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Rational Bézier curves: conic sections

Bézier curve

Definition

Let up < Uy < ... < uk be a partition of the interval [up, ux]. We call
Bézier curve of degree n a curve 7(u) that is composed of Bézier
segments of degree n on every subinterval [u, Uuj1] (/=0,...,k—1):

7(u)|UE[UI,U/+1] - Z bn[_HBn( )

I+1 — U
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Rational Bézier curves: conic sections

Bézier curve

Theorem (C" continuity of Bézier segments)

Let
LA u-—u,
Xi(u) = BB (—— ). uelu,u
i(u) ; nl+i I(U/+1 —U/)' (U, Ur4]

n

- U — U1
7/“(“) = bn(l+1)+i51n(—+)? U € [Upg1, Uy2)
P Uipo — Ut

be two consecutive Bézier segments and oy := ux1 — Ux. Then, the
segments 7,(u) and 7,+1 (u) join with C" continuity if and only if
1, = 1 =

EAI b ns1y—i = 5—A" b pus1y; 1 =0,...
I I+1
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Rational Bézier curves: conic sections

Bézier curve

Calculate derivatives by considering t = ;- respectively
— _u—Uui
T Uga—Ui” O
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Rational Bézier curves: conic sections

Bézier curve

C' continuity

C' continuity in u = ujq:

rig dy rig
A" b1 = et "B g1
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Rational Bézier curves: conic sections

Bézier curve

C' continuity

C' continuity in u = ujq:
— ) =
A" b1 = 5—’ "B g1
I+1
= = or —
b n+1)y = bogeny—1 = ﬁ(bn(l—H)—H = b))
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Rational Bézier curves: conic sections

Bézier curve

C' continuity

C' continuity in u = ujq:
— ) =
A" b1 = 5—’ "B g1
I+1
= = or —
b n+1)y = bogeny—1 = ﬁ(bn(l—H)—H = b))
lllustration J
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Rational Bézier curves: conic sections

Bézier curve

C? continuity

C? continuity in u = uj1:

%
A bn(l+1)—1 = EA bn(l+1) (C1) and
= 52 =
AP D pty-2 = 62—’A2 bnuty (C?)
1
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Rational Bézier curves: conic sections

Bézier curve

C? continuity

C? continuity in u = uj1:

- é —
A bn(l+1)—1 = ﬁA1 bn(l+1) (C1) and
= 52 =
AP D pty-2 = 62—’A2 bnuty (C?)
I+1

(C? « Ab (1) 1—Ab (I+1)—2

52 1
= 62I (A1 bn(/+1)+1 - b /+1))
R
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Rational Bézier curves: conic sections

Bézier curve

C? continuity
C? continuity in u = uj,4, continued:

— —
& A'bpgiy-1 — A B pginy—2

52 — —
= 52—I(A1 b niy+1 — AV D piiry)
i1
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Rational Bézier curves: conic sections

Bézier curve

C? continuity
C? continuity in u = uj,4, continued:

— —
& A'bpgiy-1 — A B pginy—2

52 — —
= —521 (A" Byt — A boginy) [ (CY) =
I+1
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Rational Bézier curves: conic sections

Bézier curve

C? continuity
C? continuity in u = uj,4, continued:

— —
s A bn(/+1 1 = AV D )2

= 52 (A (1)1 — A b (I+1)) | (C") =

i+1
) —
& —LA"B gy — A b (I+1)—2
0/+1
5,2 17 oy 17
=—A'b ——A'b _
% (G A1) —1

Bézier and B-Spline curves G. Albrecht



Curves
00000 @000000000000000000000000000000000

Rational Bézier curves: conic sections

Bézier curve

C? continuity

C? continuity in u = uj,4, continued:
— —
& A'bpgiy-1 — A B pginy—2
52 —
= 52' (A'B, a1 — A b)) [ (C) =
i1
) —
& 5/ A" D i1y — AV B pri1y—2
141
512 1_> I i
=5 A bty — A D)1
5I2+1 0141
5/ —
& — A" b ppy-r — A b (I+1)—
141
(5/2 17 5/
= A" b pgp1y41 — A bn(/+1)
6/2+1 Or41
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Rational Bézier curves: conic sections

Bézier curve

C? continuity

C? continuity in u = uj,4, continued:
— —
& A'bpgiy-1 — A B pginy—2
52 —
= 52' (A'B, nnyet — A b o) [ (CH) =
i1
) —
o 5’ A" D i1y — AV B pri1y—2
141
512 1_> i i
=5 A bty — A D)1
5I2+1 0141
5/ —
& — A" By — A b (I+1)—
141
52 - oy 041
:62_/ 'b (/+1)+1—7A bn(/+1) |*T+
1 !
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Rational Bézier curves: conic sections

Bézier curve

C? continuity

C? continuity in u = uj,4, continued:

— = ) —
(C?) & bngs1)y— brpry—1— %N b n(i1)—2

0;

=5 —A b /+1)+1—b (I+1) 1+b (I+1)
I+1
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Rational Bézier curves: conic sections

Bézier curve

C? continuity

C? continuity in u = uj,4, continued:

— = ) —
(C?) & bngs1)y— brpry—1— %N b n(i1)—2

0;

=5 —A b /+1)+1—b (1+1) 1+b (+1)  I*(=1)
I+1
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Rational Bézier curves: conic sections

Bézier curve

C? continuity

C? continuity in u = uj,4, continued:

— = ) —
(C?) & bngs1)y— brpry—1— %N b n(i1)—2

0

= 6_IA b n(i41)+1 — b (I+1)+1 T b n(l+1) |+ (=1)
I+1

= ) —

& bugpy—1 + %{1N b niig1y-2
= ) =
-b !

n(H1)+1 — EN b n(ri1y+1
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Rational Bézier curves: conic sections

Bézier curve

C? continuity

C? continuity in u = uj,4, continued:

— = ) —
(C?) & bngs1)y— brpry—1— %N b n(i1)—2
0
= 6_IA b ngi1)41 — b, (41)+1 + b ng+1) [ (=1)
I+
= ) —
& bugpy—1 + %{1N b niig1y-2
= ) =
= bnir1)y+1 — ﬁN b niig1y41 =t d
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Rational Bézier curves: conic sections

Bézier curve

C? continuity

C? continuity in u = u;,4, continued:
= o)) -
= 7 — bpyny-1 = %{1 ! b n(i+1)—2
- 0y —
et bniy1y11 — d = EA1 b n(141)+1
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Rational Bézier curves: conic sections

Bézier curve

C? continuity

C? continuity in u = u;,4, continued:
= 7 - B)n(l+1)—1 = 6%1 173)n(l+1)—2
et ?n(I-H)-H ~d = %N _b)n(l+1)+1
I+1 )
lllustration J
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Rational Bézier curves: conic sections

Bézier curve

The notion of C" continuity is not invariant with respect to parameter
transformations, i.e., it is not a geometric property of the curve.
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Rational Bézier curves: conic sections

Bézier curve
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Rational Bézier curves: conic sections

Bézier curve

Example, continued:
Paramter transformation: u = f(t) = 2
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Rational Bézier curves: conic sections

Bézier curve

Example, continued:
Paramter transformation: u = f(t) = 2
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Rational Bézier curves: conic sections

B—Splines curves

Parametric polynomial curves:

X(w) = Fiai(u)

a;(u) ... "blending functions"
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Rational Bézier curves: conic sections

B—Spline curves

Definition (normalized B—Spline)

Let 7 = {uj|u; < u1}7°_ be a partition. Then, we define by
recurrence (de Boor/Cox/Mansfield, 1972):

1, u e luj,uj
N,Q(U):{ 0, else[ )

u—u; _ Uirni1 — U _
N (u :—’N," 1 u +LN_” 1 u
) Uipn — Ui ! () Uitnt1 — Uitq i+ (W)
where "3 = 0".
The function N/(u) is called normalized B—Spline of degree n (of
order n + 1) with the support [uj, Uj+n+1]- If Ui € Z and (uj1 = u; or
Uiy1 = U; + 1) we call N/(u) uniform B=Spline.
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Rational Bézier curves: conic sections

B—Spline curves

Definition (normalized B—Spline)
Let 7 = {uj|u; < u1}7°_ be a partition. Then, we define by

recurrence (de Boor/Cox/Mansfield, 1972):

1, u e luj,uj
N,Q(U):{ 0, else[ )

u—u; uj —u
Nn u) = i N[7—1 u) + i+n+1 N_n—1 u
) Uipn — Ui ! () Uitnt1 — Uitq i+ (W)
where "3 = 0".
The function N/(u) is called normalized B—Spline of degree n (of
order n + 1) with the support [uj, Uj+n+1]- If Ui € Z and (uj1 = u; or
Uiy1 = U; + 1) we call N/(u) uniform B=Spline.

Scheme J
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Rational Bézier curves: conic sections

B—Spline curves

m={Up=0,u1 =1, =2,u3=3},n=2
Mw = {5 oe""
Mw = {5 o
Mw = {5 oe®
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Rational Bézier curves: conic sections

B—Spline curves

Example, continued

m={U=0,u1 =1, =2,u3=3},n=2

Np (u)

Ni(w) =
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Rational Bézier curves: conic sections

B—Spline curves

Example, continued

m={U=0,u1 =1, =2,u3=3},n=2

u, uelo,)
Ny (u) = 2—-u,uec(1,2)
0, else
u—1,uell,2)
Ni(u) = 3-u,uc(2,3)
0, else
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Rational Bézier curves: conic sections

B—Spline curves

Example, continued

m={U=0,u1 =1, =2,u3=3},n=2
u, uelo,)
Ny (u) = 2—-u,uec(1,2)
0, else
u—1,uell,2)
Ni(u) = 3-u,uc(2,3)
0, else
£, uelo1)
—?+3u-2,ue1,2)
N2u _ us + 2 s
e G0 ye[2,3)
0, else
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Rational Bézier curves: conic sections

B—Spline curves

Theorem (Properties of normalized B—Splines)

The normalized B-Splines N}'(u) that are defined with respect to the
partition T = {u;}°___ satisfy:

i=—o0
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Rational Bézier curves: conic sections

B—Spline curves

Theorem (Properties of normalized B—Splines)

The normalized B-Splines N}'(u) that are defined with respect to the
partition T = {u;}°___ satisfy:

i=—o0

N1) N(u) is a piecewise polynomial of degree n.

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Theorem (Properties of normalized B—Splines)

The normalized B-Splines N}'(u) that are defined with respect to the
partition T = {u;}°___ satisfy:

i=—o0

N1) N(u) is a piecewise polynomial of degree n.

N2) N,n(U){ > 0, uec (U,', ui+n+1)

= "minimal support": [u;, u;
—0, else PP [ is /+n+1]
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Rational Bézier curves: conic sections

B—Spline curves

Theorem (Properties of normalized B—Splines)

The normalized B-Splines N['(u) that are defined with respect to the
partition = = {u;}7°___ satisfy:
N1) N(u) is a piecewise polynomial of degree n.

>0, ue(u,y
N2) N,-”(u){ “o el

N3) NI (U)|ju,ug #0fori=1—n,....1

= "minimal support": [U;, Ujyni1]
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Rational Bézier curves: conic sections

B—Spline curves

Theorem (Properties of normalized B—Splines)

The normalized B-Splines N['(u) that are defined with respect to the
partition = = {u;}7°___ satisfy:
N1) N(u) is a piecewise polynomial of degree n.

n >0, u € (U, Uitnt1)
IR { =0, else

N3) NI (U)|ju,ug #0fori=1—n,....1
N4) > Nf(u) =1
i

= "minimal support": [U;, Ujyni1]
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Rational Bézier curves: conic sections

B—Spline curves

Theorem (Properties of normalized B—Splines)
The normalized B-Splines N['(u) that are defined with respect to the
partition T = {u;}°___ satisfy:

i=—o0

N1) N(u) is a piecewise polynomial of degree n.

>0, ue(u,y
N2) N,-”(u){ “o el

N3) NI (U)|ju,ug #0fori=1—n,....1
N4) > Nf(u) =1
i

N5) Let |; be the multiplicity of the knot u; = N(u) € C"~!

= "minimal support": [U;, Ujyni1]
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Rational Bézier curves: conic sections

B—Spline curves

Theorem (Properties of normalized B—Splines)

The normalized B-Splines N['(u) that are defined with respect to the
partition = = {u;}7°___ satisfy:
N1) N(u) is a piecewise polynomial of degree n.

n >0, u € (U, Uitnt1)
IR { =0, else

N3) NI (U)|ju,ug #0fori=1—n,....1
N4) > Nf(u) =1
i

N5) Let |; be the multiplicity of the knot u; = N(u) € C"~!
If there are only simple knots = NP(u) € C""

= "minimal support": [U;, Ujyni1]

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Theorem (Properties of normalized B—Splines)
The normalized B-Splines N['(u) that are defined with respect to the
partition = = {u;}7°___ satisfy:

N1) N(u) is a piecewise polynomial of degree n.
>0, ue (u,uj e fins
N2) N,ﬂ(u){ Zo. else( i Uiensr) 'minimal support": [Uj, Uiy 1]
N3) NI (U)|ju,ug #0fori=1—n,....1
N4) > Nf(u) =1
i

N5) Let |; be the multiplicity of the knot u; = N(u) € C"~!
If there are only simple knots = NP(u) € C""

see literature O
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Rational Bézier curves: conic sections

B—Spline curves

@ Different notations for B-Splines in literature, for example:
o N[(u) with support [uj_1, uin] (Farin)
o N, (u) with support [u;, Uj+,], where u = n+ 1 = order
(Hoschek/Lasser)
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Rational Bézier curves: conic sections

B—Spline curves

@ Different notations for B-Splines in literature, for example:
o N[(u) with support [uj_1, uin] (Farin)
o N, .(u) with support [u;, Uit,.], where ;o = n+ 1 = order
(Hoschek/Lasser)
@ Other possibilities for defining B-Splines:
among others by
e truncated power functions
o intersection volume of an n—dimensional simplex with a hyperplane.
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Rational Bézier curves: conic sections

B—Spline curves

Definition (B—Spline curve)
Letm>ne N, s ={up < uy <...< Unsinet} be afinite partition,
and Do(go), e Dm(t_fm) € E9(d € {2,3}). Then, the curve

S(u) =Y diNA(u); u e [to, Uminii)
i=0

is called B—Spline curve (of degree n with respect to the partition 7¢)
with the de Boor points or control points Dy, .. ., Dp.
short:

B =Y N 7= )2

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Theorem (Properties of a B—Spline curve)
C1) Affine invariance:

Do,...,Dn < ?(u) affinely invariant

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Theorem (Properties of a B—Spline curve)
C1) Affine invariance:

Do,...,Dn < ?(u) affinely invariant

C2) Moving a control point D; — modification of the curve ?(u) only
foru € [uj, Upynit)

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Theorem (Properties of a B—Spline curve)
C1) Affine invariance:

Do,...,Dn < ?(u) affinely invariant

C2) Moving a control point D; — modification of the curve ?(u) only
foru € [uj, Upynit)

C3)
/

B ety = > diN(u)
i=l—n

Bézier and B-Spline curves G. Albrecht



Curves
000000000000000000e00000000000000000000

Rational Bézier curves: conic sections

B—Spline curves

Theorem (Properties of a B—Spline curve)
C1) Affine invariance:

Do,...,Dn < ?(u) affinely invariant

C2) Moving a control point D; — modification of the curve ?(u) only
foru € [uj, Upynit)

C3)
/

B ety = > diN(u)

i=l—n

C4) Convex hull property:

S (W)luetuuy) € H(D—p, ... D))

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Theorem (Properties of a B—Spline curve, continued)

C5) Variation Diminishing Property:
The number of intersection points of the curve ?(u) with an
arbitrary plane is < than the number of intersection points of the
control polygon with the same plane.

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Theorem (Properties of a B—Spline curve, continued)

C5) Variation Diminishing Property:
The number of intersection points of the curve ?(u) with an
arbitrary plane is < than the number of intersection points of the
control polygon with the same plane.

C6) If k control points D;_x = D;_x1 = ... = D;_1 coincide and if the
multiplicity of the knot u; is between n— k + 1 and n, then the
B-Spline curve ?(u) contains the point D;_; : ?(u/) = 7/,1 .

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Theorem (Properties of a B—Spline curve, continued)

C5) Variation Diminishing Property:

The number of intersection points of the curve ?(u) with an
arbitrary plane is < than the number of intersection points of the
control polygon with the same plane.

C6) If k control points D;_x = D;_x1 = ... = D;_1 coincide and if the
multiplicity of the knot u; is between n— k + 1 and n, then the
B-Spline curve ?(u) contains the point D;_; : ?(u/) = 7/,1 .

C7) If n+ 1 control points D, ... Dy are collinear, then the B-Spline

curve ?(u) contains part of the straight line (different from a
point if uy # uy1) that passes through D), ... D.

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Theorem (Properties of a B—Spline curve, continued)

C5) Variation Diminishing Property:

The number of intersection points of the curve ?(u) with an
arbitrary plane is < than the number of intersection points of the
control polygon with the same plane.

C6) If k control points D;_x = D;_x1 = ... = D;_1 coincide and if the
multiplicity of the knot u; is between n— k + 1 and n, then the
B-Spline curve ?(u) contains the point D;_; : ?(u/) = 7/,1 .

C7) If n+ 1 control points D, ... Dy are collinear, then the B-Spline
curve ?(u) contains part of the straight line (different from a
point if uy # uy1) that passes through D), ... D.

C8) If n control points D,_,, ... D,_1 are collinear and the multiplicity
of the knot uy < n — 1, then the straight line that passes through
D,_p,...D,_4 is tangent to the B—Spline curve ?(u) in ?(u,).

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Theorem (Properties of a B—Spline curve, continued)
C9) First derivative of ?(u) :

d _ € (1) Ajn—1 1) _ ?i—gi—1
%?(u)_,;gi N=Y(u), where d(" = 9= 91

Uitn — Ui

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Theorem (Properties of a B—Spline curve, continued)
C9) First derivative of ?(u) :

%?(U) = zm: dON (W), where d() = n—Z?, ~des

Uiyn — Uj
i=1 I+n I

Démonstration

C1) — C4): using the properties of normalized B—Splines, C5): later

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Demonstration, continued
C6) Dk =...= D,y and n— k + 1 < multiplicity of the knot u; < n
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Rational Bézier curves: conic sections

B—Spline curves

Demonstration, continued
C6) D_k=...= D,y and n— k + 1 < multiplicity of the knot u; < n

I}
= Fw) = 3 diN(w)

i=l—n

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Demonstration, continued
C6) D_k=...= D,y and n— k + 1 < multiplicity of the knot u; < n
|

>3 = 3 d N ()

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Demonstration, continued

C6) D_k=...= D,y and n— k + 1 < multiplicity of the knot u; < n

I}
= Fw) = 3 diN(w)

i=I—n
I—1
= Z Q/N,-H(U/)
i=l—n
—k—1 I—1
= Y AN + S dNR(w)
i=—n T Sk

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Demonstration, continued

C6) D_k=...= D,y and n— k + 1 < multiplicity of the knot u; < n

I}
= Fw) = 3 diN(w)

i=l—n
-1
= Z Q/N,-H(U/)
i=l—n
I—k—1 11
= Z 7,‘ N (u) + Z 7,-N,-”(u,)
i=—n g =k

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Demonstration, continued

C6) D_k=...= D,y and n— k + 1 < multiplicity of the knot u; < n

I}
= Fw) = 3 diN(w)

i=l—n

1—1
= Z Q/N,-H(U/)

i=l—n
(=T -1
= S ANy + Y d N ()

i=l—n i i=I—k

-1
= diy Y N(w)
i=l—k

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Demonstration, continued

C6) D_k=...= D,y and n— k + 1 < multiplicity of the knot u; < n

I}
= Fw) = 3 diN(w)

i=l—n

1—1
= Z Q/N,-H(U/)

i=l—n
(=T -1
= S ANy + Y d N ()

i=l—n i i=I—k

-1
= dr > N(w)
i=l—k
=1

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Demonstration, continued

C6) D_k=...= D,y and n— k + 1 < multiplicity of the knot u; < n

I}
= Fw) = 3 diN(w)

i=l—n
-1
= Z Q/N,-H(U/)
i=l—n
I—k—1 11
= Z 7,‘ N (u) + Z 7,-N,-”(u,)
i=—n g =k

I—1
= diq > N (uy) = Gl

i=l—k
———
=1

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

I ——————————————————————————————————————————————,
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Rational Bézier curves: conic sections

B—Spline curves

Demonstration, continued

C7) follows with C4)

I EE————————————————————————————————————————"

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Demonstration, continued

C7) follows with C4)
C8) Dy_p,...,D;_4 collinear

I EE————————————————————————————————————————"

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Demonstration, continued

C7) follows with C4)
C8) Dy_p,...,D;_4 collinear

@3;231_1+ti(31_n—31—1); i=1=n....1=1 (%)

I EE————————————————————————————————————————"

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Demonstration, continued

C7) follows with C4)
C8) Dy_p,...,D;_4 collinear

@3;231_1+ti(31_n—31—1); i=1=n....1=1 (%)

/
= Fw) = Y diN(u)

i=l—n

I EE————————————————————————————————————————"

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Demonstration, continued

C7) follows with C4)
C8) Dy_p,...,D;_4 collinear

@3;231_1+ti(31_n—31—1); i=1=n....1=1 (%)

i
= Fw) = Y diN(w) |(x) =

i=l—n

I EE————————————————————————————————————————"

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Demonstration, continued

C7) follows with C4)
C8) Dy_p,...,D;_4 collinear

@3;231_1+ti(31_n—31—1); i=1=n....1=1 (%)

= ?(u/)

/
ST AN ) [(x) =

i=l—n

!
= Z (7/71 + Ti(ﬁl—n - 7l71))Nin(U/)

i=l—n

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Demonstration, continued

C7) follows with C4)
C8) Dy_p,...,D;_4 collinear

@3;231_1+ti(31_n—31—1); i=1=n....1=1 (%)

i
= Fw) = Y diN(w) |(x) =

i=l—n
/
= Z (7/71 + Ti(ﬁl—n - 7l71))Nin(U/)
i=l—n
S Z NA(w) + (d1n— d 1) Z N7 (ur)
i=l—n i=l—n

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Demonstration, continued

C7) follows with C4)
C8) Dy_p,...,D;_4 collinear

@3;231_1+ti(31_n—31—1); i=1=n....1=1 (%)

i
= Fw) = Y diN(w) |(x) =

i=l—n
/
= Z (7/71 + Ti(ﬁl—n - 7l71))Nin(U/)
i=l—n
S Z NA(w) + (d1n— d 1) Z N7 (ur)
i=l—n i=l—n

=il

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

Demonstration, continued

C7) follows with C4)
C8) Dy_p,...,D;_4 collinear

@3;231_1+ti(31_n—31—1); i=1=n....1=1 (%)

i
= Fw) = Y diN(w) |(x) =

i=l—n
/
= Z (7/71 + Ti(ﬁl—n - 7l71))Nin(U/)
i=l—n
S Z NA(w) + (d1n— d 1) Z N7 (ur)
i=l—n i=l—n

=1 =:A

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

C8)

= () = 31_1 + A(E?/—n - 7/—1)

O

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

C8)

= () = 31_1 + A(E?/—n - 7/—1)
= ?(U/) € (D/,nD/q)

O

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

C8)

= () = 31_1 + A(E?/—n - 7/—1)

= S(u) € (D1-nDi—1)
Furthermore we know:

O

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

C8)

= () = 31_1 + A(E?/—n - 7/—1)

= S(u) € (D1-nDi—1)
Furthermore we know:

o F(u)e C'foru=u

O

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

C8)

= () = 31_1 + A(E?/—n - 7/—1)

= S(u) € (D1-nDi—1)
Furthermore we know:

o F(u)e C'foru=u
o C4) =

O

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

C8)

= () = 31_1 + A(E?/—n - 7/—1)

=4 ? U/ D/ nD/ 1)

Furthermore we know:
o F(u)e C'foru=u
o C4) =

o S (U)lueuu,r) C H(Di—p, .., D) = H(Di_p, Di_1, D))

O

Bézier and B-Spline curves G. Albrecht
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00000000000000000000000e000000000000000
Rational Bézier curves: conic sections

B—Spline curves

C8)

= () = 31_1 + A(E?/—n - 7/—1)

= ? U/ D/ nD/ 1)
Furthermore we know:
o F(u)e C'foru=u
o C4) =
° ?(U)lue[u/,u,“) C H(Dj—p,- .-, D)) = H(D,—p, Di—1, Dy)
° ?(U)|ue[u,,1,u,) C H(Dj—p—1,---,D1—1) = H(Dj—pn—1, Di—n, D—1)

O

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

B—Spline curves

C8)

= () = 31_1 + A(E?/—n - 7/—1)

= ? U/ D/ nD/ 1)
Furthermore we know:
o F(u)e C'foru=u
o C4) =
° ?(U)lue[u/,u,“) C H(Dj—p,- .-, D)) = H(D,—p, Di—1, Dy)
° ?(U)|ue[u,,1,u,) C H(Dj—p—1,---,D1—1) = H(Dj—pn—1, Di—n, D—1)
C9) follows with:

iNn( )_ (Nini‘l(u) _ NI,-7H1(U)
du Uitn — Uj

Uitnt1 — Uiy
Demonstration by recurrence with respect to n

[

v,
Bézier and B-Spline curves G. Albrecht



Curves
000000000000 00000O000O0000eO00000000000000

Rational Bézier curves: conic sections

Curve point computation according to de Boor

given:

W)=Y diN(W); 7= {u}E

Bézier and B-Spline curves G. Albrecht



Curves
000000000000 00000O000O0000eO00000000000000

Rational Bézier curves: conic sections

Curve point computation according to de Boor

given:

W)=Y diN(W); 7= {u}E

we look for:

?(x); X € [uy, ui+1) fixed

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Curve point computation according to de Boor,
continued

i=l—n

v

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Curve point computation according to de Boor,
continued

/
B0 = > diN(x)

i=l—n
I
o U —1 Uirnt1 — X n—1
i;ﬂ I(ui+n - ul I ( ) Ui+n+1 _ Uf+1 i+1 ( ))

v

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Curve point computation according to de Boor,
continued

/
B0 = > diN(x)

i=l—n

I
_ ZQ(X NI-— 1(X) U""'LN” 1( X))

1
izi—n Ujtn — U/ ! Uitnt1 — Uitq i+
/
D D [ B V%)
imi—ppr dien = U

v

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Curve point computation according to de Boor,
continued

() = z diNf(x)
i=l—n
’ Gl U
= —Nn 1 X LN” 1
; (U,H,_u, P00+ gt NI ()
= Y AN
= lzr;ﬂ u’+”_U’
I+1 U
+ > d N,” 1(x)
=I—n+1 Uin — Uj

v

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Curve point computation according to de Boor,
continued2

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Curve point computation according to de Boor,
continued2

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Curve point computation according to de Boor,
continued2

/
X — U, uj X
= > g S X N ()
P Uirn — Uj Uitn j
=:a =1-a]

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Curve point computation according to de Boor,
continued2

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Curve point computation according to de Boor,
continued2

/
X — U, Uiptp— X
- L S 2 X N ()
imi—ngq Hitn Ui Uirn — Uj
= a} =1—a!

I
M\
&t
=<

T
S

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Curve point computation according to de Boor,
continued3

Repeated application of the recurrence formula:

/
) = Y dNe

i=l—n

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Curve point computation according to de Boor,
continued3

Repeated application of the recurrence formula:

/
3 dINP(x)

i=l—n

/
S AN ()

i=l—n+1

$(x)

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Curve point computation according to de Boor,
continued3

Repeated application of the recurrence formula:

/
3 dINP(x)

i=l—n

i
- > diN

i=l—n+1

$(x)

-
= Y AN

i=l—n+n

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Curve point computation according to de Boor,
continued3

Repeated application of the recurrence formula:

/
3 dINP(x)

i=l—n

/
S AN ()

i=l—n+1

$(x)

3
- Y AN ()
i=l—n+n

S

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Curve point computation according to de Boor,
continued4

de Boor algorithm:

X — Uj
Uitn—k+1 — Uj

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Curve point computation according to de Boor,
continued4

de Boor algorithm:
X — U

k .
Gio=
Uitn—k+1 — Uj

df = afdE T4 (1 akydh]

i=l—n+k,....,k=1,...,n.

4

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Curve point computation according to de Boor,
continued4

de Boor algorithm:
X — U

k .
Gio=
Uitn—k+1 — Uj

<_J'>f( = af‘?fq +(1- af‘)?f__ﬂ

i=l—n+k,....,k=1,...,n.

4

Scheme and lllustration J

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Curve point computation according to de Boor,
continued5

@ Property C9) of B-Spline curves = 77‘1 — 77:11 yields the
tangent direction in c_f;’ (curve point!)

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Curve point computation according to de Boor,
continued5

@ Property C9) of B-Spline curves = 77‘1 — 77:11 yields the
tangent direction in c_f;’ (curve point!)

@ Derivative computation:
By applying de Boor’s algorithm to the B—Spline representation
of the derivative.

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots

given:

B =Y N 7= )2

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots

given:

B =Y N 7= )2

X € [Uj, Ui+1) ... knot to be inserted

Bézier and B-Spline curves G. Albrecht
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000000000000000000000000000000e00000000
Rational Bézier curves: conic sections

Increasing flexibility by inserting knots

given:
Fu) =S diN(u): = {ud_
i
X € [Uj, Ui+1) ... knot to be inserted
= new partition 7' = {u!}___ where
¥ =

Bézier and B-Spline curves G. Albrecht
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000000000000000000000000000000e00000000
Rational Bézier curves: conic sections

Increasing flexibility by inserting knots

given:
Fu) =S diN(u): = {ud_
i
X € [Uj, Ui+1) ... knot to be inserted
= new partition 7' = {u!}___ where
u i<l
ul = X yi=1+1
Ui—1,i>1+2

Bézier and B-Spline curves G. Albrecht
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000000000000000000000000000000e00000000
Rational Bézier curves: conic sections

Increasing flexibility by inserting knots

given:
Fu) =Y dNI(u): m={ud
i
X € [Uj, Ui+1) ... knot to be inserted
= new partition 7' = {u!}2*___ where
u i</
ul = X yi=1+1
Ui—1,i>1+2
we look for:
)= dON () sur
i

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

Determination of the new de Boor points D} (7} ):
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

Determination of the new de Boor points D} (7} ):
Property N3) of normalized B—Splines =

Nf(u) = {

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

Determination of the new de Boor points D} (7} ):
Property N3) of normalized B—Splines =

N(uy ,i<l—n—1
N7(u) =

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

Determination of the new de Boor points D} (7} ):
Property N3) of normalized B—Splines =

{ N(uy ,i<l—n—1

NP (u), i > 1+ 1

NY(u) =

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

Determination of the new de Boor points D} (7} ):
Property N3) of normalized B—Splines =

N(uy ,i<l—n—1
NP(u)=< XXXX ,i=I-n,...,I

NP (u), i > 1+ 1

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

forl —n< i</ we have:

NP (u) = BINI(u) + (1 = 81 )NF (u)

il il
T
where 3} = ————

—ul
Ysnyr = 4

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

forl —n<i< | we have:

NP(u) = BINP(u) + (1 = Bl )N (u)

1 1
u — U

1+1
where ﬂ} = %
iener — U

Proof.

| :
\
\

by recurrence with respect to n by using the recurrence formula for
normalized B—Splines O

4

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

forl —n<i< | we have:

NP(u) = BINP(u) + (1 = Bl )N (u)

1 1

ul,  — u

where (3] = %
u’ — U]

J+n+1 J
Proof.
by recurrence with respect to n by using the recurrence formula for
normalized B—Splines L]
We have:

1 1
ﬂl—n = 5I+1 =

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

forl —n< i</ we have:
NP (u) = BINP(u) + (1 = B NP ()

1 1
U — 4
ivnt1 — Y;

where 3] .=

Proof.

by recurrence with respect to n by using the recurrence formula for
normalized B—Splines L]

We have:
ﬂ;—n =1 ) 6/14—1 =

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

forl —n< i</ we have:
NP (u) = BINP(u) + (1 = B NP ()

1 1
U — 4
ivnt1 — Y;

where 3] .=

Proof.

by recurrence with respect to n by using the recurrence formula for
normalized B—Splines L]

We have:
ﬂ;—n =1 ) 6/14—1 =0

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

Sw = Y diNw)

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

Sw = Y diNw)

/
= Y A+ Y disIRRw) + (1 - )R (1)

i<l—n—1 i=l—n

Z 7 N4 (v)

i>141

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

3w = S diN(u)
I
= Y A+ Y disIRRw) + (1 - )R (1)
i<l—n—1 i=l—n
+ > diN NP (u)
i>141
I
= Y d NP ) + > dist R (u)
i<I—n i=I—n+1
+ Z dis(1=BhHRPw) + 3 diiRn(u)
i=l—n+1 i>1+1

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

i
= Y difrw+ X (8 di+ (-8 d)RR)

i<l—n i=l—n+1

+ Z 7/,1N,{1(U)

i>14+1

Bézier and B-Spline curves G. Albrecht
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0000000000000000000000000000000000e0000
Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

i
= Y difrw+ X (8 di+ (-8 d)RR)

i<l—n i=l—n+1

+ Z 7/,1N,{1(U)

i>14+1

. Z?}N,"(u)

Bézier and B-Spline curves G. Albrecht
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0000000000000000000000000000000000e0000
Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

i
= Y difrw+ X (8 di+ (-8 d)RR)

i<l—n i=I—n+1
+ Z 7/,1N,-"(u)
i>14+1

. Z?}N,"(u)

where

d1=8di+(1-8)d

Bézier and B-Spline curves G. Albrecht
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

with
1 i<l—n
ul , —u!
e i=1—-n+1,...,1
Uiy — 4
0 > +1
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00000000000000000000000000000000000e000
Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

with

1 ,i<l—n
il il
u - u X — U
1 . 141 i i
Bi =

= T == : Jd=l—n+1,...,/
Uipnir — Ui Uitn = Uj

0 i1+
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00000000000000000000000000000000000e000
Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

with

1 ,i<l—n
il il
u - u X — U
1 . 141 i i
Bi =

. ;= — =o ,i=l—n+1,...,1
Uiny — 4 Uitn = Ui

0 i1+
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00000000000000000000000000000000000e000
Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

with

1 J<l—n
il il
u - u X — U
1 . 141 i i
Bi =

. ;= — =o ,i=l—n+1,...,1
Uiny — 4 Uitn = Ui

0 i1+

Scheme and Example
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

1) Successive refinement of the partition =, i.e., successive knot

insertion = the successive control polygons converge towards
the curve.
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Curves
000000000000000000000000000000000000e00
Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

1) Successive refinement of the partition =, i.e., successive knot

insertion = the successive control polygons converge towards
the curve.

2) In practice often:

Su) = i dIN(U); U € [Uo, Umynen); ™= (L}

i=0
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Curves
000000000000000000000000000000000000e00
Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

1) Successive refinement of the partition =, i.e., successive knot

insertion = the successive control polygons converge towards
the curve.

2) In practice often:

Su) = i dIN(U); U € [Uo, Umynen); ™= (L}

=0
where
o eitheruy =...=upand Ups1 = ... = Unin
@ OfrUp=Ui =...=Upand Upi1 = ... = Untn = Uninii
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

Remarks, continued:
Consequences of this choice of knots:
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

Remarks, continued:
Consequences of this choice of knots:

i) Property C6) of the theorem on the properties of B—Spline
curves = S () = , 8 (Um1) =
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0000000000000000000000000000000000000e0
Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

Remarks, continued:
Consequences of this choice of knots:

i) Property C6) of the theorem on the properties of B—Spline

curves = §(uy) = 30, S (Uni1) = d
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

Consequences of this choice of knots:
i) Property C6) of the theorem on the properties of B—Spline
curves = ?(u1) = 30, ?(um+1) =

i)

m

Ng(u)|ue[un,un+1)

Nf’;?(u)‘ue[Um,Um+1)
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

Remarks, continued:
Consequences of this choice of knots:

i) Property C6) of the theorem on the properties of B—Spline
curves = ?(u1) = 30, ?(um+1) =

m
i)
u—up
NJ(u = (—————
0( )|u€[un,un+1) O(Un+1 — Un)
u-—u
Nf’;?(u)‘ue[Um,Um+1) = Bn( -

n
Unt1 — Unm
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

Remarks, continued:

Consequences of this choice of knots:
i) Property C6) of the theorem on the properties of B—Spline
curves = §(uy) = 30, S (Umit) = dm
i)
u—u
N (Wlveunn) = BO(G——)
n _ n M
No (Wl veltmumy) = B"(um+1 U
iii) (DoDy)...
(Dm_1 Dm) e
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

Remarks, continued:
Consequences of this choice of knots:

i) Property C6) of the theorem on the properties of B—Spline
curves = ?(u1) = 30, ?(um+1) =

m
i)
u—up
NJ(u = (—————
0( )|u€[un,un+1) O(Un+1 — Un)
u-—u
Nf’;?(u)‘ue[Um,Um+1) = Bn( -

n
Unt1 — Unm

iii) (DoDy) ... tangent of ?(u) in Doy
(Dm—1Dp) . ..
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

Remarks, continued:
Consequences of this choice of knots:

i) Property C6) of the theorem on the properties of B—Spline
curves = ?(u1) = 30, ?(um+1) =

m
i)
u—up
NJ(u = (—————
0( )|u€[un,un+1) O(Un+1 — Un)
u-—u
Nf’;?(u)‘ue[Um,Um+1) = Bn( -

n
Unt1 — Unm

mummynm@mma%m%
(Dm—1Dpy) . .. tangent of s (u) in Dy,
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

Remarks, continued:
3)

W)=Y dN(W); 7= {u}E o
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

Remarks, continued:

3)
S =Y diN(w); m={u}E o
i
Increasing the multiplicities of the knots u; to n has the following
consequences:
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

Remarks, continued:
3)

W)=Y dN(W); 7= {u}E o

Increasing the multiplicities of the knots u; to n has the following
consequences:

o de Boor points = Bézier points
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

Remarks, continued:
3)

W)=Y dN(W); 7= {u}E o

Increasing the multiplicities of the knots u; to n has the following
consequences:

o de Boor points = Bézier points
e B-Spline curve = Bézier curve (composition of Bézier segments)
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

Remarks, continued:
3)

W)=Y dN(W); 7= {u}E o

Increasing the multiplicities of the knots u; to n has the following
consequences:

o de Boor points = Bézier points

e B-Spline curve = Bézier curve (composition of Bézier segments)
@ de Boor algorithm = de Casteljau algorithm
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Rational Bézier curves: conic sections

Increasing flexibility by inserting knots, continued

3)
S =Y diN(u); 7= {u} ..

Increasing the multiplicities of the knots u; to n has the following

consequences:

de Boor points = Bézier points

e B-Spline curve = Bézier curve (composition of Bézier segments)

@ de Boor algorithm = de Casteljau algorithm

@ variation diminishing property for B-Spline curves (property C5) of
the theorem on the properties of B—Spline curves)

Bézier and B-Spline curves G. Albrecht



	Curves
	Polynomial Bézier curves
	Continuity
	B–Splines curves
	Rational Bézier curves: conic sections


