (> 0) and Levi convex (strictly Levi convex) in Q2 if L(u)(£) > 0 (> 0) for every
& eqQ.

Our main theorem, first announced in [20], is the following.

Theorem 1.3. Ifu € C>%(Q) is a strictly Levi convex solution to the Levi Monge—Ampére
equation

LMA(u) =q(-,u, Du) (1.6)
in an open set @ C R+ andq € C®(Q x R x R?"+1) s positive, thenu € C*®(R).
Here we have denoted by C""* the ordinary Holder space with respect to the Euclidean

metric and by Du the Euclidean gradient of u in R*"*1,

If in (1.6) we choose

(1+|Du|2)%

q(.vuaDu) =2nk('7_u) 2
l+ (8Xn+lu)

(1.7)
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then k is the total Levi curvature of M defined in (1.1). Hence, Theorem 1.1 follows from
Theorem 1.3.

Since the Levi Monge—Ampere equation presents formal similarities with the real and com-
plex Monge—Ampere equations, which are elliptic PDE’s if evaluated on strictly convex and
plurisubharmonic functions, respectively (see [16, 2]), we would like to briefly recall how the
smoothness follows from the classical Schauder theory for the real Monge—Ampere equation.
The real Monge—Ampére equation in a domain 2 C R” is of the form det(D?u) = v (x,u, Du).
If u € C>%(Q) is a strictly convex solution to this equation, then the linearized operator L (at
u) is elliptic with C% coefficients, and Du satisfies a linear uniformly elliptic equation of the
form L(Du) = f € C%(Q). By the Schauder theory, Du € C>%(R). Repeating this one
proves u € C*° (). In our case it is not possible to argue in the same way, because the Levi
Monge—Ampere operator L M A(u) is not elliptic at any point, also when restricted to the class of
strictly Levi convex functions. Indeed, as we prove in Lemma 2.1, if we call D?u the Euclidean
Hessian matrix of u, then by (1.3) there exists a smooth function F = F(p, r), with p = Du and
r = D?u, such that

LMA(u) = F(Du, D*u)

and
oF

oy (Du D u) 0.

9F \2n+1 .
or; ), j=11
identically zero. Hence, we are forced to develop a new technique, which takes into account the

CR structure of the hypersurface M.

Moreover, in Lemma 2.1 we prove that the minimum eigenvalue of the real matrix (

The analogy of the prescribed mean curvature equation for a real hypersurface in C**! has
been studied in [11], where smooth regularity of classical solutions is proved. In the case n = 1,
the operator LM A (u) defined in (1.5) coincides with the coefficient A1 i(u) of the Levi form L (u)
and Equation (1.6) becomes a quasilinear PDE (see for instance, [27]) Regularity properties of
its solutions have been studied in [4]-[12], [27, 28]. Starting from a previous weak existence
result [27] by Slodkowski and Tomassini, in [7, Corollary 1.1] Citti, Lanconelli, and the first
author proved the existence of a smooth solution to the Dirichlet problem

3
A, 1) = 2k, —u )(”'D“' ) in Q
(a"nJrlu)

u=g on 02

where g € C>*(3Q), k € C®(2 x R) and k # 0. Here €2 is a bounded open set in R*"*! with
smooth boundary and which satisfies the hypotheses of [27, Theorem 4].

For the Levi Monge—Ampere equation the technique used in [7] seems to fail, because of
the fully nonlinearity of the equation. Moreover, for the Levi Monge—Ampere equation with the
right-hand side in (1.7), the existence of viscosity solutions is also an open problem. A first result
in this direction is due to Slodkowski and Tomassini, who in [26] generalized the Definition 1.2 to
continuous functions and proved the existence of a viscosity solution u € Lip(£2) to the Dirichlet
problem

3n
LMA) = k(-, —u)(1 + |Du|*) > in Q
u=g on 092 (1.8)

u 1is Levi convex
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where g € C(0Q),k € C(2xR) and k > 0. Here € is a bounded open set in R*"*+! with smooth
boundary and which satisfies the hypotheses of [26, Theorem 2.4]. Even if the right-hand side in
the PDE in (1.8) has not the meaning of total Levi curvature, further regularity of its Lipschitz
continuous viscosity solution is another very interesting open problem.

In order to present our technique we introduce here some notations. Let u € C>%(2) be a
strictly Levi convex solution to (1.6) and define forevery [l = 1, ..., n the first order vector fields

X = axI + alax,,Ha Y= 3y[ + blaxnﬂ , (1.9)
whose coefficients a; and b; are the smooth functions of the gradient of u given by (1.4).

Since the fixed solution u belongs to C%% (), then the coefficients a;, b; are C*($2) functions.
The first important remark we will prove is Lemma 2.2, where we write the coefficients of the
Levi form A;j in terms of the vector fields in (1.9):

Ap(u) = (1 + (8xn+1u)2> (Xfu + leu) , (1.10)
2
(1+ (05,00)%)
Re (A]p(u)) = f(XIXpu + XpXiu + Y Ypu + YPYZM) ,
(1.11)
2
(1 (050)°)
Im (Alﬁ(u)) = f(XlY,,u +Y,Xju—-Y Xpu— Xleu) .
Foreveryl =1,...,n we put
Zy =Yy, Zy—1 =Xy, (1.12)
2 2n
Z=(21,22.....200),  Z'u=(ZiZpu), _, .
For every z = (zy, ;) in the space of 2n x 2n real matrices, we define for/ < p
2Hip(z) = (Zzz—l,zp—l + 22p-1,21—1 + 221,2p + Zz,;,zz)
(1.13)
+ i(zzm,zp + 22p20-1 — 221,2p—1 — Z2p71,21) ,
and H;p = H_Ijl-forl > p. Then
A -
Hip(Z%u) = zp—(u)2 :
1 + (axn+lu)
and
27'11[7(22%) = (Zu-1Zop—1u + Zop_1 Zo—1u + ZZopu + ZopZoju) (1.14)
+i(Zo—1Zapu + ZopZog—yu — ZoyZop—1u — Zop_1Zou) .
Define
H(Z%u) = det (Hip(2%0)) . (1.15)

‘H is a smooth function of the second derivatives of u with respect to the vector field Z;, j =
1,...,n,and
LMA(u)
- = H(Zzu) .

(14 @u0?)
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Moreover, in Lemma 2.3 we prove there exists a smooth positive function K such that
q(,u, Du)

(1 n (axn+lu)2)"

=K(',u,ZM, axyH,]M)' (1.16)

5 n+2
For example, if ¢ = k(-, —u)Z"% as in (1.7), then
*n+

n+2

K = k(.. —u)Z”(l + |Zu|2) 2 (1 + (axmu)Q)_7 . (1.17)
Hence, we write the fully nonlinear equation in (1.6) as

H(Z%u) = K (-, u, Zu, d,, u) . (1.18)

Xn+1

To the best of our knowledge, no regularity result has been published about fully nonlinear
PDE’s of the type (1.18), even in the case of smooth linear vector fields Z. Some authors studied
quasilinear equations associated to smooth vector fields of Hormander’s type (see [3, 29]). In
particular, in [3] Capogna, Danielli, and Garofalo studied the local behavior of singular solutions
of a class of subelliptic equations of the type

m
ZX?Aj(x, u, Xu) = f(x,u, Xu)
=1

where A;, f are measurable functions satisfying some grow up conditions with respect to u
and Xu = (Xiu, ..., X;yu), and the linear vector fields X1, ..., X, are smooth and satisfy
Hormander’s finite rank condition (see [18]). However, their result does not seem to be useful in
the present situation.

In Lemma 2.4 we prove that, if u is strictly Levi convex in €2, then there exists a positive
constant M such that

2n 2n

oH
Yo o (ZPuwnan; = MY i Vn=(m....om) R

8ij

m,j=1 j=1

Roughly speaking, this means that the equation is elliptic in 2n directions of the tangent space to
the hypersurface, which has real dimension 2 + 1. In order to generate the missing direction we
compute the commutators of the vector fields and in Lemma 2.5 we prove that

[Za-1. Zu] = [X1. V1] = (Xlzu + leu)a

Xn+12

I=1,....n, (1.19)
and
Zlv--'sZ2na[Z17Z2] (120)

are linearly independent at every point and span R?*+1
Moreover, in Lemma 2.4 we write the fully nonlinear equation in (1.18) as

2n
H(Z%u) = ! > ;—ﬂ(zzu)zmzju =K (- u, Zu, dy,, u) . (1.21)
nm,j:l <mj
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For a fixed strictly Levi convex solution u € C22 of (1.6) the coefficients

IH
Bmj = ij(z%) eC”,

and the coefficients

a=(a,....an), b=(by,...,by (1.22)

of Z are C1'%. Hence, in the light of (1.21), we define a linear subelliptic operator

2n
H= " hnjZnZj— Ay, . (1.23)

m, j=1

where the coefficients A, h,; are a-Holder continuous and such that h,,; = hj,, for every
m,j=1,...,2n,

2n 2n
Z hmjnmnj = MZ’]% Vi = (7]11~-~7772n) e R™ (1.24)
m, j=1 =1

for a positive constant M. Here the vector fields Z; are defined as in (1.12) [see also (1.9)] with
coefficients a, b defined in (1.22) of class C* and we assume that they are linearly independent
at every point together with their first order brackets.

We explicitly remark that we can not apply to our operator H the regularity theory developed
in [14, 15], and [24], since in those works the smoothness hypothesis on the coefficients of the
vector fields is crucial.

However, a regularity theory for sum of squares of C1'% vector fields has been recently
established by Citti in [4, 5] and by Citti, and the first author in [11, 12].

In particular, by using the techniques developed in [11, Theorem 4.1], one can prove the
following.

Z,loc Z,loc
a solution of equation Hv = f with H as in (1.23) and f € C (R2). Then the solution v

belongs to CrZ"JlrolC‘ﬁ(Q) forevery B € (0, ).

Proposition 1.4. Leth;j, i € crle @y, ab e C;”’I‘ZC(Q), m > 2 andletv € C3% (Q) be

m—1,a
Z,loc

Here C’;"* denotes the class of functions whose tangent derivatives of order m are a-Holder
continuous with respect to a distance naturally associated to the vector fields Z; (see (3.1) and (3.2)
for precise definitions). Proposition 1.4 requires the following initial regularity of the coefficients:
hij, » € Cé’ffoc(Q), a,b e Cé’,‘fOC(Q). This property does not hold for a fixed u € C>%(Q)

solution of (1.6), while it would hold if u € C;”‘TOC(Q).

However, in [21] the first author proved interior Schauder-type estimates for solutions of
Hv = f with H as in (1.23).

In Section 3 we apply the a priori estimates in [21] to first order Euclidean difference quotients
of a strictly Levi convex solution u of (1.6), in order to prove that the function Du is C % ’1900(9).

At this point another problem arises, because it is not possible to apply a classical bootstrap
argument to the solutions of (1.21). Indeed, on the right-hand side of (1.21) it appears a function



310 Annamaria Montanari and Francesca Lascialfari

of dy,,,u, and by (1.19) 9y, ,
if u € C"*(2) we can only deduce that d,,, ,u €

is a second derivatives in terms of the vector fields. In particular,
m—2,u
CZ ,loc

to a solution u € Cg’a(Q) of Equation (1.21) we get only u € C?”g(Q) for every B8 € (0, o).
However, by formally differentiating the fully nonlinear Equation (1.6) with respect to the vector
fields Z;, j =1, ..., 2n and with respect to 9y, we discover the following.

(£2) and by applying Proposition 1.4

n+12

Proposition 1.5. Ifu is a smooth solution of (1.6), then the function

v = (vl, <oy U2, v2n+1) = (Zlu, ey Lonu, arctanuxnﬂ) (1.25)
is a solution of
2n
D hwiZnZj =2y, |v=fCuv, Zv), (1.26)
m,j=1
with f = (f1, ..., fan, f2n+1) a smooth function of its arguments. Here the coefficients h;j, A

depend on the fixed function u and precisely

oH
hj = ——(Zu) .
8ij
oK
=nKdy,, u+ (1 + (axmu)z) , (1.27)
Xn+1

with H(Z?u) and K defined as in (1.15) and (1.16), respectively.

This result is crucial in our regularity proceeding and we prove it in Section 4. Then, we
apply Proposition 1.4 to v in (1.25) and we prove Theorem 1.3 with a non standard bootstrap
argument.

2. Structure of the LMA

Let us fix a strictly Levi convex C2() solution u to Equation (1.6).

Lemma 2.1. Foreveryn € N denote by r,,j = DyyDju foralli, j =1,...,2n+ 1, and by
F(Du, D*u) = LM A(u). Then

JIF
> ——(Du. D*u)gnt; 20, V&= (&1 ... .Emp1) eRT

.. . o 4l .o
and the minimum eigenvalue of the real matrix (%(Du, Dzu))an.r | Is identically zero.
mj

Proof. The proof will be a consequence of the following statement:

Denote by pjp = 0;050, 00 = (01, .-, Pnt1)s E_),o = (7). P 85,0 = (plﬁ)i';ill and by

G(dp, 5,0, 85,0) = det(A;5(p)). If the Levi form L(p) is positive definite, then

ﬁ(ap, 3p, 33p)nang =0, ¥n=(n1,....0ms1) €CH 2.1)
d
R Phk
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and the minimum eigenvalue of the complex matrix

9G B _ n+1
——(dp, dp, 3dp)
Oppi hk=1

is identically zero.

Indeed, foreveryl, p=1,...,.n+1,m,j=1,...,2n+ 1 and p = 4(u — y,+1)

1 m=2-1,j=2p—1

1 m=2,j=2p
op1p

=i m=2—-1,j=2p
8rmj

—i m=2,j=2p—-1

0 otherwise .

Then, if we put n; = &1 +i&y foreveryl = 1, ..., n by (2.1) we get the thesis.
Let us prove (2.1). By (1.2), forevery h,k=1,...,n+1land I, p=1,...,n

1 (h,k) =, p),
— PR (k) = (,n+ 1),
|pn+l|
aA[ﬁ(p) _ _p[pm

8,0h]; - lon+11? (k) =@n+1.p),
P hky=m+1,n+1),

|pn+l|2

0 otherwise .

Denote by C;; the cofactor of A;; and by A7 the inverse matrix of A;;. Hence, for every
hk=1,...,n

9G — 3A15(p)
(30.3p,330) = 3 %pc,,; =Cy

3Phk Lp=1 Pnk
= G(ap, ap, 82_),0) AR = 0,
n n
= A A5 (p) —Pn+1Pp
(90, 8p,00p) = Y ——=Cip=) = EChp
Phnt1 =1 Phnsi =l | on+11
9G S ~ 0415(p) ~ PPy
a0 00, 090) = D SEE—Cip= )
Pn+1n+1 I,p=1 PntinFl 1p=1 |:0n+1|
_ Z PP (S et Pr
w1 P\ 2= lonna 2 7
1y -
—Z P2 (39, 5p. 03p) -
|pn+11? 3P1n+1
n+1
In particular, the last column of the complex matrix ( fpc )h - is a linear combination of the

first n columns and statement (2.1) follows. L]

Lemma 2.2. The coefficients of the Levi form A;; can be written in terms of the vector fields
in (1.9) as in (1.10), and (1.11).
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Proof. By arguing as in [5],
a=—Yu, b =Xu. 2.2)

By substituting the vector fields (1.9) in the right-hand side of (1.10) and by using (2.2) twice,
we get

Xlzu + leu = (8xl =+ alaan) (axl —+ alaxn+1)
+ (8)'1 + blaxn-H) (8)’1 + blaxn-H)
= A;(w) + (Xya; + Yiby) Oy, u
= Ajjw) = (X1Yiu — Y1 Xu) 0y, u
= Ali(u) [le Yl] uaxn_H
2
= Ajj(u) — (Xibr — Yiay) (3, )
2
= A;) — (X; Xpu + YYju) (0, 1),

and by putting the last term in the left-hand side we get (1.10). By arguing in the same way we
now prove (1.11)

XiXpu+ XpXpu+ Y1Ypu + Y, Yiu = (05, + ardy, ;) (9x, + apox,,, ) u
+ (8X1) + al’axn-H) (8)51 + alaxn-H) u+ (8” + blaxn+1) ’
' (ayp + bpaxn+l) u+ (8)’1) + bpaxn-H) (8)’1 + blaxn-H)

=2Re (Aip(w)) + (X1ap + Xpar + Yibp + Ypby) 0y, u

=2Re (Ap(w)) — (XiYpu + XpYiu — Vi X pu — Y, Xju) O, , u
=2Re (Apw) — ([X1, Yp]u +[Xp. Yi]u) s, u

=2Re (Aipw)) — (Xibp — Ypar + X pby — Yiayp) (., 1)’

= 2Re (Aip(w)) — (Xi X ptt + Y, Yo + X p Xpu + Y, Y pu) (35, 1)

XiYpu+ Y, Xju — Y Xpu — X, Yiu = (9x, + ardy, ;) (dy, + bpox,,,) u
+ (3y, +bpdx,,) By + @y, ) u — (y, + bidy, ) -
: (axp + apaxn+1) u— (3xp + apaxﬂH) (ayz — by, ) u
=2Im (Apw) + (Xibp + Ypar — Yiap — Xpby+) 0y, u

=2Im (Apw)) — (—Xi Xpu + Y, Yiu — Yi¥pu + X, Xju) 0, u

=2Im (A ) — ([Xp. XiJu + [Yp. Yi]u) 0, u

=2Im (A ) — (X par — Xiap + Ypby — Yib)) (3s,, 1)

=2Tm (Arp(w)) — (XiYpu + Yy Xju — X, Yu — ¥, X put) (35, 1)° . O

In order to handle the right-hand side in (1.6), we prove the following.
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Lemma 2.3. There exists a smooth positive function K such that (1.16) holds.

Proof. By (2.2)and (1.9)

Oy ut = Xju — ajox,  u = Xju + (8xn+1u) Yiu ,
Oyu = Yiu — by, ,u=Yu— (3xn+,u) Xu .

Hence, it is enough to take

q(~, u, Xu—+uy, Yu,Yu —uy,  Xu, anﬂu)

K(-,u,Zu,aanu) = 7 []
<1 + (axn-HM) )
Write Equation (1.6) as in (1.18), and define the vector fields Z as in (1.12) with a =
a(Du), b = b(Du) as in (1.4).
Lemma 2.4. Foreveryn € N
2n
1 oH
H(Z%u) = - —(2%u)ZnZju 2.3
(Zu) = X g (20 ZnZiu 23)
m,j=1
and if u is strictly Levi convex
d
<—H(Z2u)> >0.
Bij m,j

Proof.  Denote by B;; the cofactor of the element H;; of the matrix (#; ;)] =l Then, by the
determinant’s derivative formula

M e

T (2%) = (Z%u) B15(Z%u)
aij 1,p=1 8Zm]
and by (1.13) for [ < p,
1 m=2l—-1,j=2p—1
1 =2l,j=2
oH,p ] " / .p
2 = l m =2l — 15 J = Zp
aij . .
‘ —i m=2,j=2p—1
0 otherwise .
Hence,
2n n
OH 1
Z —(Zzu)ZijM = Z 5(221—122;)—1” +22P—1221—1u
m,j=1 8Zm] l,p=1

+ ZyZopu + ZopZoju + i(Zzz—lzzpu + ZopZy—1u 24

—ZuZyp—1u — ZZp—lzZZu)>Bl[3(ZZM)

n
= > Hip(Z%u)Biy(2%u) = nH(Z%u) .
l,p=1
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Moreover, for every £ = (£1,...,&y,) € R\ {0} set n = (11, ..., n,) with g = &Ey_1 + i&y
foreveryl =1, ..., n. Hence,

2n 87‘[ n
Z F(Z%)gmgi = Z Blﬁ(Zzu)(Ezl—lézp—l + &ué2p
m,j=1 "™ I,p=1

+ i(§2171§2p - 52’&1’*1))

n
2 -
= Z Blﬁ(Z u)nmp .
[, p=1
If u is strictly Levi convex then the hermitian form (H; )] p=1 is positive definite and, by denoting
(H'P )} p=1 its inverse matrix, we get

n

n
Z Bl,;(Z2u)ﬁmp = H(Zzu) Z 7—[[’3(2214)77177/,, .
1, p=1 1, p=1

Hence, the real form

2n aH

a .
mj=1 O

for every & € R?" \ {0}. O

(Zzu)émé‘;j >0

Lemma 2.5. [Ifu is strictly Levi convex in 2 then the vector fields
Zla ] Z2na [Zlv ZZ]

are linearly independent at every point.

Proof. We have

[Za-1, Zu] = [X1, V1] = (Xiby = Vi) s, I=1,...,n. (2.5)
By (2.2)
(Xiby = Yia)) = (X}u + Y}u) .
Since u is strictly Levi convex in €2, then
Ajw) >0, I=1,...,n (2.6)

and by (1.10) Xlzu + Y12u > (. We can compute the determinant of the (2n + 1) x (2n + 1) real
matrix whose columns are the coefficients of the vector fields Zy, ..., Z2,, [Z1, Z2] and by (1.9),
(1.10), (2.6), and (2.5), we get

1 0 ... 0 O 0
o 1 ... 0 O 0
det| 0 e : = (X2u + Y2u) £0. O
0 O 1 0 0
0 0 0 1 0

a, by ... a, by (X%u—}—leu)
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3. C2® regularity of D
. L7 regularity o u

In this section we first introduce some classes C ;"’a of Holder continuous functions naturally
arising from the geometry of the problem. We then prove that the Euclidean gradient of a strictly

Levi convex solution is in C ;’f oc Dy also using the a priori estimates proved by the authors in [21].

Let us introduce some notations. For every / = 1, ..., n let us define the first-order vector
fields Z; as in (1.12) with coefficients a, b € C*(€2). Moreover, let us assume that the vector
fields Z1, ..., Za,, [Z1, Z;] are linearly independent at every point and span R2n+1

If the coefficients of the vector fields were smooth, then the linear operator H in (1.23) would
satisfy Hormander’s condition of hypoellipticity. In our context, the coefficients are only C1*(2).
However, for every &, & € S there exists an absolutely continuous mapping y : [0, 1] — R>"*1,
which is a piecewise integral curve of the vector fields Z introduced in (1.12), which connects
& and &. Then there exists a Carnot—Carathéodory distance dz (£, &y) naturally associated to the
geometry of the problem (see for example the distance o4 defined in [22, p. 113]). Precisely,
if C(8) denotes the class of absolutely continuous mappings ¢ : [0, 1] — € which almost
everywhere satisfy ¢/ () = Z?'Ll a;(t)Z;(p()) with |a;(¢)| < 4, define

dz (£, &) =inf {8 > 0 : ¢ € C(8) such that p(0) = &, ¢(1) =&} . 3.1

The fact that d is finite follows because the commutators of the vector fields Z span R*"*! at
every point. This was first proved by Carathéodory for smooth vector fields; for vector fields with
Cl2 coefficients, the proof is contained in [4].

We now define the class of Holder continuous functions in terms of dz: for0 < « < 1
Co(Q) = [v : 2 — R s.t. there exists a constant ¢ > 0 :
[0(®) — v(E0)| < cdi (&, &) forall £, € 2
and
CAQ)={veClR) :IZveCl(Q) Vj=1,...2n}.
If the coefficients a, b € C;’_l’“(Q), m > 2, we define
Q) = {v ecy Q) Zvech Q) Vj= 1,...,2n} : (3.2)

Obviously (see [11]),
C™(RQ) C CIUQ) € CMP(Q)

For every m > 0 we also define spaces of locally Holder continuous functions:
Cg’l‘éc(Q) = {v Q—>R:ve C?’Q(Q/) vQ' cc Q} .
If v € C%(2) we define

%o = sup (&) — v _
Y sree dz(6.0)
Denote by
z'=2,2,- 7, .
where

I={(i1,....in) (3.3)
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is a multi-index of length |/| = m. If v € C"*(Q), withm = 0,1,2,...,and 0 < & < 1 we
define the seminorm

[v]ZaQ_ sup [ZI ]aQ’
[|=m

and the norms
m
|v|m Q= Z sup sup |Z1v| ,
j=o \HI=j @
|U|r%z,a;§2 = |U|51;§2 + [v]i,a;ﬂ .
The following a priori estimates have been proved in [21] for the linear operator in (1.23).
Proposition 3.1. Let hjj, A € C%(Q) a,b € Cé“(Q) andv € CZ () be a solution of

equation Hv = f € C%(Q) with H as in (1.23). Forevery Q' CC Q withdz(Q',9Q) > § > 0,
there is a positive constant ¢ such that for every g € (0, o)

z z
8|Zv|g;9/ + 52’22v|0;g, + 52+ﬂ[22v]ﬂ;9, < c(sup lv| + IfI({a;Q) (3.4)

where ¢ depends only on the constant M in (1.24), on |h,]|0a o |A|0a ar |al|l PR |b|l v a8
well asonn, a, §, 2.

For all B and B’ in  such that B® C B CC  we define hg = dz(B’,dB) > 0, and for
every h € R such that 0 < |h|'/? < hg we define

_ u+hej) —u®
h

with e; the unit coordinate vector in R2+1 in the j direction, j = 1,...,2n 4+ 1.

wp(§) =

Lemma 3.2. The function wy, is a solution of
Hywp, = Fj
with

H, = Z aijij — X 02n41
m,j=1

for suitable Holder-continuous coefficients ay;, X .

Proof. By applying the difference quotient A;; to both sides of Equation (1.18) we get

H(Z2u) (& + hej) — H(Z2u) (&)
h

1 [ld
= / _(H(e(zzu)@ +Hhep) + (1= 0)(Zu)©)) o
0

ALK (€ u(E), Zu(&), Hn1u(®)) =

h do

2 _ 2
Z/O azmk 0(Z%u)(& + hej) + (1 — 0)(Z )(g))de

m,k=1

(ZnZua) &+ he) — (Zn 2 ®)

Z/ Bl,, 0(Z%u)(& + hej) + (1 — 0)(Z%u )(g))deA Hip(E) .

l,p=1
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The expression of A{;H; 5(&) is very complicated because of the fully non linearity of the coeffi-
cients H,; ;. By (1.10) and (1.3)
A HIE) = A (14 143,41) " Arp ) ©)
= Ai((l + ”%n+1)71 (axlxpu + Oy, + a0y, U+ Ay, U

+ b,aypxmu + bpoyx,, U + (a;ap + b;bp)afn“u)

+ i(ax,ypu — Oxpy Ut — ApOyx, U + a1y x, U

byt — bisy eyt + (bpar — bgap)afmu))(é)

= A1+ 5,0) 7 @ (Bt + Byt + Wiy

+ apdyp, 1+ D1y, + bpdy, u + (aap + bibp) oy u)

i (Bt = Bt — Ayt + 1By
prntt + (bpar = biay)2 1) )& + he)
(14 3,00) @O (A1 ©) (0,1, ) (& + )
A7) (B, 10) (6 +hej) + ALbIE) By, 0) (€ +hej)
+ 28359 E) Oy 1) (6 + he))
+ A (aiay + biby) €) (07, 1) € + he)))
(= AJap© By, 1) (& + hes) + Mar(E)(By,1,,,0) & + hey)
o+ 8359 (E) (. 110) (€ + he) = ABIE) Dy 10) (6 + D)
+ AL (bpar = biap)©)(02,, 1) (& + he;) )
(1 10) ™ O (Burwy wn + Dy w0 + @ (V) 01
+ ap(Vu) Oy, wh + b[(Vu)aypanrl wy + bp(Vu)dyx, Wi
- (@rap + biby) (Va2 wy ) + (8, 05 = By

Xn+1

+ bpaxlxn-H u— blax

—ap(Vu)dyx, . wh + ar(Vu)dy, x, ., wh + bp(Vit)dxx, . wh
— by(Vu) sy Wi + (bpar — bray) (Vie)d2 wh))(g) .

Xn+1

The last four lines in the previous equality are

App(wp) 1 5\l
UTM@) =3 (1+ud,) ©(XiXp + X, Xi + Yi¥, + 1Y,
— (Xiap + Xpar + Yiby + Ypb1)dy,,, + i(X,Y,, Y, X

— XY — VX, — (Xibp + Ypar — X pby — Ylap)aan))wh(é) .
Then, by building again the operator, the thesis follows with
) 1
Amk = (1 + u2n+l)/
0

n 1
2x = Z/O sz(H(Zzu)(EJrhe,-)Jr(l—9)(z2u)(g))de-(1+u§n+1)*1

[, p=1

oH
0Zmk

(0(Z2u) € + hej) + (1 = 0)(Z2u) €) ) do .

. ((Xlap + Xpa; + Yibp + Ypbz) + i(lep + Ypar — Xpby — Y;ap)>
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Fi€) = AKE u®), Zu), dupru(€))
nool
_ Zfo Bip(6(Z%u) (& + hej) + (1 = 0)(Z%u)(©)) do

l,p=1

j —1
: (A;l(l + u%n+1) (E)<<ax1xpu + BYIYPM + alaxpanrlu

Xn+1

+ apOxx, U + b1dyx, U + bpOyx, 1+ (alap + blbl’)az ”)
+ i(axlyﬁu - axp)’lu — apdyx, U+ alaypxn+l u

2
+ bpaxlxn+l u-— blaxl)anrl u + (bpal - blap)aer»lu)) (E + he])

+(1+ u%nH)—l(§)<<A£a1($)(axpxn+lu)(g + he))
+ AfapE) (D, ) (€ + hej) + ADIE) By, ,u) (§ + he))
+ ALbp(E) By ) (5 + hey)

+ oy + iy (62, )& + )

(= Afap(E) (B 0) (€ + he) + AL (©) (Oym,10) (€ + )
+ Afbp(E)(xx, 1 1) (& + hej) — ALbIE) (D, 1) (€ + he)

+ Af (bpay — biay) (€) (92, u) (& +he,))>. O

For a strictly Levi convex u, Lemma 2.4 ensures the existence of a positive constant M such
that

2n 2n
Z ajjninj > MZUI-Z, Vo= (n,....mn) € R™.
i,j=1 i=1

Moreover, |Fjlo,«; B/, laijlo,«;p are bounded by a positive constant independent of 4. Hence,
we can apply Proposition 3.1 to wy, and we may assert that for all B” CC B’ there exists a

subsequence of Z; Z;wj, which uniformly converges in Cg(B” )to Z; Z; D ju for every B < «, for
alli,l=1,...,2n,and j =1, ..., 2n + 1. In particular we get the following.

Proposition 3.3. Ifu € C>*(Q) is a strictly Levi convex solution to (1.6), then Du €
C%foc(ﬂ) for every g € (0, o).

4. Smooth regularity
In this section we formally differentiate the nonlinear Equation (1.6), which we write as
in (1.18). Then, by mean of a bootstrap argument, we prove Theorem 1.3.
Let H as in (1.23), with
oH
- (ZZ

hij =
Y 9z

u),
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A asin (1.27) and K defined as in (1.16).

Proof of Proposition 1.5.  In this proof we denote by 9,41 = 9,,, and by v = (vy, ...,
v2,+1) the function in (1.25). Let us differentiate Equation (1.18) with respect to Z,,. By the
determinant’s derivative formula and by using the notations of (2.4)

n
Zn (K (& u, Zu, gy y1ut)) = Z(H(Z%u)) = > ZuHip(Z%u)Bij(Z%u) . 4.1
1, p=1
Let us compute separately Z,Z; Z,,u. Define
wzj:ij a)zj_lzaj, ijl,...,n,

7% _ —Zjy1 ifjisodd,
7 lzj— ifjiseven,

and a)}“ = —Zju. Then, by taking into account (2.2), we get w; = Z;’.‘u and
ZnZgZju + (Oong1u) Zy Zg Zju = ZgZ jom + [ Zm, Zg)(Z ju)
+ Zq([zma Zj]u) + (82n+1M)Z;FanZju
=Z¢Zjvy + (Zma)q — qum)82n+1(Zju)
+ Zq((Zma)j — Zja)m)82n+1u) + (32n+1M)Z;Zquu
=ZyZjvom + (ZmZju — ZyZu)dn11(Z ju)
+ Zy((ZnZju — Z; Zyu)dont1u) + (82n414) Zy Zg Z ju
=7 .7 * * . *
=ZyZjom + (ZnZju — Zy Zyu)on1(Zju) + (ZnZju
— ZjZyu) Zgonrut + (ZgZmnZiu + Zyn Zy Zju — ZyZj Zyu) 3o 4 11
2
= ZyZjvn (14 (020114)°) + g5 Z0) + (24 Zn Zu
+ (242 Zju+ gy 4 (v, Zv))(32n+1u))32n+1u
2
= ZyZjun (1 + (O20110)°) + 8.5, Z0) + (Zn Zy Zju
+ (24, Zn|Zju + (20,24 Z5u + [ 24, Z;y, | Zu
+ &g, (Vs Zv))(32n+1u)>32n+1u
2
= Z,Zjvn (14 (920514)°) + g g, . Z0)
+ (zmzqzjfu +(ZgZiu = Zn Zu)dru1 Ziu
+(Z3 2 Zju+ (= 2y Zot = 23 Zsu) i1 Ziu
8y (0 Z0)) (B2 11) ) Bt
with
8m.q.j (Vs Z0) = (ZnZgu — Zy Zyu) s 1(Zju) + (Zn Ziu — Zj Zyyu) Zgoni1t
and

g s Z0) = (Z3, Zsu + Zg Zyu)don 1 (Zju) + (Zy, Zju + Zj Ziu) Zg o410 .
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Hence, foreverym =1, ...,2n
ZyZyom = (14 (32n+1u)2)—1<(zm + (o 14) Z3) Zg Zju
— (Bans1) (Zn + (Gns10) Z3) Zg Z5t + P (0, Z0))
with v, = Z,u foreverym =1, ..., 2n,
Omq,j(V, ZV) = —gm g, i (v, Zv) — ((Zqunu - ZmZ;u)az,Hleu + (( —ZyZnu
= Zn Zyu)on 1 Ziu + gy 4 1 (v, Zv)) (32n+1u)>32n+1u .
Analogously,
Z5Zgom = (1+ (82n+1u)2>_1((2m + (B 14) Z) Z3 Z2u
+ (82n+1u)(Zm + (82n+1u)an)Z7un + f,f,,q’j(v, Zv)) ,
where fm*’ 0. (v, Zv) does not depend on the third derivatives of u. Hence, by (1.13)
2H15(Z%vm) = (ZZI—IZZp—l + 25, 125+ ZuZop + 25,75
+i(Za-12Z2p + 25,25 — ZuZop-1 — Z;p—lz;l)>vm
= (1 + (82n+1u)2)71(2(2m + (B2nt1u) Zy ) Hap (u)
+ (02n41u) (Zin + (32n+1M)ZZZ) ([Zikz_p Zop-1]u+ (23, ZapJu
+i([Z3ors Zaplu = (231, Zop-1 1)) + @1p(v. Z0))
= (1 + (32n+1u)2>_1(2(2m + (O2ng1u) Zt ) M (w)
+ (82n+1”)2(zm + (82n+1”)27n)(z§1—1w2p—1 — Zap_103_4
+ Zywp — Zopwy; + i(Z§171w2p = Zapwy_y
— Zhwap1 + zzp_lwgl)) + @150, Zv))
= (1 + (32n+1u)2)_1(2(2m + (O2ng1u) Zit ) M (u)
- (Oans1t)’ (Zo + (2ns10) 23, ) (28121 Z3postt + Z2p1 Zai 1
+ 2525 ,u + ZopZou + i(ZZ‘,,lZ’{pu + ZapZoj—1u
- 7525, u— Zzpqzzlbt)) + @15 (v, Zv))
=2(Zm + (02n41u) Zpy ) Hejp () + (1 + (82n+1u)2>_l<01;3(v, Zv) .
By using the previous equality in (4.1) we get
n
> Hip(Z2om) Bip(Z7u) = (Zm + (Bonr1u) Z33) K (8. u, Zu, 830 4111)

l,p=1
+ (v, Zv) .



The Levi Monge—Ampére Equation: Smooth Regularity of Strictly Levi Convex Solutions 321

Let us now consider the derivative d2,+1. We have:

n1Z¢Zju = ZgZj0ony1tt + (0211, Zg| Zju + Zg 0211, Z; Ju
= Z4Z;j0n+1u + 0ont10q0n+1Zju + Zy4 (82n+1a)j82n+1u)
=ZyZ;dnt1u+ 82n+1Z;u82n+1Zju + Zq82n+1u82n+127u
+ Zg (3204127 u) B4 11
=Z4Zj0nt1u + 02n41 (ZqZ;fu)E)Zn_Hu + o)

where
Q) = dons1 Zgudop1Zju + Zgon1udon1Z5u + [Zg, d2n41)ZTudonr1u .
In the same way we get:
Dnt1(Z5Zgu) = Z5Z500n41u — 02p41(Z Zgu) don 1t + ™ (u)
where
@ W) = =1 Zjudm1 Zyu — Zidop11udon+12Zqu — [Z;ﬁ Mnt1]Zqudrnsru .
Then
02n+1 (Zquu + Z;{Z;{u) =Z24Zj0nt1u + 27228211-‘:-1” + 82"""1([24’ Z;]u)
O+ @(u) + ¢ ()
= (Zqu + ZjZ;)aszr]u — Don+1 ((Zquu + Zf;Z;M)aerlu)
- Oonp1u + @(u) + @™ (u)
-1
= (1 + (82n+1u) ) ((Zqu + Z;Z;)azn_;,_]u
_ ((Zquu + Z;Z;”)8§n+lu)32"+1” + o) + (p*(u)) .

Now recall that we put vy, = arctan(9z,41u); then

Zi0u
Zijvont1 = %
1+ (32n+1u)

and

ZgZjomy1u Oon1u Zjdon1u ZgOong1u

Z4Zjvony1 = 7~ 2

1+ (32n+1u) (1 + (32n+1u) )

Since

Zjdnsiu = o1 Zju +[Zj, dont1 Ju
= On+1Zju — 02pn+1w; 02411
S e 4.2)
= Dnp1Zju — Dpy1udnr1Z5u

Zi0on1u = dp 1 Z7u + dpp1udon1 Ziu
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then
Zjont1u + O2p1uZ]00n4 11
On1Zju = 3 ,
1+ (32n+1u)
. 4.3)
. 2501 — DpuZ jOony1u
82n+leu = )

2
14 (a2n+lu)
and by using (4.2) and (4.3) we get

QD(M) + (p*(u) = 32n+1Z;u82,,+1Zju + anzn+1u82n+127u
+ [Zq’ 82”"'1]2;”82"4-1“ - 82n+1ZjM82n+1Z;;u
= Zj0onr1udm1 Zgu — [Z;k Dn+1]Zgudnt1u
= Zyn+1ud2n41Z5u — D4 10g 02041250+ 14
= Z; o 1udrn1 Zgut + 3201107500041 Zyudon 41U
= (Zq82n+]u — 82n+1u82n+1ZZu)82n+]Z;‘fM
- (Z;fazn+]u + 32n+1u82n+1 Zju)82n+] un

= 202 1u(D2n11 Z5udrn 1 Zju + d2n1 Zjudn 1 Zgu)

Zgdon uZ00n1u + Zj0ong1uZgOonyiu

= —20p41u
! 14+ (32n+1bt)2

Hence,
(Z4Zj + Z3Z7)vant1 — dons1(Zg Zju + Z5 Z 1) 20102011
= 00n+1(Zg Zju + Z3 Zu)
and
Hip(Z%vans1) — Qangru(Hip(Z%u) ) 0ons1v20 1 = dang1 (Hip(Z7u)) .

So we get

n

Z (’Hlﬁ(sz2n+1) - 32n+1u(7'llﬁ(Zzu))32n+lU2n+l>Bl,‘;(22u)
l,p=1

n
= Jn+1 Z /H[I;(Zzu)Blﬁ(Zzu)
I,p=1

=t (K (. Zu, b))

By (2.3) we get:

2n
IH
Son16,u, v, Zv) = Z T(ZZM)ZI'Z] (v2ns1) — (nK82n+1M
ij=1 "4
0K 2
+ (1 + (9204 1u) ))82n+lv2n+l
Ouop 1
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that is
2n
oH
> 5 (P ZiZj = Mot | vt = faa 6,0, Z0) O
ij=1 "4

Proof of Theorem 1.3.  Let us define H in terms of u as in (1.23), with

_0H
hij = %(z u)
ol 2
A =nKdy,, u+ (1 + (O, ) ) :
auerrl

and K defined as in (1.16). As an immediate consequence of Proposition 3.3 the coefficients
a,b, i € Cyh (Q), while 22(Z%u) € €} (). Moreover, by Proposition 1.5 the function
’ -1 ] )

v=(v1,..., V2n, v2ut1) = (Z1u, ..., Zoqu, arctan uy, , | )

isa c%‘foc(sz) solutionto Hv = f (-, u, v, Zv) with f = (f1, ..., fant+1) a smooth function of
its arguments. Since the right-hand side in (1.26) is of class C IZ’fOC(Q), we apply Proposition 1.4
withm = 2togetv € C;”fOC(Q) for every y € (0, B).

Then we conclude the proof by induction. Let us assume that the function v defined in (1.25)

belongs to C1» (€2) and prove that v € C;’Tolc’ﬁ(ﬂ) for every B € (0, ). Indeed, a,b, A €

C (), % € C'Z"IOIC’“ (2) and v is a solution to (1.26) with right-hand side of class Cg’jolc‘“ (Q).
' m+1,8

Hence, by Proposition 1.4, v € C, | " (£2) for every 8 € (0, o) and Theorem 1.3 is proved. L]
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