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Coordinate Systems and Projective
Geometry

. Scene graph
. Coordinate systems and transformations

Homogeneous coordinates and
projective geometry
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World:

 People (hands, eyes, ...)
 Objects (subparts, tracked targets, ...)
 Trackers

Representation of the world:

* Individual description of objects (independently of their
current position in the world)

 Replication of objects (or parts) without having to
(re)describe all geometric details

 Determination of an object’s current position with respect to
different reference frames
» A tracker
» The world
» The user
» A display

:> Describe the world as an interrelated system of coordinate systems
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Scene graph
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Scene graph
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Scene graph
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Scene graph
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Scene graph
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Scene graph
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Scene graph
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Scene graph
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Most important components of a scene graph:

Scene

3 lﬁ*“‘x\
\ e %
/ \\ (Virtual)
* Nodes: coordinate systems of \ Camera

* Object parts -~ | Car Car2
e groups of objects _/ | \ -
e Scene Block A | | BlockB| -
e camera (eye)

* Directed edges: geometric transformations such as changes in
* position
e orientation

e scale
* perspective

of a node relative to its predecessor
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Scene graph in graphics: oot ) )
. .__;"H' - . y ;.-"' ™
typically atree [, *Tranmm)
o y N o o Ao
; . Graphics
| ;zr;csj Geometry State Geometry

Scene graph in AR:
can be a true graph, Spatial Relationship Graph (SRG)

P T
{ \ 3D f/ i
A F D |
F e N T
A/ 7 v 3D
6D | B - C |
6D I"x = krown

Source:[2] » inferred
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Rendering the scene
= traversing the corresponding scene graph

- __C., Ful
In practice: Xo ‘i
realizing 3D transformations between o 7,
* object coordinates ! /
» world coordinates W 4
. +& g
e camera coordinates
55 ! I"'.
Z’w \\_ | . "h \
Source:[2] \,L\‘
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Rendering the scene
= traversing the corresponding scene graph

e L Y 'l
. L , Y
In practice: > Xo oi
realizing 3D transformations between @ 7,
» object coordinates > | e
. \%
 world coordinates W x Jo
. Sl S
e camera coordinates
—
Loy \ x

Source:[2] }{WE
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Rendering the scene
= traversing the corresponding scene graph

In practice:
realizing 3D transformations between

 object coordinates
e world coordinates
e camera coordinates
-

Zy \

\;};

- <

Source:[2] }{“__E
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Coordinate systems:

}_r

Z Z
Right-handed Left-handed

Right-handed rotations:

Counterclockwise rotation around respective axis Source:[2]
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2D transformations:

* Translation: V.

X =X, Tt i T R
}_.'w = }_ro —|— ty

. Y :
e Scaling: 1 L
— o ¥k Xy
Yw 5?{ Xq:r L
T e 1 * T
Yw 5}-’ Yo

* Rotation:

= COS OL*X — Sin oL *Vv
X, = COS 0L ¥X — s1n O *y_

Vi~ 81N L .- + COS O i

Source:[2]
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No uniform matrix representation of these transformations
In affine coordinates

In homogeneous coordinates: simple matrix multiplication

2D translation:

(X,
yW

!

1 0 t)
0 1t

(%)
Y,

(1)

2D scaling:

()(W\ (SX 0 O\/XO\

Yw | T 0 Sy O Yo

\1/ \O 0 1/K1/ 2D rotation:
(X,) (cosa -sina 0Y'x,)
Y, |3 sha cosa Oy,
1) 0 0O 1IX1)
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& N

Euclidean geometry Affine geometry

Projective geometry
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Projective plane P? = set of one-dimensional vector spaces of R’

Source:[1]
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Source:[2]
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Source:[2]
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Source:[2]
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(X, V) ...affinecoordinates

(X, %,, %) ... projective or homogeneous coordinates

X3

ﬁ _%
)(3 )(3 (0,0,1) / .-y
X, # 0... proper points
X, =0...pointsat Infinity '
forming the line at infinity .

affine plane = projective plane \ line at infinity
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Projective coordinate system:

1B, B, BB

o E(1,0,0)

Points E ,E,,E,;,E have to bein general position, I.e., not any
three of them have to be collinear

Role of the point E:

Normalization of representing vectors él, éz,@

Source:[1]
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whereE (€), E(€),6 =86 +8& +8,

Corresponding affine coordinate system:

(01) of e - - - — o E(1.1)

o » E,

Source:[1]
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Examples for points in homogeneous coordinates:

. - -

x, = (04w, 03w, w)
=04, 03, 1.0)
=(0.8, 0.6, 20)

P,=(0.1, -03) x,=(03 -09. 3.0)

P, =(0.5, 0.5) x,=(05 05 10)

Source:[2]
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Equation of a straight line in homogeneous coordinates:

ulxl T u2X2 T u3X3 = O

- A line can be identified by (Ul, U,, U3), its line coordinates.

N/
/TN

—> A point can be identified by(Xl, X5, X3), its point coordinates.

Dual interpretation:
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Prinicple of duality of projective geometry:

ule T u2)(2 T u3X3 = O

N/
/TN

ine=junction of points  point=intersection of ines
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Line joining the points P and Q:

Point at the intersection of the lines g and h:
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Interpretation in 3-space:

Situation in 2D:

Source:[2]
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Examples for lines in homogeneous coordinates:

R2 P2
[i2x=yp—2=0 L=(2, -1, -2)
=(-L 05. 1.0)
l,:2x-y-05=0 ,=(2, -1, -0.5)
=(-4, 2, 1)
L 1x=3y+1=0 L=(1 -3, 1)

Source:[2]
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.

Line joining two points:

x, =(04. 03, 1.0)
x,=(0.L -03 10)
,=(20, -1.0, —0.5)

(04) (01) ( 06 ) (—4)
03|x]-03|=| =03 |=-6.66] 2
1.0/ 1.0/ \-0.15, 1)

Source:[2]
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Intersection of two lines:

R* P
l,:2x—y-05=0 I, =(-4.0, 2.0. 1.0)
[ x—3p+1=0 = (1.0, -3.0 .(f))T
= (05 ()+5)T x,=(0.5, 0.5 1,0)

(_4\ 4 1 3 (5\
2 |x|-3|=|5
Source:[2] \ 1 ) \ 1 ) \1 0)
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Intersection of two parallel lines:

R’ P-
[ :2x—y—-2=0 L =(2. -1 -2)f
L 2x—1—0.5=0 L,=(2, -1 -05)

Source:[2]
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Intersection of parallel lines:

Source:[2]
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Projective map: Consider:
7 P2 _, p2 all those projective maps
' that do not change the
XX %1 %) = Y (Y ¥z ¥) line at infinity, i.e., X, =0 = y, =0
(y ) AAYA
X (% Y1 =1, =1, =0

X [P TIX% =] Vs |

’
X3 %) \Y3) t11 t12 t13\
T=(t)0 R, regular, =1 = t21 t22 t23
determined up to a constant factor
P 0 0 ty)
ﬂ: affine: X, =1y, =1=1t,=1

Ys = 1:31)(1 + 1:32)(2 + t33x3 - ( ylj — (tll t12 j[ le + (tlB)
( ylj _ (tll t12 j[ le N (tlgjxg Y, t21 t22 X, t23

Yo L T X% PR Affine map
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Generalization to 3D:

(X, Y, 2)...affinecoordinates
(X, %,,%;,X,) ... projective or homogeneous coordinates

X:_,yzﬁ,zzé

X4 X4 X4

X, #0... proper points
X, =0...pointsat infinity

forming the plane at infinity

affine 3-space = projective 3-space \ plane at infinity
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3D transformations in homogeneous coordiantes:

3D translation: OpenGL
(x.) (1 0 0 t Yx)
Yo |10 10 1y, glTrandae (t,.t,,t,)
z,| 10 0 1 ¢t |z
. 1)10 0 0 141 3D scaling:
(x,) (s, 0 0 O0Yx)
Yol | O s, O 0O}y,
giscale(s,,s,.s,)| |z, |]o o s ofz
(1) t0 0 0 1X1)
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3D transformations in homogeneous coordiantes:

3D rotation:
X, cosa sSna
Yo | | —SINa cosa
z,| | O 0
1 0 0
y X
glRotate (a,0,10) Yo
Z,
1

glRotate (a,1,0,0)

o O O

OpenGL

glRotate (a,0,0,1)

o O +» O

sna

cosa

1

0

0

0

R O O O

0 cosa
0 sna

0
-sina
cosa
0

R O O O
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e Perspective Projection: glFrustum™ (l,r,b,t,n,f)

20

e Orthographic Projection: glOrtho* (l,r,b,t,n,f)

25

Ir—

0

0

Source:[2]
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OpenGL

dlTranslatef (0.0, 0.0, -5.0); // along z-axis 4

glRotatef (45.0, 0.0, 1.0, 0.0); // around y-axis

A

Source:[2]
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OpenGL

gliTranslatef (0.0, 0.0, -5.0); // along z-axis t -z

glRotatef (45.0, 0.0, 1.0, 0.0); // around y-axis

¥

/‘“
N
N

Source:[2]

A J
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OpenGL

dlTranslatef (0.0, 0.0, -5.0); // along z-axis =
glRotatef (45.0, 0.0, 1.0, 0.0); // around y-axis

Source:[2]
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A sample OpenGL program

// Viewport Transformations

glViewport (0.0, 0.0, w, h);

// Projection Transformations ~Z
glMatrixMode (GL_ PROJECTION); )
glLoadldentity (); -
glFrustum (Lr.t,b,n.f); or gluPerspective (60.0, w/h, 1.0, 20.0);
// Viewing Transformations

glMatrixMode (GL. MODELVIEW); « R
glLoadldentity (); x ! «
glTranslatef (0.0, 0.0, -5.0); // move world away from camera 7

glRotatef (45.0, 0.0, 1.0, 0.0); // rotate world in front of the camera around y-axis

/Il Modeling Transformations

/I Draw Object

Source:[2]




