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Generalized Jacobi identities and ball-box theorem
for horizontally regular vector fields*

Annamaria Montanari Daniele Morbidelli

Abstract

Consider a family H := {X; =: f; -V : j = 1,...,m} of C! vector fields in R"
and let s € N. We assume that for all p € {1....,s} and j1,...,75p € {1,...,m}
the horizontal derivatives Xj Xj, -+ X;,_, f;, exist and are Lipschitz continuous with
respect to the control distance defined by H. Then we show that different notions
of commutator agree. This involves an accurate analysis of some algebraic identities
involving nested commutators which seem to have an independent interest.

Our principal applications are a ball-box theorem, the doubling property and the
Poincaré inequality for Hormander vector fields under an intrinsic “horizontal regular-
ity” assumption on their coefficients.
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1. Introduction and main results

In this paper we study the notion of higher order commutator for a given family H =
{X1,..., X} of vector fields in R™. Our main issue is to discuss to what extent the notion
of higher order commutator can be extended to vector fields X; € Cf, . whose higher order
derivatives are assumed to have regularity only along the “horizontal directions” provided
by the family H. The main application of such study consists of a discussion of a class of
almost exponential maps under very low, intrinsic regularity assumptions which is carried
out in [MMI2al]. This enables us to prove a boll-box theorem, the doubling property
and the Poincaré inequality for vector fields satisfying the Hérmander’s bracket-generating
condition of step s > 1 under very low regularity requirements.
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To understand the problem, which starts to appear for commutators of length three,
assume that Xq,...,X,, are vector fields of class Céuc, i.e. of class C! in the Euclidean
sense. Write X; = f; -V for i = 1,...,m. The definition of commutarors of length two is
clear, namely we set

Xjp = (X}fk—ngj)-V:: fik -V forall j ke {l,...,m}

and X0 == fjj,- Vo for ¢ € Cl (R"). Here we denote by X* f(z) := limy_,o +(f(e"Xz)—
f(z)) the Lie derivative along a vector field X € Cf,. of a scalar funciton f (such unusual
notation will be convenient for our purposes).

Passing to length three, we have two alternatives. For each i, j, k, we can define either

Xiji o= (X, [X;, Xpl) o= (XEXEf — XIXLf - XEX0 i+ XEXES) -V, (L)
or

adxi Xjk = (Xlﬁfjk - Xjkfz) -V. (12)

Both operators act on C% . functions. The first one is the most natural and symmetric
(for instance one gets the Jacobi identity for free). The second one appears in some useful
non commutative calculus formulae which play a key role in our work, see Theorem
It is rather easy to see that [X;, [X;, X;]] = adx, Xji, if the involved vector fields are
C% ., so that Euclidean second order derivatives commute (here end hereafter by Cguc we
denote Euclidean C* regularity). In this paper we are able to show that this regularity
is not necessary. Indeed, if we denote by C’?—Z}loc all functions f which have two horizontal

derivatives and such that for all 7,5 € {1,...,m} the function XfX} f is locally Lipschitz
with respect to the distance associated to the vector fields in H, then we have

Theorem 1.1 (see Theorem [B.] for a higher order statement). Let H = {X1,...,X;n}
be a family of C]}Zuc vector fields. Write X; = f; -V and assume that f; € 072-17110(: for all
j€{l,...,m}. Then we have

[XZ', [XjanH = adxi Xjk fOT‘ all 1,7,k € {1, R ,m}.

In Theorem [Tl we give the general version of this statement which involves commuta-
tors of arbitrary length s > 1, where the vector fields f; belong to the class C]}:uc N C;_;li’cl
introduced in Definition 2.1

Although the analysis of statements like Theorem [[LT}together with the techniques
we develop in the proof—may have some independent interest, the strong motivation why
we need to analyze operators like adx, X comes from their natural appearance in the
noncommutative formulas of Theorem and ultimately in the theory of differentiation of
the almost exponential maps E introduced below. Let us mention that in [MM12a] we prove
a higher order orbit theorem for families H in such class; [MMI12al, Example 3.14| shows
that our regularity classes capture examples which do not fall in the classical framework.

In order to show that (II]) and (2] agree, we need to analyze carefully the algebraic
properties of the coefficients appearing in the expansion of nested commutators as sums
of higher order derivatives. In particular, we exploit some higher order algebraic identi-
ties which we denote as “generalized Jacobi identities”; see Proposition B.3] and see also
Proposition [3.7 It is interesting to observe that some of those identities, specialized to
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particular situations, give the proof of some old nested commutators identities going back
to Baker and discussed in [Ote91]. This is discussed in Subsection Bl We believe that
these algebraic features may have some independent interest.

From an historical point of view, let us mention that for commutators of length two,
notions of nonsmooth Lie brackets have been studied deeply by Rampazzo and Suss-
mann [RS07]. The notion of set-valued commutator studied in [RS07] concerns vector
fields which are quite less regular than ours, actually Lipschitz continuous only, but this
approach does not provide a quantitative knowledge of control balls or Poincaré inequali-
ties. Moreover, the notion of set-valued commutator is not clear, if the length exceeds two;
see the counterexample in [RS07, Section 7.2|. We work here at a slightly more comfortable
level of regularity, which ensures that commutators are pointwise defined and “horizontally”
Lipschitz continuous, which will be sufficient to obtain some good information on control
balls.

Next we discuss our applications to sub-Riemannian geometry. Let H = {X1,..., X, }
be a family of vector fields and assume that X; € Cg . N C;[Ji’cl for some s € N. Denote
by Bec(z,7) the Carnot-Carathéodory ball with center at x and radius r. Let P :=
{Y1,...,Y,} be the family of all nested commutators of length at most s. Let length(Y}) =:
¢; < s. Assume that H satisfies the Hérmander condition of step s, i.e. dimspan{Yj(x)} =
n, for all x € R™. To identify a family of n commutators, let us choose a multiindex

I = (i1,...,in) € {1,...,q}". Given a radius r > 0, define the scaled commutators
Y;, = rbu Y;, and the almost exponential map
Ef,l",?”(h) = eXpap(hli}il) e expap(hpi}in)x (13)

for each h close to 0 € R™ (after passing to i’j, the variable h lives at a unit scale). See (L))
for the definition of the approzimate exponential exp,,. Below, B, denotes the control ball
defined by all commutators (with their degrees, see ({1))), which trivially contains the
Carnot—Carathéodory ball B.. with same center and radius defined in (22]). Then we
have the following ball-box theorem and Poincaré inequality. A more detailed statement
is contained in Section [l

Theorem 1.2. Let H be a family of vector fields in the class C’éuc N C;—zjlil:l for some s.
Assume the Hormander condition of step s and assume that Y; € C]%uc for allY; € P. Let
Q C R" be a bounded set. Then there is C' > 1 such that the following holds. Let x €  and
take a positive radius r < C~1. Then there is a subfamily {Y;,,...,Y: } C P such that the
map E := Ey ., in (3) is C' in the Euclidean sense on the unit ball Bry(1) C R™. Its
Jacobian satisfies the estimate C~t|det dE(0)| < |det dE(h)| < Cldet dE(0)| and we have

the ball-box inclusion

E(Bguc(1)) 2 By(z,C7 ). (1.4)
The map E is one-to-one on Bryc(1) and we have
|Bee(z,27)| < C|Bee(z,7)| forallz € Qr < C7L. (1.5)
Moreover, for any C function f we have the Poincaré inequality
[ 0~ Toeoldy < cy L oo Xl Wl (1.6
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It is well known that the doubling estimate and the Poincaré inequality are important
tools in subelliptic PDEs, sub-Riemanninan geometry and analysis in metric spaces; see
[FL83bl INSWSE, [Ter86, SCI2, IGNI6L [Che99, [HKO0O]. Note that inequality (L€) improves
all previous versions of the Poincaré inequality from a regularity standpoint; compare
[Ter86LMO0/BBP12alMM12bMan10]. Indeed, in such papers some higher order Euclidean
regularity were assumed, whereas our higher order derivatives th-il ‘e X?p_l fj, with 2 <

p < s are assumed to be horizontally Lipschitz continuous only. 0

Let us mention that in [MM12a] and [MMI11], relying on the results obtained here, we
also prove an integrability result for orbits, a ball-box theorem and the Poincaré inequality
in a setting where the Hormander’s condition is removed.

Our work in low regularity is also motivated by the appearance, in several recent papers,
of subelliptic PDEs involving nonlinear first order operators. This happens for instance in
several complex variables, while studying graphs with prescribed Levi curvature in C", see
[CLMO02], or in the study of intrinsic regular hypersurfaces in Carnot groups, see [ASCV06],
where vector fields with non Euclidean regularity naturally appear. These papers suggest
that it would be desirable to remove even our assumption X, € C]}:uc for the vector fields
of the horizontal family H. However, note that removing such assumption would destroy
uniqueness of integral curves and dealing efficiently with our almost exponential maps
would require nontrivial new ideas.

Before closing this introduction, we mention some recent papers where nonsmooth
vector fields are discussed. In [SWO06], the case of diagonal vector fields is discussed deeply.
In the Hérmander case, in the model situation of equiregular families of vector fields,
nonsmooth ball-box theorems have been studied by see [KV09LGrel0]. Finally, [BBP12b]
contains a nonsmooth lifting theorem.

Acknowledgements. We thank Francesco Regonati, who helped us to formalize some
of the questions we encountered in Section [3 in the language of polynomial identities.

2. Preliminary facts on horizontal regularity

2.1. Horizontal regularity classes

Vector fields and the control distance. Consider a family H = {Xi,...,X;,} of
vector fields and assume that X; € CL .(R™) for all j. Here and later Cf . means C!
in the Euclidean sense. Write X; =: f; - V, where f;: R" — R"™. The vector field X},
evaluated at a point x € R", will be denoted by X, or X;(z). All the vector fields in this
paper are always defined on the whole space R™.

Define the Franchi-Lanconelli distance [FL83al

d(z,y) = inf {7" >0:y=el? ... enZiy for some p € N
where Z|tj| <1 with Z; € T"H}.

Here and hereafter we let rH := {rXy,...,rX,,} and £rH = {xrXy,...,+rX,,}.

!Technically speaking, both the approaches adopted in in [BBP12a] and [MMI2b]—via Euclidean Taylor
approximation or Euclidean regularization—do not work in our situation, because one cannot prove that
higher order commutators of mollified vector fields converge to mollified of the corresponding commutators.
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Let also d.. be the Fefferman—Phong and Nagel-Stein-Wainger distance [FP83|NSW85|

dec(,y) :=inf {r > 0: there is v € Lipg,.((0,1),R™) with 4(0) = =

_ 2.2
v(1) =y and (t) € {Z1§j§m i X ) le| < 7“} for a.e. t €0, 1]} (2.2)

As usual, we call Carnot—Carathéodory or control distance the distance d... Note that in
the definition of d. we may choose paths vy such that y = >, b;(t)X; () where b: (0,1) —
Bruc(0,7) is measurable, see Remark In the present paper we shall make a prevalent
use of the distance d. In the definition of both distances we agree that d(z,y) = +oo if
there are no paths in the pertinent class which connect x and y.

Horizontal regularity classes. Here we define our notion of horizontal regularity in
terms of the distance d. Note that we do not use the control distance d..

Definition 2.1. Let H := {X1,,...,X;»} be a family of vector fields, X; € C]}:uc. Let
d be their distance 2.1 Let g : R™ — R. We say that g is d-continuous, and we write
g € CY(R™), if for all z € R, we have |g(y) — g(z)| = 0, as d(z,y) — 0. We say that
g :R™ — R is H-Lipschitz or d-Lipschitz in A C R™ if

Lipy(g; A) == sup —F—F— < 0.

o) ryed azy AT,y

We say that g € C,(R™) if the derivative X}g(m) = limyo(f(e!Xiz) — f(x))/t is a d-
continuous function for any j = 1,...,m. We say that g € C;Ift(R") if all the derivatives
X?l . X]Fipg are d-continuous for p < k and ji,...,jp, € {1,...,m}. If all the derivatives
X?l . X]t.ilC g are d-Lipschitz on each ) bounded set in the Euclidean metric, then we say

that g € CQIIOC(R"). Finally, denote the usual Euclidean Lipschitz constant of g on A C R™
by Lipgyc(g; A)-

We will usually deal with vector fields which are of class at least Cf . N C;Tli’cl, where
s > 1 is a suitable integer. In this case it turns out that commutators up to the order s can
be defined, see Definition 2.3] and Remark It will take a quite hard work (the whole
Section [3]) to show that the different notions given in Definition 23] actually agree.

Definitions of commutator. Our purpose now is to show that, given a family H of

vector fields with X; € C';_glé’cl N C]}:uc, then commutators can be defined up to length s.
For any ¢ € N, denote by Wy := {wy---wy : w; € {1,...,m}} the words of length

|w| := £ in the alphabet 1,2,...,m. Let also G; be the group of permutations of ¢ letters.

Definition 2.2 (Coefficients my(c)). Define m; : &y — {—1,0,1} as follows: let us agree
that m (o) = 1 for the unique o € &,. Then, for o € Gy, let my(0) := 1, if 0(01) = 01 and
mo(0) := —1, if 0(01) = 10. Then, define inductively for { > 2,

me41(0) :i=me(o) if (01---4) =00(1---¢) and 0 € &y
me41(0) == —my(o) if o(01---4)=0(1---£)0 and 0 € Sy (2.3)
71(3) =0 it Go(01---0) £ 0 # 5,01+ 0).
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Here we used the notation ¢(01---¢) = g¢(01---£)c1(01---£)---7¢(01---£). The co-
efficients 7, are designed in order to write commutators in a convenient way. Indeed,

if Ay,..., A, @V — V are linear operators on a vector space V', then one can check
inductively that, given a word w = wy - - - wy, we have
[Aw17 [Aw27 cee [sz—lvAweH o ] - Z WZ(U)AO'I(’LU)AO'Q(’LU) T Aag(w)- (2'4)
ceSy

We will benefit later of the property
mo(or--0p) = (=) g0y --0p) forall o € Sy (2.5)
We are now ready to define commutators for vector fields in our regularity classes.

Definition 2.3 (Definitions of commutator). Given a family H = {Xy,... X,,} of vector
fields of class C?Tlé’cl N Cg,., define, for 1 € C}{, X]ﬁqb(az) := Lx,(x), the Lie derivative;
let also X (x) := fj(z) - Vop(z) where ¢ € Cf,.. Moreover, let

fo =Y m(0)(Xoyw) - Xop () foptw)) for all w with |w] < s,

geSy
Xowth = [Xuyss s [Xugys Xug | = fu - Vb forallp € Ohyo |w| < s,
Xty = Zﬁ; W(U)Xgl(w) e ng,l(w)ng(w)w for allp € C5, |w| <s— 1.
geGy

Given words u and v, define the (possibly non-nested) commutators

f[u}v = Xﬁfv - ngu

= D @B (Xayw  Xap@ Xs10)  X5,-100) f5a(0)
ace6,,0e6,
— Xpy) - Xpy) Xaa () Xay 1 (w) fop(u))
Xpgo = [Xu, Xo] = flujo - V= (Xbfo — X0f) -V iful + [v] < s,

[Xu, XoJF 1= X, = XEXE = XEXE  if [ul + o] <s -1,

Jv

where X, and Xﬁu}v act respectively on C’éuc and C;_QZH‘U‘ functions. Finally, for any

je{l,...,m} and w with 1 < |w| < s, let
adx, Xotp = (X:fu — fu Vi) Vo = (X5 fu — Xofy) -V for all ¢ € O (2.6)

Note that we will never need in this paper the commutators X% for lw| = s.

Remark 2.4. Let Z € £H, where H is a family in C’S_llo’c1 N Chye- If [w| < s—1, then
there are no problems in defining adz X,,. More preciée]y, in Theorem [31] we will see
that ady X, = [Z, X,]. If instead |w| = s, then the function t — f,(e!?z) is Lipschitz
continuous. In particular it is differentiable for a.e. t. In other words, for any fixed x € R",
the limit % fw(e?x) =: ZFf, (e x) exists for a.e. t close to 0. Therefore the pointwise
derivative Z*f,,(y) exists for almost all y € R™ and ultimately ady X,, is defined almost

everywhere. See the discussion in Theorem [2.6+(b) and Proposition
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We will recognize that the first order operator X,, agrees with Xﬁ; against functions
(NS C;{_li’cl N Cg,. and for |w| < s — 1. This is trivial if |w| = 1, because Xyt := fj - V1
and X,Ez/; := Lx, 1 are the same, if both X}, and v are Céuc.

Remark 2.5. Both our definitions of commutator, X,, and Xﬁ; are well posed from an
algebraic point of view. Indeed, it is easy to check that [X,, X,] = (ngu — ngu) -V =
—[Xy, Xu]. Moreover
[Xw’ [qu Xv]] = (Xzﬁuf[u]v - [Xu’ Xv]ﬁfw) -V
= (XLXEfo — XX fu = XX fu + XEXEfu} -V,

for any u,v,w with |u| + |v| + |w| < s. This immediatley implies the Jacobi identity
(X, [Xo, Xuol] + [Xo, [Xo- Xul] + [Xo, [Xu, Xo]] = 0. (2.7)

Antisymmetry and the Jacobi identity for the commutators X% can be checked with the
same argument.

Let 9 C R™ be a fixed open set, bounded in the Euclidean metric. Given a family H
of vector fields of class C]}Zuc N C’;’Lé’cl, introduce the constant

o= Y Lo (16l #1905+ 01X X7 )
Qo

Jisnds=1 p<s (2.8)

+ Lipg(XF - X2 fis QO)}.

Fix also Q2 € Qg. We shall always choose points € {2 and we fix a constant g > 0 small
enough to ensure that

e e™NINE € Qo ifxeQ, Z; €M, |1j| <topand N < Ny, (2.9)

where Ny is a suitable algebraic constant which depends on the data n, m and s associated
with the family .

2.2. Non commutative formulas

In this section we discuss some preliminary tools on noncommutative calculus. Some of
the objects we discuss here already appeared in [MM12b], for Hérmander vector fields, in
a higher regularity setting. Observe that Theorem has also a relevant role in [MM12al
Lemma 3.1 and Theorem 3.5].

Theorem 2.6. Let H be a family of C]}Zuc N C;_[li’cl smooth vector fields. Fix Z € +H and
Xy with |lw| > 1. Then:

(a) if lw| < s—1, then, for all ) € CL., y € QX and |t| <ty (see 29)) we have

uc’

d

— Xu(e ) (e?y) = adz Xo (e ) (ey); (2.10)
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(b) if |lw| = s, then for any ¢ € Cf,. and y € Q the function p(t) == Xy, (Ye 7)(et?y)
is Fuclidean Lipschitz and satisfies

d
an(zpe*tZ)(eth) = ady Xy (e %) (2 x)  for a.e. t € (—tg,tg). (2.11)

To comment on (ZI0), assume that Z = X for some j € {1,...,m}. Note that in
Theorem 3.1l we will show that adx, Xy = [Xj, Xyu] = Xju, if [w| <s—1, j € {1,...,m}.
Looking instead at equation (Z.I1]), the operator adz X,, has been defined in (2.0]). If we
assume the Hormander condition of step s, we shall see in Proposition [4.1] that we can
write

Lz Xw(We ) () = %Xw(zpe_tz)(etzx) = Z VU)X, (e ) (e x),  (2.12)
1<ul<s

where the functions b* may depend on Z, w,x and are measurable and bounded.

Remark 2.7. The proof of ([Z10) is standard for smooth (say at least C?) vector fields, see
[KN96, Proposition 1.9], or, for a different argument, [Aub01l, Proposition 3.5] and [MMI12b),
Lemma 3.1]. Note also that Ue™" (e!Vx) = ey (U,wv,), by definition of tangent map.
Thus, (LyU)y = %Ue_tv(etvx)|t:0, by definition of Lie derivative. Then, in Step 1 of the
proof below, we are proving nothing but the probably known fact that LyU = (VE—Un)-V,

ifV=n-VandU=¢-VeCL,.
Proof of Theorem [2.d. We split the proof in three steps.

Step 1. We prove that for any U = £ -V € C'éuc and V =1n-V € C}
xr eR”

ue we have for all

d
EU(iﬁe*tv)(etvx) = [V,U](pe V) (eV'z) if |t] is small enough.

Here [V,U] := (V€ —Un) -V and ¢ € CL .

Let ¢ € C]}:uc. Take the usual smooth approximations V7 =n? -V, U? = £7-V and ¢°.
Since V and U are C', elementary properties of Euclidean mollifiers show that n° — 7,
£ — £ and V77 —U%n° — V& — Un, uniformly on compact sets, as ¢ — 0. Therefore,
we have

iUO’ (wae—t\/")(et\/ox) —Voye (wae—t\/”)(etvf’x) —_U°vye (wae—tvo)(etvf’x)

dt
— (V& — U )V ) - V(e V) (e ) = R(o).

First equality is provided in textbooks, see Remark 2.7l In our notation, the intermediate
term here is [V, U)* (e V") (e!V " x). Both its addends may have a not clear behaviour,
as 0 — 0. After the cancellation, second derivatives against ¢?e """ disappear and we
may let 0 — 0 in the second line. By standard ODE theory, see for example [Har02|
Chapter 5], Ve!V” — Ve!V'| uniformly on 2 and [t| < ¢, as 0 — 0. Then lim,_,o R(0) =
[V, U](xpe=") (et z), uniformly on t € [~tg,to] and x € 2. Moreover,

lim U (7e V") (Y 2) = Upe V) (eVx) forall t € [—to,tg] = € Q.

o—0

Therefore, Step 1 is accomplished.
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Step 2. We prove statement (a). By uniqueness of the flow of Z, we may work with ¢ = 0.

d

E Xl ) )| = tim L [fule%e) ~ ful@)] - V(e ) (%)

t=0 t—=0t¢
+ fula) - V(e ?)(e2a) - Vo)) }.

But lim;_,q t[fw( 2z) — fu(x)] = ZFf,(z) exists, because f,, € C},. Moreover, since
Oy...,0n, Z € CEuC, Step 1 gives for all a € {1,...,n},

.1 -

limy [0 (e ™7) (e 2) — Batp(2)] = [Z, 0a)ti(w) = —0af(x) - Vib(2), (2.13)

where Z = f - V. This concludes the proof of Step 2.

Step 3. Proof of (b). We will show that t + X, (e ?)(e!?x) =: @(t) is Lipschitz
continuous on [—tg, to] for all x € Q.

(1) — o(t) = fu(eZx) - [V(pe ™) (e x) — V(e ) (e x)]
+[fu(e™) = ful(e?)] - V(e ?) (e P x).

But, since f,, € Lipy, we have |f,,(e7?x)— fu,(e!? )| < C|r—t|. Moreover, if t € (—tg, o) is
a differentiability point for ¢ — f,(e/?z), we have lim,_;(fy,(e7?x) — fu(e!?x)) /(T —t) =
Z f,(et?2), by definition of derivative along Z. Finally, for any o« € {1,...,n}, (ZI3)
shows that the function t — 9, (e %) (et?x) € CL . and that

%&1(1#67%)(6’523:) = —Ouf (e x) - V(e ) (e x).

Then the proof of (b) is easily concluded. O

2.3. Integral remainders

Here we introduce a class of integral remainders Op(t>‘, 1,y). There is a reason why we use
a different notation from the seemingly similar remainders Rp(tA,z/J,y) appearing in the
Taylor formula below, see (2.21]). Namely, the remainders Op(...) have a much more “bal-
anced” structure. Under suitable involutivity conditions and using such balanced structure,
in [MM12a] we will be able to show that they can be given a pointwise form (a consequence
of this fact is the pointwise form of the remainders in expansion (£9)).

Let H be a family in the regularity class C;{_l’l NCL. Let x\e N, pe{2,...,s+1}.
We denote, for y € 2 and ¢ € [0,%], ¥ € Cp.(Q0)

t>‘ 0, y) Z/ wi(t, ) (wgo_le TZi (e” @,y)d (2.14)

where N is a suitable integer and 1) is the identity map or ¢ = exp(tZ;) - - - exp(tZ,), for
some integer 1 and suitable vector fields Z; € H. The “balanced structure” we mentioned
above, follows from identity (Vp; te™™%)(e™ % piy) = ¥(y).

To describe the generic term of the sum above, we drop the dependence on i:

()= [ wlt. )Xol ) i (215)

9
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Here X, is a commutator of length |w| = p — 1 and X € +H. Moreover, for any t < tg,
the function w(¢, 7) is a polynomial, homogeneous of degree A\ — 1 in all variables (¢, 7), so
that

t
/ w(t,7)dr = bt* for any t >0 (2.16)
0

for a suitable constant b € R. The map ¢ is the identity map or otherwise it has the form
@ = exp(tZy)---exp(tZ,) for some v € N, where Z; € £7. Observe that, if p < s, i.e.
|lw| < s—1, Lemma (a) gives

() = /0 w(t, ) ady Xo (o e ™) (e oy)dr.

Therefore the remainder has the same form of the analogous term in [MMI12b, Eq. (3.5)],
provided that we are able to show that adx X,, = [X, X,,] (this will be achieved in The-
orem [B1]). If instead p = s + 1, i.e. |w| = s, we need to use part Theorem 2.6-(b) to get
some information on the remainder. See also Proposition ]l and see the paper [MMI12a
for a detailed discussion of remainders of higher order Ogyq(---).

A remainder of the form ([2.14) satisfies for every a, A € N and p < s + 1 estimate

tY0, (1N, y) = Op(t* ™ b, y) forall yeQ te 0t (2.17)

Let us also recall estimate

|0p(t*, 3, )| < C, (2.18)

which holds for p < s+ 1, A € N. To see ([ZI8), just observe that, at any ¢ and for
je{l,...,m} and |w| < s, we have

%Xw(w’le’“f )(eTXfcpx)( = |adx, Xu(vo te ™) (e pa)| < C,

at any 7 such that X?fw(eTXﬂ' @x) exists. Here we use the trivial estimate |adx, X,| <

]X}fw] + | Xw fj| < C, because f,, € Lipy and f; € Cf,...
Note finally that, if 7 € {1,...,m}, p < s+ 1and Z € +H, we have

Op(tY, e, y) = Op(t, 0, €7 y).

Proposition 2.8. Assume that p < s and assume that adx; X, = Xjy for all word w

with length |w| < p—1 and j € {1,...,m}. Then there are constants ¢, |w| = p, such
that
Op(t)\ﬂ/),?/) = Z thAXw¢(y) + Oerl(t)\Jrl’w’y)' (219)
lwl=p

The proof of Proposition [Z8 has been given in [MMI2b, Proposition 3.3] for smooth
vector fields. The argument is the same in our case. One just needs to check that all the
computations we made there work perfectely in our regularity setting. We omit the details.

Remark 2.9. e The statement of Proposition [2.8, and in particular the assumption
adx; Xy = Xjy, is designed in order to be a part of the induction machinery we
shall implement to prove Theorem [3] in the following section.

10



A. Montanari and D. Morbidelli, Jacobi identities and ball-box theorems

e The generalization of ([2.19) to the case p = s+ 1 is discussed under the Hérmander
condition in Section [, see (A2)). In the companion paper [MMI2a|] we deal with a
more general situation.

Remark 2.10. Let for a while H = {X1,...,X,,} be a family of smooth vector fields.
Iterating Theorem [2.6, we have for x € Q and |t| sufficiently small

l
tled
Xw(weftz“ o eftZ1 )1’ — Z ad;ﬁ . ad%i wa(eftzu . e*tZl(L.)J (2 20)
laf=0 | |

+ O€+\w| (t€+17 ¥, 1’)

Formula ([2.20) will be referred to later.

Taylor formula with integral remainder. Here we show that functions of class C;{_li’cl
enjoy an elementary Taylor expansion with integral remainder. Let p, A € N. Denote by
Rp(t)‘, 1, x) a sum of a finite number of terms of the form

t
d .
[t (0 (e (2.21)
where the polynomial w(t, ) is homogeneous of degree A — 1 in all variables (¢, 7). This
ensures that fotw(t,T)dT = Ct, for any t > 0. Moreover, i,71,... Ju €{1,...,m}, ki +
<-4k, = p—1. The map ¢ is the identity map or it has the form ¢ = exp(tZ1) - - -exp(tZ,)
for some v € N, where Z; € £H. If & C R" is bounded, then we have, for all z € Q,
’t’ < to,
| Ry(t, 90, 2)] < C'Lipy, ((X5)M - (XE )orap, Ba(x, C|t])) 1,

where t is positive, small enough, see (2.9]).
Denote A1 Jag := ATTAI2 ... Adag := X1 ... ¢! Xia g where jp, ... g €{1,...,m}.

Lemma 2.11. Let ¢ € Cifllo’cl, for some € < s. Then for any ¢ > 1 and j1,...,74 €

{1,...,m}, we have in standard multi-index notation
. £Ik]
i) = Y (X (M) R ). (222)
k1,eskq>0 ’

ki thg<t—1

Proof. We prove formula (2.22]) by induction on ¢ > 1. Fix j € {1,...,m}. Let ¢ € Cﬁ;li’cl,
Then (%)kw(e”{ix) = (X?)kw(etxfx), for k = 0,1,...,¢ — 1. Moreover, the function
t— (Xg)é_lw(etXﬂ'x) is Euclidean Lipschitz and, for a.e. t € (—tg, o), its derivative can
be estimated by LipH((Xg)g_lqb; By(x,tg)). Therefore, the Taylor formula gives

k t(p_ -1
w(eth ):Z(X]ﬁ)kqb(x)%_k/o %%(X?)le(eTij)dT

<|\??‘
—

= Z(X]ﬁ)l%ﬁ(x)ﬁ + Rﬁ(t{ (o x)

k!
k=0

11
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Next we give the induction step. Let ¢ > 1. Then,

-1

o o ko o
¢(A]0A]1..~jqx) — Z (Xgo)kolb(A]l"'qu)t_ + Rg(tz,lﬁ,Ahm]q$)
ko!
ko=0
-1 ko . E § \k thit kg
== X @) ) e)
ko—0 0° k1,.onkq>0 1 q
k1 +tkg <l—1—ko
+ Ry_geg (1700, (X2 Yoy, m)} Rt 0, ).
The proof is concluded by property t*0 R, (t‘=*o, (X?O)’“qu, z) = Ry(t!, v, x). O

3. Commutator identities

In this section we show that, if the vector fields of the family H belong to C;Zli’cl N Chyes
then the various notions of commutators introduced in Definition 23] agree. This requires
a quite elaborate algebraic work which will be performed in the first subsection. Later
on, we will show that the machinary we construct, in particular the generalized Jacobi
identities in Proposition B.3] can be useful to detect nested commutators identities.

Let # = {Xi,...,X,;,} be family of vector fields of class Cf,. N Cf_[_l(l)c1 We use the
notation W, to indicate the set of words w = wy - - - wy of length /.

The main result of this section is the following theorem, which has a key role in the
proof of [MMI12a, Theorems 3.5 and 3.8] and ultimately of Theorem [A3] here; see the
discussion at the beginning of [MMI2al Subsection 3.2].

Theorem 3.1. Let H be a family of vector fields of class Cg . N C;[li’cl. Then, if 1 < £ <
s — 1, the following statements are equivalent and true.

(i) For any w € W, and for allp € CL,.N Cﬁ}loc we have
Xt = Xk, (3.1)
(ii) For any Z =1 -V € Ch,.N Cﬁ}loc and for all w € Wy, we have
adz Xy = [Z, Xyl for all p € Ci,.. (3.2)
Remark 3.2. In view of Theorem [31], formula (210) in Theorem 2.6l becomes,

d

%Xw(ibe_tz)(etzy) = [Z, Xul(e ) (y) iflw| <s—1 te(~to,t).  (3.3)

The case |w| = s will be discussed in Section [4, see e.g. Proposition

To prove Theorem [3.I], we need the following proposition which may have some inde-
pendent interest.

12
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Proposition 3.3 (Generalized Jacobi identities). Let H be a family in the regularity class

C;{_li’cl N C]}]uc. For anyv € Wy, w € Wy, p,q > 1, p+q < s, we have

XMW = Z 7Tp(o-))(cn(v)...op(v)w' (3.4)
oe6y,

If lw| =0, then B4) fails, but for any v = vy ---vg € Wy, £ < s, we have
Xy = - Z 7-(-K(O-))(al(U)...ag(v)' (35)
ceGy

Before proving the proposition, to explain the reason of our terminology, we give a
couple of examples to show that our identities, suitably specialized, give back some familiar
identities. See also Subsection [3.11

Example 3.4. Let X1, X2 and X3 be sufficiently smooth vector fields. Then
1

(X1, [Xo, X3]] = X193 = 3 Z 73(0) X o, (123)00 (123) 03 (123)
ceG3

= é{Xms — X132 — Xos1 + X321}
= é{[Xl, (X2, X3]] — [X1, [ X3, Xa]] — [ X2, [ X3, X1]] + [ X3, [ X2, X1]]}
2 1

= 5 [X1, [ X2, X3]] 3

3 [X27 [X37X1]] - é[Xg, [Xl,XQ]].

Comparing the first and the list line one can recognize the familiar Jacobi identity.

Example 3.5. Here, looking at the fourth order identity (3.3]) with ¢ = 4 and taking
w = 1212, we check the nested commutators identity

X212 = Xo112 = — X221 (3.6)

discussed in [Ote9], eq. (4.3)]. To get (3.6), start from the 4-th order formula

1
X234 = Z{X1234 — X243 — Xi340 + X432 — Xosa1 + Xoaz1 + Xsa01 — Xuzo1}-
Letting 1 instead of 3 and 2 instead of 4, we get
4X1212 = X1212 — X1221 — X1122 + X1212 — Xo121 + Xoo211 + Xi221 — Xo191,

which is equivalent to 2X1919 = —2Xo9191, and gives immediately (3.6]).

Proof of Proposition[3.3. To prove ([3.4]), we argue by induction on |v|. The property is
trivial if [v] =1 and 1 < |w| < s — 1. Assume that for a given p € {1,...,s — 2}, formula
([34) holds for all v, w with |v| = p and 1 < |w| < s — p and we will prove that it holds for
any v,w with [v| =p+1land 1 <|w| <s—p—1.

13
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Write v = vgv € Wp41 and o(v) = oo(vov)...op(vov). Then the defining property
(23)) of the coefficients 7(o) gives

> 1p18) X505, (0)- 50 0w

U€6p+1
= Z WP(O-) (Xv001(0)~~~ap(v)w - Xal(v)---ap(v)vow)
oc6,
= [XUO, Z wp(a)Xal(U),,,(,p(U)w] — Z Tp(0) Xy (v)op(v)vow  (inductive assumption)
o€y o€y
= [XU()?X[U}w] - X[U}Uow = X[Uov]w7

by the Jacobi identity (Z.7) and the antisymmetry. Thus ([3.4]) is proved.
To prove (3.5)), we work by induction. The statement for ¢ = 2 is obvious. Assume
that (30 holds for some ¢ € {2,...,s — 1}. We need to show that

Xopgw = 1 Z 7Tg+1(5)XgOglmge for all vov = vovy - - - vp € Weaq,

0€6p41

where for all j we denoted o; = ¢;(vov). But the definition of 7,4, the induction assump-
tion and (34]) show that

Z ﬂ(&)Xgoal...az = Z TQ(U)(X’UOO'I'“O'Z - X01"'0wo)

5€6z+1 ceGy

= [Xoo, Z T0(0) Xoy o] — Z 70(0) Xo, w000

oeSy geSy
= ngov - X[U}Uo = (6 + 1)XU0U7

as desired. O
Recall the notation AFtkeg := Xk ... Xk where ¢ € N and kje{l,...,m}.

Lemma 3.6. For any ¢ € {2,...,s — 1}, for each w € Wy and for each ¢ € C’%lloc, we
have

f — op(w)o1(w) n
X:(x }g%#;m P(A x) for all x € R™.
o€Gy

Proof. To prove the statement, we shall show the Taylor expansion

S m@)B(AT ) = U Xh () + Rer () 6,0) forall e Clh (37)
ceSy

We will work by induction. The statement for £ = 2 follows immediately from the Taylor
formula (2.22]). Indeed

(AN z) = (x) + (X + X[ (2)

2
+ (KB + (X2 + 2XEXE) (1) + Rol, 9, 2),

14
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where j,k € {1,...,m}. Thus ¢(AFAIz) — (A AFz) = 2X5 0 (x) + Ry(£3, 9, ).
Let us assume that (B.7) holds for some ¢ € {2,...,s — 2}. Looking at the Taylor
expansion (2.22]), this means that

tled N .
>0 W(U)J(Xgl) L (XE ) p(a) = ' Xhp(x)  for all t,w and ¥ € Oyl
0€&y |a|=0 ’
In particular, if £ < £ — 1, we have
5 gle
Z ol Z L (XE)(x) =0 for all ¢, 2. (3.8)
|a|=0 €6y

/+1,1
C+

In order to prove the induction step, let ¢ € H.loc - Then, omitting all the f symbols

S T @)(A% T

EEG[+1
= 3 o) (a7 ) — plaeosy))
ceSy
{+1 t|a‘+5 5 ,
- Z alp! Z WZ(U) (‘XWO‘X%1 o Xgéee (1‘) - Xgéll e Xg;Xwow(x))
laj+8=0 " o€,
+ R€+2 (t€+2’ TIZ), x)

/+1 |a

\
Z P> mo)(XG- Xgt(a) = XG1 - Xgt(x))

|a|=0 : gES,

tlel
Y D (K XS X () = X0 X5 Xy t(@))

la|=0 " 0€B,

K—l—l Z+1 t|a‘

Z D2 o 2o M) (XEXG e Xpple) = Xg e XX (@)
" |al=0 : ST

+ R€+2(t£+2’ TIZ), x)

Now note that the first line (case 5 = 0) vanishes trivially. The third line, where § > 2,

vanishes by virtue of () (note that X5 1 € Cﬁrﬁmﬁ 7). It remains the term with 5 =1
which gives

Y mea(@)Y(AT N x) = (X X (x) — XEXE (@) + Repa(t2, 4, 2)

€Sy

= 1 X (@) + Rega (82,4, ),
by definition of Xﬂmw. O

Proof of Theorem [3. We first show that (i) and (ii) are equivalent for £ = 2,...,s — 1.
The statement is obvious if £ = 1. Let now ¢ € {2,...,s — 1} and take Z = ¢ -V €

15
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0721 NCE,.. Fix alsow € Wy. Comparing the definitions adz X, := (Z8 fp — Xowth) - V and
(Z, X, = (ZF foy — Xﬁjzp) -V, we immediately recognize that (i) and (ii) are equivalent.

Next we prove that (i) holds for all £ € {2,...,s—1}. In view of Lemma B.6] it suffices
to prove that for all w = wy ---wp € Wy, we have

: 1 op(w)--o1(w
fim 3, (A k) = ; Te(0) Xy ) Xog_s(w) et (@) - Vi (2),
o ¢ (o) 4

(3.9)
for any ¢ € C’ﬁzlloc N CI}]uc and for all £ =2,3,...,5s — 1.
We first prove the statement for ¢ = 2. Fix X, Xy, € {X1,..., X} and ¢ €
072-17110(: N Cfe- We need to show that

: 1 o2(w o1 \w n
}5%15_2 g@: To(o)p(AT2 WA W gy = X ab(z)  for all z € R, (3.10)
LECH

where Xywy = (Xun fws — Xun fur) - V. Observe that since trivially Xy = Xy for all
(NS Céuc and k=1,..., m, we already have

adx, X; = Xy; forall k,ie {1,...,m}. (3.11)

For each fixed z, let g(t) := >, ma(0)y(A72A% z). Here we take the abridged notation
o; = oi(w). We will prove (BI0) by calculating the limit in the left-hand side with
de I’'Hopital’s rule.

gt) = m(0){Xo (A7) (A7 z) + Xpph(A A% ) }
c€eBy
= 3 (o) { Xo, (AA 2) + Xoy (A% A% 1) (3.12)
c€By
T Xy W(AT A% 2)(~t) + Og(12,, A7 )}

Here we already used Theorem and we also invoked ([B.I1)) to claim that adx,, X, =
Xsy0,- To accomplish the proof for ¢ = 2, observe first that

1

fi g7 2 ™) (Xoun (AT AT () + O, 8778)) = X 2).

Here we used estimate (2.I8) and the definition of my(0). Therefore the last line of (B.12])
has the expected behaviour. It remains to show that the second one behaves as O(t?), as
t — 0. To prove this claim, introduce ¢ := X, ¥ + Xyt € C’?l_[’lloc. The Taylor formula

222) gives
(A A z) — (AT A2 z) = p(x) + (Xuy,o(x) + Xy p(2))t + Ro(t?, @, x)
—{o(@) + (Xu,0(x) + Xu,o(x))t + Ro(t?, 0, 2) } = R3(t*, 9, 2),

as t — 0. Therefore,

1 1
3 - 0201 0201 — i - 0201 —
}H% P (o) <X(,1¢(A z) + Xy (A x)) = }H% [ 2 mo(0)p (A2 x) = 0,
o 2 g 2

16
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as desired.
Next we show the induction step (which is not needed if s < 3). Assume that s > 4
and that for some ¢ € {3,...,s — 1} we have

Xyp=Xbp forall g€ Ch, NCybt o] <01 (3.13)

We want to show ([B.9) for all ¢ € C’iilloc NCL.. and |w| = L.
Fix z and let g(t) := > e, me(0) (A% - - A%l x), where 0; = oj(w). It suffices to
show that lim;_,0 g(t)/t" = X9 (z). This will follow by de I'Hépital’s rule, as soon as we

prove that
g'(t)

}_r)ré 1 = Xuwi(x). (3.14)

To show (B3.I4]), observe first that by the induction assumption we have

ady; Xy = X}, forall je{l,...,m} |v|]<{-—1. (3.15)

Now we calculate ¢'(t) keeping (2.20) into account.

l

G0 = 3 mlo) S Xy, (pATET) (AT )

oeGy 7j=1
(_t)k'j+1 otk

_ X R PR
Z 7Tg(0') Z Z 07---0 fl_lajw( x) k‘j+1! s k?g'

O'EG[ j*l O<k‘j+1+ +k[<€—1
+ Opp (1,90, A7),

In view of (B.I5]), we can expand as in (Z20) and use identity ad];f% cad X, =
ki1

Ti+1
0
O, 0 j

%, which is legitimate because k¢ 4 --- + kj11 < £ — 1, see (3.I5). We may
rearrange as

gt = mlo) Y X (A7)

oeB, 1<iy <t
¢ I
-1 op0
DI CIDY > by! b byl by! D> mlo) > X o2y VATT2)
=2 p=2 1+byt-tby=p o€, 1<z‘1<---<ip<é Tip 7 %0
b2,....bp>1

+Op (t° 1/) ATr)

+Z 'U'IH lehf,p Zlhgg()
+OZ+1( 7¢7AU€ le)'

Everywhere o; stands for o;(w).
The proof of ([BI4) will be a consequence of the following three facts.

Fact 1. We have o1 '
i T @) CU - 0) = Xa).

t—0 (=1 14
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Fact 2. For any p € {1,...,¢ — 1}, we have

. —1 _
tim 2y 0) = 0
Fact 3. We have .
o (O
%g% T =0. (3.16)
M:

Facts 1,2, and 3 give easily the proof of (3.14) and of the theorem.
To check Fact 1, just observe that property (23] and the generalized Jacobi iden-

tity (B.0) give
—t -1 ( 1 /—1 (_1)671

lim~————hy ¢(t) = %hw(o) = Z 70(0) Xopoy V(1) = Xy1p(),
ceGy

as desired. Note that we used limy_.q he¢(t) = hye(0).
To verify Fact 2, note first that lim;_,o he () = hep(0). Thus

h&p(O) = Z ﬁ{ Z 77[(0) Z Xol.)p---obml(b(x)}

1+bo+---tbp=F oeSy 1<t < <ip <L i ‘2
b2,...,bp>1

1
:Zmo,

1+by+-+bp=¢
b2, bp>1

because for any p < ¢ —1 and by,...,b, > 1, the term {--- } vanishes by Proposition B.7]
below.

Finally we discuss Fact 3. Here it does not suffice to know that H,(t) — H,(0), as
t — 0. We need instead a more refined expansion, whose explicit analysis is of considerable
algebraic difficulty. Therefore, we use a slightly more implicit argument. First of all we
expand all the terms by means of the Taylor formula, taking into account that ¢ € Cﬁz,l

loc*

By inductive assumption we may claim that Xaz_)p by Y =X ! 1. Thus we
1

b b
11)---01-2 Oiq 015...0122@
express the latter as a sum of horizontal derivatives of order p with suitable coefficients.
This gives for u € {2,...,,0— 1},

n
b= 3 7b2!_?_bplzw<a) S X, L, wan)

. ag
p=1 14bo+-+bp=p 1<ip<-<ip<e P2
ba,....bp>1

=2 D ey XA )

2,0,0,8 (ki,....kun)€{wr,...,we I

l=p ok

7b7 7‘

= 2 > LLOLIl (X ) (XE, )X, - X ()
|a|=0 p,b,0i (kl,--nku)E{wl,---,wz}“ ’

+ R (1),

18
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where we also used the Taylor expansion. A similar expansion holds for ;= 1. Algebra
of such coefficients is quite complicated, and it seems rather difficult to show Fact & di-
rectly. We are instead able to prove what we need indirectly. What we actually have is a
polynomial expansion of the form

(—t)“ T H,(t Zﬁ 'PA(XE, .. X5 )U(@) + Resa (8,0, @), (3.17)
1

I

where P\ is an homogeneous polynomial of degree A involving the coefficents cl;b Yt
above. Taking Fact 1 and Fact 2 for granted, this gives

p L9 @ ()
Xowln) =g S = 1 g

~

-1

= Xyt(x) + lim &21 - ( (—t)* " Hu(t) + R£+1(t£,7/))> (3.18)
1

S =
Il

) 1 _
= ww(x) +}g%€tg—,12t>\ 1P)\ Xful’ . ’ngg)¢(x)
A=1

Equality L should be iterpreted in the usual conditional sense provided by de I’Hopital’s
rule (the limit in the left-hand side exists and takes a value L if the limit in the right-hand
side exists and takes the same value L). We do not know at this stage the value of the
limit in the right-hand side. Our purpose is to show that it vanishes.

To prove such claim, note that equality ([B.I8]) has an algebraic feature. Namely, all
the coefficients cp bo,i APPeAring implicitely in the polynomials Py do not change if we take
different vector ﬁelds Z; instead ov Xy, in some RY with possibly N # n, provided that
we do not change the number ¢ of vector fields.

If we choose analytic vector fields Z; in RY, we clearly have Z,i = Zﬁﬂ/} for all w
and for any ¢ € C¥. Moreover, the conditional equality ([B.I8]) becomes a true equality,
because all functions depend analytically on ¢t and x. Therefore we have found a family of
polynomial identities of the form

0= P\(Z1,...,Z)(z) = > Clkiy . k\)Zhy -+ Ziy ()
(k1,eskp)€{1,..., 032

which holds for any family Zi, ..., Z, of analytic vector fields in R, for each N € N, for
all analytic 1 : RY — R and any « € RY. Theorem [3.8 shows that the polynomial should
be trivial, i.e. C(ki,...,ky) = 0 for all (ky,...,ky). This concludes the proof of Fact 3
and of the theorem. O

Next we state and prove the relevant results needed to accomplish the proof of Fact 2
and Fact 3, that we took for granted in the argument above.
The following family of nested commutators identities is relevant for the proof of Fact 2.
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Proposition 3.7. Let X1,..., X,, be vector fields in the regularity class C;_[l’l N C]}Zuc,

loc
For any L € {2,...,s} and 1 < p < {—1, we have the following statement:

> m(o) | > | Xafg(u>...a§§(v)afll yo =0 Jorallby,....b, € NU{0}
oEG, 1<y < <ip <L (Fep)

lw| >0 jv|=¢ 1<bj+---+b,<s—|uw

We agree that if |w| = 0, then X, = X,, for any word v with |v| > 1. To prove Fact
2 we need the case |w| = 0 and b; = 1 of the proposition, but the case |w| = 0 is included
for convenience in the proof. Observe also that

e if [w| =0 and b; > 2, then the statement is trivial;
e if / =1, then the statement is empty;
e Proposition 3.7 fails for £ = p, as (3.5]) shows.

Since the statement of Proposition B.7is quite intricated, we first check its correctness
in the already significant case £ = 3 and p = 2, |w| = 0 and b € N. The general case is
based on the same cancellation mechanism. In this model case, identity (F32) becomes

> 73O Xy, + Xobo, + Xopo, } =0,
oeBG3

which can be checked by writing explicitly the twelve terms (in the notation [j°k] := X u,):

[3%2] + [3°1] + [2°1] — {[2°3] + [2°1] + [3%1]}
— {[1%3] + [1%2] + [3%2]} + {[1%2] + [1°3] + [2°3]} = 0.

Proof of Propoosition[371. We first prove by induction that (Fy1) holds for any £ € {2,...,s}.
Introduce the abridged notation [z'l{li?] instead of X 4, », and so on. For convenience of
1 °2

notation, we prove Fyi 11 forall £ € {1,...,s —1}. Let v = vgv € W41, w and by > 1 be
such that b; + |w| < s. Then

Y. m(@) Y G @uwl= Y m(@)([60 (@)w] + 67 @] + - + 5, (D)u))

€Sy 0<i1 <l 0€G41
=Y (o) ([vg w] + [o7 (V)w] + - - + 07" (v)u]
ceSy
— ([P ()] + -+ + 07" (v)w] + [vf'w])) =0,
as we claimed.
To fill up the triangle, we prove that if (Fy,_1) holds for some ¢ € {2,...,s — 1}

and p € {2,...,0}, then (Fyi1p) holds. This will imply that holds for all the
required couples (p,¢). We argue as usual by the defining property (2Z3]). Denote below
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U= vV € Weii.

o oma@ Y. BrE-ah @)l

FE€G 1 0<iy <-<ip<l
by~ by i~

=Y mo( X E@-aeu)

oeB, 0<iy <--<ip<l i) =rogty

Sm@ (Y Er@)-d @)

0<i1 <-<ip<l

=Y m@)( Y Br@)-deu Y Fr@) o @)

o (vov)=0o(v)vg

o (v)=voo(v)

oE€G, 1<y < <ip<p 1<in<-<ip <l
11=0
~bp ~ ~b1 (~ ~bp 1~ ~by (~
Y me( Y Bre-d@ul+ Y BrE)- @)
. 4 . - o(v)=0(v)vo
ceGy 0<iy < <ip<f—1 0<iy <+ <ip—1<h—1
ip="
b b b b b
=Y m@f X bre-oh@ul+ Y (o) ok epdiel}
aeG, 1<) < <ip <l 1<ig < <ip<l
b b bp bp— b
{0 ra@eolaeul+ Y bgera ) ol ()l
0<iq < <ip<b—1 0<iq <o <ip—1 <b—1
:0’

because the first and the third term cancel, while both the second and the fourth vanish
by inductive assumption. O

The following theorem has been used to check Fact 3 in the proof of Theorem [B.11
See (3.16]).

Theorem 3.8. Let m and p be natural numbers. Let C' : {1,...,m}P — R be given
coefficients. Consider the polynomial

P(X1,...,Xpm) = Z Clkyy ..o kp) Xpy Xny - - X
(F1,....kp)€{1,....m}P

(3.19)

P

Assume that for all N € N, for any X1,..., X analytic vector fields in RN and for each
analytic ¥ : RN — R we have

P(X1,...,Xn)¢(x) =0 forall z € RY. (3.20)
Then P is the trivial polynomial, i.e. C(k1,...,kp) =0 for all (ki,...,kp) € {1,...,m}P.

Proof. The argument is inspired to some ideas contained in the proof the Amitsur—Levitzki
theorem [Lev50L/AL50]. We start by separating homogeneous parts in each variable. Let
N € N and take X7,..., X,, analytic vector fields in RY and v analytic in RY. Consider
the function

f(tl, . 7tm) ::P(thl, e ,thm)Ib(x)

min{p,m}

s
= Y > Dot P (X Xy (),

=1  1<i1<-<ig<m di,...,dg>1
d1+...+dq:p
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where z is fixed. H The function f should vanish identically in ¢q,...,%,,. Therefore it is
clear that it must be for each fixed q,i1,...,14,d1,...,dq

Py Xy, Xi (@) =0 forall X;,,..., X, € C*(RY) NeN zeRY,

In other words we can work with homogeneous polynomials in each variable. Renaming
variables, it suffices to prove the theorem for a polynomial P in g variables, where 1 < ¢ <p
and such that

POGX1, .. A X)) = AB A P(Xy, ., X,)  forall Ap,..., A €R,

where dy,...,d; > 1.
Next we show by a standard multilinearization argument that, possibly adding new

variables, we can assume that d; = 1 for all j = 1,...,¢. Indeed, assume that d; > 2.
Define

P(U,T,Xa,...,X,) :=P(U+T,Xs,...,X,) — P(U,Xo,...,X,) — P(T, Xa,..., X,).

It turns out that P is a homogeneous polynomial in g + 1 variables, but the degrees in
the new variables U and T are both strictly less that the original degree d;. Note that if
P(X1,Xa,..., X )¢ =0forall ¥, X1,...,X, € C¥ then P(U, T, Xy,...,X,)¢ =0 for all
P, U, T, Xs,...,X, € C® Ontheother side, if P is the trivial polynomial (all its coefficients
vanish), then also the polynomial P must be trivial. Clearly, the polynomial P can be
decomposed in a sum of homogeneous polynomials, where each of them is homogeneous in
each variable separately, as above.
Iterating this argument we may assume that we have a polynomial of the form

Q(X1,..., Xp) = Z B(0)Xs, -+ Xo,
o€e6y,

in p variables, where p is the original degree of the polynomial P in (3.19). Here 12---p —
o102 - - - 0p are permutations and o; = 0(12---p). We know that

Q(X1,...,Xp)(x) =0 forall Xy,..., X, €C? NeN zecRY (3.21)

and we want to show that B(o) = 0 for all 0. Since we are free to increase the dimension
N of the underlying space, take N > p+1, let X; = x;0;41 for any j = 1,...,p. Therefore,
it turns out that, if we let ¢(z) = 41, we have

X ... X —
o1 O'p,l/} {0 ifol---ap#l---p.

Therefore, if we make use of ([3.:21]), we discover that it must be B(1,2,...,p) = 0. Letting
then X, = x;0;41 we see that B(c) = 0 for all 0 € &,. Therefore @Q is the trivial
polynomial and the proof is concluded. O

2 An informal example to understand quickly this splitting could be:
P(X1, X2, X3) = X1 X3 + X5 + (X1 X2X3X1 + X7 X3X2)
= P21,’22(X17 X2) + PS(XS) + P21,’12,’13(X17X27X3)‘
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3.1. An old nested commutators identity due to Baker

Here we show as an application that some very old nested commutator identities going
back to Baker (see the discussion in [Ote91]) can be found as a particular case of our
Proposition B3l All vector fields in this subsection are smooth.

Let v = vy ---vy be a word of length ¢ in the alphabet 1,---,m. Let us adopt the
notation

X, Xy ifk=1
Xkx, .= et ! for all a,b € {1,...,m},
XX, ifk=—1

X, XPX. ifk=1and he{-1,1}

for all a,b,c € {1,...,m
XX X, ifk=-1land he {-1,1} { ;

XFxlx, = {

and analogous notation for higher order derivatives. Then it is rather easy to check that
we may write for all v = vy -+ - vy

ko
le---w = Z (_1)k1+ +kz_1X511 T XW{;XW' (3'22)
Kipeonke—1€4—1,1}

This is an alternative way to write commutators, less focused on the inductive point of
view than the form (24]). Let now n € N, v € W,,11 and w € Wy. Thus,

Xuwo + Z 7Tn+1(J)X01(U)~~~an+1(v)w = _X[v]w + Z 7Tn+1(J)X01(U)~~~an+1(v)w =0,

0€C 41 €641
by [B4). Comparing [B.22]) and (2.4)), this is equivalent to
Eidetkn _
Xuwvrvpvnsr + Z (=)™ lefl'--vﬁ"vnﬂw =0,

kl,...7kn€{—1,1}
or in the typographically better, self-explanatory notation
[wovy -+ - VpUR1] F Z (—1)krtthaph kg 1 w] = 0. (3.23)
kl,...7kn€{—1,1}

Note that we introduced a comma before w to avoid confusion. Namely, when some of the
v; has power —1, then it goes on the right side of the previous v;i1,...,v,,vp41 but not
of w. For instance, we have [v; 'y 'vgvs, w] := [v3v4v9v1w] and so on (a precise definition
can be given by induction).

Now we show that the following Baker’s identity of order six

[aba] — 2[bab®a) + [b*ab®a] =0 for all a,b € {1,...,m}, (3.24)

see [Ote91l eq. (4.4)], can be easily obtained specializing ([3.23]). Let n = 4 and choose
V1 UpUpgl = U1 - 0405 = b---ba = b*a and w = a. Thus (323) becomes

[aba] + Z (—1)ktthapphr o pRag g] = 0.
kl,...,k4€{fl,l}
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Note that at least one among the numbers k; must be —1, otherwise we get [b*aa] = 0.
Therefore we get

aba] + { - @ W aba) + <;l> B2ab%a] — <§> bab®a) + @ aba]} = 0

which gives [ab*a] — 2[b®aba] + 3[b?aba] — 2[bab?a] = 0. But the fourth order identity (3.6)
gives [b3aba] = [b?ab®a]. Thus (B.24)) follows.

4. Applications to ball-box theorems

In this section we describe some applications of our results to ball-box theorems. We shall
use some results from [MMI12a] on the expansion of almost exponential maps.

Assume that a family H of vector fields belongs to the regularity class C;Zli’cl N Che
and assume that the vector fields satisfy the Hormander condition of step s, namely
dimspan{ X, (z): 1 < |w| < s} = n, at any € R™. Following a standard notation, denote
by P :={Y1,..., Y} = {Xy : 1 <|w| < s} the family of commutators of length at most s.
Let ¢; < s be the length of Y; and write Y; =: g;-V. For each I = (iy,...,4,) € {1,...,q}",
let £(I) =4;, + -+ 4, Ai(x) :=det[Y;, (z),..., Y, (x)] and €(I) := €;; + -+ ;. Define
also the vector valued function A(z,r) := ()\I(x)rg(l))16{17.“,(1}”. Finally, for all A ¢ R",
put

v(A) = inf |A(z, 1)) (4.1)
€A

Assume that each commutator Y; is continuous in the Euclidean topology. Then, on
the open set Q¢ C R" fixed before (2.8]), we have () > 0. Moreover, take j € {1,...,m}

and any word w with |w| = s. For any = € Qg where the derivative Xf» Juw(x) exists, we

have the obvious bound \X;i fw(®)| < Lo, the constant in (2.8)). Furthermore we also have
| Xwfj(x)] < Lo for all z. Therefore we can write

ady; Xuw(r) = Z b X, (z) where (4.2)
1<[ul<s
16" < Co for all w with 1 < |u| < s. (4.3)

Here the constant Cy can be estimated in terms of the constant Ly in (2Z8) and of the
infimum v(9p); see [MM12bl Lemma 4.2].

Therefore, the vector fields are in the class Ay introduced in in [MMI12a] (actually in
a subclass, because here we assume the Hérmander condition, while in [MM12a] we did
not). Moreover we have the following measurability property:

Proposition 4.1 (measurability). Let H be a family of vector fields in the regularity class
Ch..N C’?S_L_l(l)c1 Assume the Hormander condition at step s and assume that fy, € CR.., if
1 <|w| <s. Let w be a word with |{w| =s and let Z = f -V € £H. Then for any x € Q
we can write

ady Xy (e?x) = Z V() X, (eZxz)  for a.e. t € (—to,to), (4.4)
1< 0| <s

where the functions t — b¥(t) are measurable and |b¥(t)| < Cy, the constant in (L3]).
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Proof. Denote 7(t) := e'?x. Since t > f,(7(t)) is Lipschitz and = + X, f(z) is continu-
ous, the function t — adz Xy (¥(t)) := & fu(v(t)) — Xu f(7(t)) is measurable and bounded,
as observed above. Let for any = the matrix Y, = [Yi4,...,Y;,] € R"*9. Then let YJ
be the Moore—Penrose pseudoinverse of Y,. Therefore, choose b(t) = Yj(t)(adz X))
at any differentiability point t. Note that b(¢) is the least-norm solution of the sys-
tem 2?21 Yjﬁ(tﬁj = (adz Xw)y(t), where § € RY. The Tychonoff approximation YT =
limso(YTY +61,)7'YT (see the appendix) shows measurability. O

Remark 4.2. e One can prove Proposition[d1lin a less elegant but more analytic way,
without using the Moore—Penrose inverse, looking instead for “almost least-squares”
solutions.

e The argument above can be used to see that in the definition of subunit distance
we may work with paths v such that for a.e. t we have §(t) = Zjbj(t)Xj(v(t)),
where the function t +— b(t) is measurable. Indeed, let v be a subunit path as
in the definition of d.. in ([22)). Given a differentiability point t of ~, let b(t) :=
limg o (Xg(t)Xv(t) + Mp)*l Xg(t)f'y(t), where X, = [X14,...,Xmz| for all . The
function b is measurable and at any differentiability point t of vy, the vector b(t) is
the least-norm solution of the system X, & = §(t), with { € R™. See [JSC87] for a
related discussion.

The distance associated with P where each Y; has degree ¢; will be denoted by p:

o(z,y) :=inf {r > 0 : there is v € Lipg,.((0,1), R™) with v(0) =

B g ' ) (4.5)
v(1) =y and 4(t) = j:lbﬂ’ 7Y;(vy(t)) with |b| <1 for a.e. t € [0, 1]}

Next we recall the definition of approximate exponential. Let wq,...,w, € {1,...,m}.
Given 7 > 0, we define, as in [NSW85,Mor00] and [MMI12b],

Cr(Xu,) = exp(7 Xy, ),
Cr( Xy, Xuwsy) := exp(—7Xy, ) exp(—7Xy, ) exp(7 Xy, ) exp(7 Xy, ),

Cr(Xuwys oy Xuy) = Cr(Xug, - - - ,le)fl exp(—7Xy, )Cr (Xuwss - - » Xu,) exp(7 Xy, ).
(4.6)
Then let

Ctl/Z(XIUl?"'ang)a lftZO,

4.7
le/Z(le,...,Xwe)_l, lft < 0. ( )

eta;(wm'”w“ 1= exXPap (X wywy..wy) = {
Let Qg be the open bounded set fixed before (Z8). By standard ODE theory, there is t
depending on £,Q, Qq, sup|f;| and sup|V f;| such that exp,(tXuw,w,..w,)r € Qo for any
x € Q and [t| < tg. Given r > 0, define EN/J = Tﬁij for j = 1,...,q. Moreover, if
I = (i1,...,in) € {1,...,¢}", x € Q, r € (0,1] and h € R" is sufficiently close to the
origin, define

Erzr(h) = expap(hlffil) e expap(hnffin)(x)
Ill; = max |n;"% Qilr) = {h e R+ [|h]; < r}.

(4.8)
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Recall that, given n € (0,1), x € K, r < rg and I € {1,...,q}", the triple (I,z,r) is
said to be n-maximal if [A(z)]r¢() > T]maXJeI(px’q)’)\J(.%')‘TZ(J).
Theorem 4.3. Let H be a family of vector fields of class Csjli’cl N C]}Zuc satisfying the
Hérmander condition of step s. Assume that all nested commutators up to length s are
continuous in the Fuclidean sense. Then there is C' > 1 such that the following properties
hold. Let I € {1,...,q}", z € Q and r < C~'. Let also E := Ej ., be the map in ([LJ).
Then

(a) B € Cpye(Qr(CTH).
(b) We have the expansion

S B0 =T B0+ 30 T ED) + Y et TE®).  (19)
Gj=t;, +1 i=1

where Yy := r’* Y}, and the functions ai and wi satisfy

lal ()| < C| 7~ for all h e Qr(C™Y) (4.10)
wi(z, h)| < C||R)) % foralih e Qi(CT) weQ (4.11)
(c¢) If moreover (I,x,r) is %—maximal with I € {1,...,q}", x € Q and r < rgy, then, for

all e < C~1 we have
Er.+(Q1(2)) D By(z,Cer). (4.12)

Note that constants in Theorem M3 depend quantitatively on Cy and Lg. Inclu-
sion ([EIZ) ensures the Fefferman-Phong type estimate d(z,y) < Clz — y|'/*; see [FP83).
Moreover, we have

Theorem 4.4. Assume that the hypotheses of Theorem [4.3 hold. Then there is is a con-
stant C' > 0 such that the following holds. Let x € Q € Qq. Then, for any %—maximal
triple (I, z,7) with I € {1,...,q}", * € Q and r < C~1, the map Ej 4, is one-to-one on
the set Qr(C~1).

The constant C in Theorem [£.4] does not depend quantitatively on Cy and Lo, because
below involves a qualitative covering argument. A more precise control on such con-
stant can be obtained assuming more regularity (for instance if the vector fields belong to
the class B of [MMI11]).

Proof of Theorems[4.3 and[{.4} All arguments of the proofs are contained in the papers
INSWS5, Mor00, MM12bl,IMM12a] and [MMI1]. Let us recapitulate the skeleton of the
proof with precise references to the mentioned papers.

(i) Specializing [MMI12a, Remark 3.3| to our setting, we may claim that if (I,z,r) is
n-maximal, then (I,y,r) is C~'n-maximal for all y € By(z,C~1nr).

(ii) The proof of Theorem 3] items (a) and (b) are contained in [MM12al Theorem 3.11].
Note that the mentioned result holds even in a more general setting where the Hor-
mander’s rank condition is not assumed.
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(iii) In view of and expansion ([€.9]) we can follow the proof of [MMI12b, Lemma 5.14]
(just letting o = 0). Thus, we may claim that if £ € Q and [A;(§)| # 0, then Ej ¢,
is one-to-one on Qr(C~1r{D|\;(€)]).

(iv) For all n € (0,1) there is C;, > 0 such that given an n-maximal triple (I,z,r), then
the map Ey ;. satisfies for all j € {1,...,n} the expansion

E(h) Y, (E(h)+ > xX5(h)Y (E(h)) forallheQr(Cyl),  (4.13)
1<k<n

where y € C, (Qr(C, ), R™*™) satisfies
x(W < Cylinll; — ifllR], < G (4.14)

Therefore, for a suitable én possibly larger that Cy), the map Ej ;. 1s a local

s

C'" diffeomorphism and in particular it is open. This ensures that the topologles of the

distances g, d.. and d are all locally equivalent to the Euclidean one. Expansion (£13])

with estimate (£I14) has been proved in [MMI11 Theorem 3.1]. As observed after

the statement in [MMI1], such result holds in the broader class As. Note that
1 1

in [MMI11] we discuss the case n = 5. The case with < 5 can be treated with

minor modifications.

(v) To prove Theorem [£3}(c), it suffices to follow the proof of [MMI1] Lemma 3.7]. This
is explained in [MMII, Remark 3.8].

(vi) Finally, keeping all previous items into account, to prove the injectivity result The-
orem [£.4] it suffices to follow [NSWS&5, pp. 132-133] or [Mor00, Lemma 3.6]. In the
proof of the latter lemma, note that in third line of [Mor00, Eq.(30)], which reads

1
AL (2 )’50 o) > ) m?X’)\J(-T)‘(ng];]) for all x € Uy,

by We may choose Uy = By(x, C'_1507k), which is open by moreover, by

we may assume that Ey; 5 k{Qz(&) o) is one-to-one for each x € Ug. The remaining

part of the proof in [Mor00] can be applied verbatim to our setting.
O

Remark 4.5. Theorem implies the doubling property for vector fields satisfying the
hypotheses of Theorem [£.3. Let Q0 C R™ be a bounded open set. Then there are C' and
rg > 0 so that

|Bee(z,2r)| < C|Bee(x,r)| forallz € Qr < r.

Moreover, following [LM00], one gets for all f € C'(Bec(x,Cr)), the Poincaré inequality

/ |f(y) — fBldy < Cr Z|Xf )dy for all x € Q r < rg.
Bec (1' 7") Bece (l‘ CT’ .

Finally, as in [MM12b, Proposition 6.2], given ' CC Q, and € € ]0,1/s[, there is ro and
C > 0 such that, for any f € C*(Q),

/ @) = |n(+2€ dxdy<C/Z]Xf )|2dy. (4.15)

|z —
Q'xQf
d(xyy)ﬁﬁ)
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A. Appendix

Tychonoff regularization for the Moore—Penrose pseudoinverse. Here we discuss
an approximation formula for the Moore—Penrose inverse of a matrix which has been used
in Proposition 1l This result is proposed as an exercise in some matrix-analysis textbooks
(see |[GVL8&9, Problem 5.5.2]). We include here a short discussion for completeness.

Let ai,...,a, € R™ and let A = [a1,...,a4] € R"*9. Take b € span{ay,...,aq} and
look at the system Az = b where x € RY. We do not assume that the vectors a; are
independent. Let zrg be the solution of minimal norm. We claim that

rrs = lim (AT A+ 2\21,) "1 ATD. (A1)
A—0

In other words, the family if matrices (A7 A + )\2Iq)*1AT gives an approximation of the
Moore Penrose inverse Af, as A\ — 0. Note that, if aq, ... ,aq are independent, then it is
well known that AT = (AT A)~'AT. If they are dependent, then AT A is singular, but still
we have limy_,0(ATA + N\21,)71AT = At

To show (A.dl), write A = USVT as a singular value decomposition, i.e. U € O(n),
V € O(q), while ¥ = diag(oy,...,04,0,...,0) € R"™9 where 04 > -+ > 0, > 0 are
the singular values of A and r < min{g,n} is its rank. Note that U”[a1,...,a,] = XV 7T,
Therefore, UTa; € R” x {0,,—.} and UTb € R" x {0,,_,}, too.

By definition, the vector x € R? is a (not unique) least-square solution of the system
Az = b if and only if it solves AT Az = ATb, which is equivalent to TSV Tz = STUTH,
or, letting VIz =: € and UTb =: 8 € R™, to the system

»'ye = »n7T5. (A.2)

Since 7Y = diag(c?,...,02,0,...,0) € R9*7 and since the system ([A.2)) has solutions by
assumptions on the data b, it must be X173 = (0151, ...,0.53:,0,...)T € R? and the solu-

tions of (A2) are & = (B1/01,---,Br/0Or Eri1, -+, E) T, With €41, . .., &, free parameters.
Clearly, the minimal-norm one is é1s = (B1/01, -+, B /0r,0,...)T € R4

Define now the vector xy = (ATA + N\2I,)"1ATb = V(T + X\21,) " '2TUTb. Since
STUTh =278 = (01B1,. .. ,0,6r,0,...)T, we have
VT.%')\ =:£)\ = (0'151/(0'% + )\2), e ,O’rﬂr/(dg + )\2),07 .. )T € RY.

Thus, as A — 0,

lzs — Al = [§us — &) = ‘( ()\2& 225 )‘ —0.

o1(0f +A2)7 " on(0f +A%)

This concludes the proof of (A).
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