Numerical

Differentiation

PROBLEM

Estimate the derivatives (slope, curvature,

etc.) of a function, given a set of function values at a
discrete set of points.

—  Finite Difference Formulas
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Numerical Differentiation

The simplest way to numerically compute
a derivative I1s to mimic the formal definition:

u(x+A4x)—u(x)

U'(X)=J)i(l’_7)10 AX
, u( X+ 4X)—u(Xx
()~ S0+ 280

For a linear function u(x)=ax+b the formula is exact.
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First Derivative at a point:
finite difference schemes

— = = Centered difference
by e Backward difference
A u ( X ) ---------- Forward difference

T2 -1 i ) 10
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First Derivative

Centered difference

DY —Ua u(x) Ui =u(ih)
2h

Forward difference

D;(LU — ui+1 o ui
h

i1 0 i+1

Backward difference

Du= U —U,
U=
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Local Truncation Error

We write a Taylor expansion of u(x) about x=ih
.. =u(ih+h)=u(ih) + hu'(ih) + L h?u'"(ih) + O(h°)
, =u(ih—h)=u(ih) —hu'(ih) + 3 h u''(ih) + O(h®)

Second order error term

D.u =u'(ih) +0(h?) %—O—%

First order error terms

1 SO
+ 1/ 6/7 g
D u =u'(ih) +O(h) O— /s

X i
\ -1 1
D.u. =u'(ih) + O(h) —O0




Local Truncation Error

U =u'(ih)+0(h?)

Proof
.. =u(ih+h)=u(ih)+hu'(ih)+ L h*u"(ih)+ % h°u”(ih)+O(h*)
L =u(th=h)=u(ih)=hu'(ih)+ % hzu '(ih) =4 h’u”(ih)+O(h*)

Subtracting these two eqs:

u(ih+h)-u(ih—h)= 2hu’(ih) +2h3

u”(ih)+0(h*)

o (ih) = (u(|h+h) u(ih— h) <h2 o |h>+0( )

Second order error term”’
As the distance h tends to zero, we expect the approximation to improve

ALMNiA MATER STJDOCNT M — UMNIVERPSITZ Ti rOITOGN A




Consistency

For h—0 LTE approaches to zero

The “speed” in which the error goes to zero as h -> 0 is called the
rate of convergence.

When the truncation error is of the order of O(h), we say that the
method is a first order method. We refer to a method as a
pth-order method if the truncation error is of the order of O(hP)

Order of CONSISTENCY O(hP)

Centered scheme (O(h?)) is a more accurate formula than forward or
backward (O(h)), that is the LTE decreases more rapidly.
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Second Derivative

approximation of the second derivative by
Centered Difference formula

u.,—2U. +U,_
"y - 2 DXXU = : 2 :
D _u =u"(ih)+0(h?) h

Second order error term

Proof
.. =u(ih+h)=u(ih)+hu'(ih)+Lh*u"(ih)+ % h°u”(ih) +O(h*)
I1—u(|h h)=u(ih)-hu'(ih)+ 3 h2u '(ih) =% h°u”(ih)+0O(h*)

Sum of these two eqgns:

u(ih+h)+u(ih—h) = 2u(ih) +z[*2‘_2_u (ih)J v 2w (in) +

u..(ih)=(u(ih+h)—2ur$2ih)+ u(ih—h)J_%hzu(ivI ih) +..




. Finite Difference Formulas for k>1

Linear Operators

Alu( X ) — U( 1N+ h ) — U( |h) Forward linear operator

V1U( X) = U( I ) - U( Ih— h) Backward linear operator

51U( X ) — u( 1h+ 2 ) — U( T = 2) Centered linear operator

A'u=u_,-u Vu=u-u, Ju=U,-U,

I 1+1 I
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. Finite Difference Formulas for k>1

We define the linear operators of order k at x. = ih as

AU, = Af AU, )= Au,, — Ay,
Viu, =Vt V¥'u, )=V u -v<u
§u;=6( 6 u;)=6"u —-67u ,

i+= I——
2

2

Computing second order centered finite differencing
D, U= D*Du
= DDy,
= D1aD1pu;
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Finite Difference Formulas for k>1

Theorem
Letu(x)eC"[x,,x,],h>0,x, =x,+ih,
then3dn e[x,, X, + h ]

Ak
u(n)=
h*
Compute...
54ui =Uu,,— 4U|+1 + 6U —4UI 4, t+UuU._,
— uiv( X, ) ~ U( Xis2 ) 4U( Xit1 )+ 6U( X )_ 4U( Xi_1 )+ U( Xi_2 )

(h)
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Numerical problems

* Truncation Error:
error due to the truncation of the Taylor expansion

* Rounding error:
approximation error in finite arithmetic

In finite arithmetic a numerical evaluation which
uses an arbitrarily small value of h does not lead to a
reduction of total error.
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Example

f(x)=-0.1x"-0.15x° —=0.5x* - 0.25x +1.2

Estimate the first derivative with backward, forward and centered
differences at point x = 0.5 (with h = 0.5 and 0.25)

-0.1 x*-0.15 x>-0.5 x2-0.25 x+1.2

f/(0.5) =

0.8+

0.6

04-

0.2+

1=

0.2

£'(0.5) = —0.9125 h

f7(0.5) = —1.45

Al | 1 EI
0 0.25 0.5 0.75 1.0 1.25
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Example, h=0.5

" Forward Difference
f(1)— f(0.5) _0.2-0.925

h=0.5, f'(0.5)= —_1.45
1-0.5 0.5
relative error 1,45+ 091250 _ 0. 58904
—0.91250
Backward Difference
h_ 05, fr05) - fO5=F(0)_0925-12
1-0.5 0.5
relative error -0.55+0.91250 _ -0.39726
| ~0.91250
Centered Difference
h=0.5 f’(0.5)= -1 _02-12__,,

1-0 1

relative error "1+0.91250 _ 0.09589 |
—— o0 —0.0955 s



Example, h=0.25

Forward Difference
f(0.75)— 1(0.5) _ 0.63632813 —-0.925

£7(0.5) = = -1.1547,
2 0.75—05 0.25
relative error -1.1547+0.91250 _ 0.26541
—0.91250

Backward Difference
f(0.5)— f(0.25) _ 0.925-1.10351563

f/(0.5) = =-0.71406
0.75-0.5 0.25
relative error /24904091250 5 51247
—0.91250

Centered Difference
£/(0.5) = f(0.75)— 1(0.25) _ 0.63632813—-1.10351563

0.75-0.25 0.5

relative error 10.93438+0.91250 _ 0.023973

= -0.93438

—0.91250
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Relative errors as a function of h

10 - h=3.7253e-9 ai

10° | 1 |

foTeWard -g—h=7.4506e-9

—— backward
— central

O
=
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5

L

-

b

|

O

-

|

L

h=3.8147e-6

10 10 10 10




Remarks

*» Rounding errors cause deterioration of the approximation for
small values of h.

* The value of h which allows a correct evaluation of the
formulas depends on the accuracy of the machine.

» Iftheterms T(X; £h) are calculated inaccurately then the
errors are multiplied by a factor 1 / h, which grows very
quickly for small values of h.

f(x, +h)— f(x) _

= fa’(xi)= h
Computec B f(Xi +h) - 1E(Xi)_|_5_ f'(X)+
h h a\™Mi |

Approximation error



Differentiation Via
Polynomial Interpolation

The first stage Is to construct an interpolating
polynomial from the data. An approximation of the
derivative at any point can be then obtained by a
direct differentiation of the interpolant.

Example The Lagrange form of the polynomial
Interpolation through 3 values (xi,yi) Is:

p(X) = Ll(x)yl +L, (X)Y2 T L3(X)Y3

_ (X_Xz)(x_xs) (X—Xl)(X—X3) y (X:X1)(X __Xz)

) (Xl - XZ)(Xl - Xs) nt

(Xz - Xl)(XZ - Xs)
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Differentiating the interpolant

0'(x) = 2X — Xy — Xq Vv, + 2X — X, — X, v, + 2X — X, — X,
_(Xl_XZ)(Xl_XB) 1 (Xz_xl)(xz_xs) 2 (X3—X2)(X3—X1

)Y3

Assuming uniform x points

, 2X — X, — X4 2X — X — X, 2X — X, — X,
X)= + +
P (%) o T a2 TG
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First derivative of the Lagrange interpolant:

p.(X)ZZ@—xZ— v 2X)— X, — Xq y+Z{X—xl—x2y
2AX? ' —Ax? 7° 2AX? °
Evaluate the derivative at several points:
, 2X, — X, — X 2X, — X, — X 2X, — X, — X -3y, +4y,—-Yy
X )= =21 2 3y 450 1 3 L+ 20 1 2 _ 1 2 3
() oA ! A 2AX? ’ 2 AX
ZX — X3 2X2 — X X3 2X2 — X% Ys— Y1
X, )= + +
()= 2Ax2 N YV a2 T 2Ax
We get the centered difference formula
'(XS):2X3_X2_X3 1+2X3_X1_X3 _|_2X3_X1_X2 :y1_4y2+3y3

A T e 0 A




To calculate derivatives with higher order from the
Lagrange interpolating polynomial,

p,(X)ZZX—XZ—X3 2X — X, — X, 2X — X, — X,

+ +
oA VO TG

differentiate

1 2 1 Y1_2y2+y3

"(X)= + +—VY, =
P'(X) =tz Vet Va o

To obtain derivatives of order n the interpolation polynomial must be of degree
greater than or equal to n.
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Truncation Error

We know that the interpolation error is

IT, (X) ¢ (k1) . .
f(x) = p(x)+—2 £ =] [(x-x)

(k +1)! 2
. oy o k(%) ¢ ke M, (x) d ¢
f'(X)=p'(x)+—L fEHD () + = f (b
(x) = p'(x) (K +1) (S) (k + 1)1 dx (S)
If x=x_1Isoneof the knots,then  TT, (x.)=0:

'(x)=p'(x

Truncation Error
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Partial Derivatives

Extension of the one-dimensional case:
Finite difference formula to approximate partial derivatives of
function u(x, y)

T
ERER O R G
(-2, T T 7 GLn ] G+2)
DATETIN CNETRNN (N GENE

A1LMA MATER STUDIORUM ~ UNIVERSITA DI BOLOGNA



.

1 U,,.—2U . +U._, .
U, = %(_U(Xi—l,yj)+u(xi+11 Yj)) |:> DXXu = '+l hlz,J 1)
1
uxx:F(U(Xi—l,yj)_zu(xi’yj)+u(xi+1’yj)) 1 2 7
> X
T2
v h mesh step
y 7\ 7\ 7\
T (-1,j+1) T G, j+1) T (+1, j+1)
N\ 7\ ﬂm 7\ e
(2 T ) Ti+2. )
1D T [ LD
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ol 2

L1 )
Uy = o (U, Y3) — Ui Y))

O 1
Uy = 8_y (u,) = m (U(X;.4, yj+1) —U(X;4, yj—l) — U(Xi—1,yj+1) +U(X;_y, yj—l))

-1 78"
O J
7 — /A
-1 I +1
D . ui+1,j+l o ui—l,j+l o ui+1,j—1 + ui—1,j—1
9" = 4h?
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2
Viu=u, +u, = 3 j+1
~ ul+1j - zhl'llj + u|—1,j + | g+l 2hl'l + ul -1 1—<2T1 J
~ ul+1j + ul J+1 + ui—1,j + U _4 1 J'l
h* v -1 0 i+l

local truncation error O( h°)
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Laplacian Operator (5-points)

1 \Ji/ 1 j+1
J
s
1 )1

i-1 | 1+1

1

u U..

+ ui—l,j—l u + ui—1,j+1 ]
2 + 2 -4 2
24X 24X 24X

The local Truncation error for both the approximations is O(h?)
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+1,j+1 i+1,j-1

VAu(x;,y;)=




)
I

1
Vau(x.,y. )=
(X, Y;) 5 Ax

+4ui,j+1

> |:4ui+1,j +4u._, . +4u,

') |,j—1

+u|—lj -1 + ul -1,j+1 + ul+lj -1 + u|+1 j+1 ]

The local Truncation Error is O(h?)
2

u(x,,y) Vu+h—(u 2U )+ 0O(h?")

XXXX xxyy yyyy
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1 4 1

Sl oo
A0 [l 1

1 1

a=1/3 is the only value of a which yields a higher order of accuracy for the Laplacian

|:4u

Vau(x;,y;) = +4u,_,  +4u; _, +4u,

i+1, ] 1, j+1

— 20u;

6A 2
+u—lj 1+u| 1j+l+ul+lj 1+U
The local Truncation Error is O(h?
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Biharmonic operator

Viu = (Veu)® =

o'u
o x*

+ 2

o°u o*u

_I_
oxoy> oy

-

-
R

i

® 9o
o
S
o
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Divergence Operator (1)

. 9, ou o ,. ou
div(bVu)=—(b—)+—(b—
(bVu) ax( ax) ay( )

oy
dIV(bVU)~5(bIJ X Ij)+§(bll y 'J)
~ bi+1,jui+2,j + b—lj -2, ] + bl j+1 I, j+2 + bi,j—lui,j—z
4h?
(bl+lj b + bl j+l | -1 )uij

4h2
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Divergence Operator

:> It's not robust!
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Divergence Operator (2)

ou
ay)

div(bVu)~ D3 (b, ;D;u; ; )+ Dy(b, ;Diy; ;)

. 0 ou 0
div(bVu)=—(b—)+—(b
(bVu) 6x( ax) ay(

bi+1,jui+1,j + bi,jui—l,j + bi,j+lui,j+1 + bi,jui,j—l

~S

(b

I+1,]
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Divergence Operator

—

It does not use
b((i-1)h,jh) and b(ih,(j-1)h)
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Divergence Operator (3)

. 5, ou 0 ou
div(bVu)=—(b—)+—(b—
( ) 6x( ax) 6y( 6y)
u _—U u__l—u )
5:= I+—,] I—EJ 5:= I,j+§ |J—E
h h

div(bVu) =&, (b 8,u, . )+6,(b, Su; )

b+O,jui+1,j + b—Oui—l,j + b0+ui,j+1 + b0—ui,j—1 _ (b+0 + b—O + bO+ + b0— )uij
where
bio — biil - bOi — bi " Interpolated Values

. 2’] 1—2



Divergence Operator

Second order
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Remarks

* To increase the order of accuracy of the formulas is
necessary to increase the number of points involved
In the calculation.

= Higher precision is equivalent to a higher
computational complexity.

= To achieve greater accuracy without increasing the
order of the formulas we can use extrapolation
techniques such as that of Richardson.
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Richardson’s Extrapolation

This technique uses the concept of grids with variable
amplitude step procedure for improving the accuracy of
approximations.

Example in which we show how to turn a second-order
approximation of the second derivative into a fourth order
approximation of the same quantity

f”(xi):( f(XHl)_ZAf)EZ(i)_I_ f(xi-l)j_l_ alez +a2Ax4+
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Richardson’s Extrapolation

second-order approximation of the second-derivative:

f”(xi):( f(Xi+1)—2Af)EZ(i)+ f(xi-1))_|_ ale2+a2Ax4+

We write the equation for grids of different sizes

f7(x)=F(AX)+ a,AX®+a,Ax*+

f"(x)=F (%j‘F al(%jz +a, (%)4 +
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Richardson’s Extrapolation

This, of course, is still a second-order approximation of the
derivative. However, the idea is to combine [1] with [2] such
that the Ax? term in the error vanishes.

f7(x)=F(AX)+ aAX®+a,AX + ... [1]

f”(xi)zF(%j+ al[ATﬁ}az(Al_)g} 2]
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Richardson’s Extrapolation

Indeed, multiplying eq.[2] by 4 and subtracting [1] from [2]

2 4
4f"(xi)=4|:(&j+ da,| 2 |1 aa,| 2 |4
2 4 16

—f"(x) =—F (Ax)- a,AX’—  a,AX’ +
AX AX*
3f "(x)=4F| — | —F(Ax) —-12a +
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Richardson’s Extrapolation

The equation can be rewritten as:
[ A
4F(A2Xj F(A%)

; 8| = |

\ J

f "(Xi) =

The accuracy of the new estimation of f"(X) s

O(Ax") instead of O(AX?)
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Richardson’s Extrapolation

We can continue to eliminate higher order terms of
the error using a grid even finer:

f"(x)=B(AX) +b,Ax*+ b,AX° +

f "(Xi) —

,
168(

AX

2) ~B(Ax)

15

\
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Richardson’s Extrapolation
example

Given the function

f(x)=x>—2x*+4x—8

Find the first derivative at x=1.25 using a centered
difference formula and step Ah = 0.25.

f'(x)=3x*—4x+4=3(1.25)" —4(1.25)+ 4 = 3.6875




Richardson’s Extrapolation
example

X f(X)

1 5
| _ 1.125 | -4.607
Given the discrete data set: 125 | -4172
1.375 | -3.682
15 | -3.125

Compute first derivatives using centered differencing
f(1.5)-f(1.0) -3.125+5

F(AX) ~ f'(1.25) = 2025 o5 =3.75
3 A%) .« £(1.25) f(1.375)— f(1.125) —3.6816+4.6074 _ 37032

2(0.125) 0.25
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Richardson’s Extrapolation
example

Compute the error with the exact first derivatives:

F(Ax) = f'(1.25) =3.75 Error =1.69%

F(&) ~ f'(1.25)=3.7032  Error = 0.425%
2

Apply Richardson’s extrapolation using these results
to find a better solution

AX

4F( j_ F (AX) )
£/(1.25) = — 2 - - 4(3'7035) 375 _ 36876 Error =0.003%
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