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Invariants

Theorem (Projective group)

The { projectivities } of the { projective } plane form a group with

affine
projective
affine
projectivity
affinity

affinities
respect to their composition, the {

that is invariant with respect to a {

{ prgjf(;zz;\l/fly } invariant. The determination of all{
projective
affine
projective
affine

invariants of the {

invariants of the { } group.

} is called

projective
affine

} group. A quantity

|

} group is referred to as the theory of

Conic sections G. Albrecht




Curves
0O@000000000000000

Conic sections

Invariants

Definition of "Geometry", Erlanger Programm, F. Klein, 1872

Geometry = Theory of invariants of a transformation group
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Conic sections

Invariants

Definition of "Geometry", Erlanger Programm, F. Klein, 1872

Geometry = Theory of invariants of a transformation group
projective _ L
{ affine } geometry = theory of invariants of the

projective
{ affine }group

Conic sections G. Albrecht



Curves
00@00000000000000

Conic sections

Invariants

| Affine invariants | Projective invariants |

collinear points collinear points
parallelity of lines —
ratio of 3 collinear points | cross ratio of 4 collinear points

affine classification of projective classification of
conic sections conic sections
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Conic sections

Invariants

| Affine invariants | Projective invariants |

collinear points collinear points
parallelity of lines —
ratio of 3 collinear points | cross ratio of 4 collinear points

affine classification of projective classification of
conic sections conic sections

Remark

| A\

The notion of parallelity of two lines does not exist in the projective
plane; two lines always intersect in one point.

\
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Projective classification of conic sections

Conic section in the projective plane

Qoo XG + 2801 XoX1 + @11X2 + 2802X0X2 + 822X + 2a12X1X2 = 0

XTAX =0, A= (aj) € R*3, symmetric
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Conic sections

Projective classification of conic sections

Conic section in the projective plane

Qoo XG + 2801 XoX1 + @11X2 + 2802X0X2 + 822X + 2a12X1X2 = 0

XTAX =0, A= (aj) € R*3, symmetric

Applying a projectivity

X=TYy, rk(T)=3

YTTTATY =0, B:=TTAT
B
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Projective classification of conic sections

Congruent matrix normal forms

A, B... congruent matrices
— normal forms of real 3 x 3 congruent matrices:

1 00 1 0 O
01 0|,101 O ;
0 0 1 0 0 —1
1 0 0 0 O
01 0|, -1 0 |,
0 00 0 O
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Projective classification of conic sections

Conic normal forms

a) rk(A) =3:
al) X+ x2+x3=0 imaginary
a2) x4+ x2—x2=0 real
b) rk(A) = 2:
bl) X +x2=0 imaginary
b2) X —x2=0 real
a) rk(A) =1:
x2=0
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Projective classification of conic sections

Conic normal forms

a) rk(A) = 3: non—degenerate conic section
al) X+ x2+x3=0 imaginary
a2) x4+ x2—x2=0 real
b) rk(A) = 2: pair of intersecting lines
bl) X +x2=0 imaginary
b2) X —x2=0 real
a) rk(A) = 1: double line
x2=0
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Projective classification of conic sections

Conic normal forms

a) rk(A) = 3: non—degenerate conic section
al) X+ x2+x3=0 imaginary
a2) x4+ x2—x2=0 real
b) rk(A) = 2: pair of intersecting lines
bl) X +x2=0 imaginary
b2) X —x2=0 real
a) rk(A) = 1: double line
x2=0

Projective versus affine classification

projective classification of conics <> affine classification of conics
lNlustration
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Conic sections as rational Bézier curves

Homogeneous form

Xo(t) 2 1 i . .
( 2%3 ) —;Wi< z, )B/(t), where b; = ( b > WeR
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Conic sections as rational Bézier curves

Xo(1) 2 1 — b!
(x1(t) ) :Zw,( z, )B,?(t), where b ;= ( b2 ) , W, €R

Xo(t) i=0 J

Projection into the plane xo = 1
_)
¥ (1) = Zizo Wi DiBE(D)
o WiBR(1)
rational Bézier curve of degree 2

B,-(?,-) ... control points
w; ... weights
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Conic sections as rational Bézier curves

Polynomial parametric curves of degree 2

are parabolas and every parabola can be represented in the form (x)

v,
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Conic sections as rational Bézier curves

Polynomial parametric curves of degree 2

are parabolas and every parabola can be represented in the form (x).

Theorem

Rational parametric curves of degree 2

N
(1) = Z,?:zo w; b B (t)
>io WiBE(1)

are conic sections and every conic section can be represented in the
form (xx).

Conic sections

G. Albrecht
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Conic sections as rational Bézier curves

Corollary (***)
A rational parametric Bézier curve of degree 2

%

R(t) = Z’%? wi biBE (1)
Ym0 WiBE(1)

with w; € IR™, and BO(FO), B; (31 ), 82(73)2) not collinear, represents
a connected segment of a non—degenerate conic section.

, te0,1]
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Conic sections as rational Bézier curves

A rational parametric Bézier curve of degree 2 as in Corollary (***)
has the following properties:

a) X(0) = bo, X(1) = b

Conic sections G. Albrecht
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Conic sections as rational Bézier curves

A rational parametric Bézier curve of degree 2 as in Corollary (***)
has the following properties:

a) X(0) = Bo, X(1 0= b
b) S ()0 = 22(B1 — Bo), X (Dt = 22(B2— b1)

w2

Conic sections G. Albrecht
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Conic sections as rational Bézier curves

A rational parametric Bézier curve of degree 2 as in Corollary (***)
has the following properties:

a) X(0) = bo, X(1 0= Bz
) 2R (t)lmo = 22(B1 — Bo), S X (D)t = 2%(B2 — b4)
¢) X(leepn) H(Bo(_b>o),B1(b1),Bz(_b>2)) convex hull property

Conic sections G. Albrecht
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Conic sections as rational Bézier curves

A rational parametric Bézier curve of degree 2 as in Corollary (***)
has the following properties:

a) X(0) = bo, X(1) = b2
b) S ()0 = 22(B1 — Bo), X (Dt = 22(B2— b1)

)
— —
¢) X (D)liepo,n © H(Bo(Bo), Bi(B+), Bo(b2))  convex hull property
d) OfWo— 221,

= BoB2(t) — wi b1B2(t) + baBE(1)
T B0 - wiBE(D) + B(D)

represents the complementary conic segment with respect to

X (1).

Conic sections G. Albrecht
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Conic sections as rational Bézier curves

Role of the weights

Let , Y
o Wi bB?
7(1‘):Z/=20W—bzl(t)’ t € [0,1]
Zi=o W,'B,-(t)
and
2 &P opo
F(r) = oW BIBIT) g g

i WiBR(r)

S e
Are there weights (w;, w;), i = 0,1, 2 such that 7(1‘), X (7) represent
the same curve ?
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Conic sections as rational Bézier curves

Role of the weights
Parameter transformation
-

t= =R KR\ O)
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Conic sections as rational Bézier curves

Role of the weights

Parameter transformation

t= =R KR\ O)

=
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Conic sections as rational Bézier curves

Role of the weights

Parameter transformation

t= =R KR\ O)

=

e (1) (-owrs) (aren)

- ( ? > <(1k—(1k)_TT—i)-k)2_i ((‘I —kT)T—i-k)I

Conic sections G. Albrecht
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Conic sections as rational Bézier curves

Role of the weights

Parameter transformation

t= =R KR\ O)

F—r () (=) (=hr)
2_j i

(7) (o) (=)
— ( T+k> (?)kZ—i(1_T)2—iTi

Conic sections G. Albrecht
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Conic sections as rational Bézier curves

Role of the weights

Parameter transformation

t= =R KR\ O)

F—r () (=) (=hr)
2_j i

(7) (o) (=)
— ( T+k> (?)kZ—i(1_T)2—iTi

k2 i
R e

Conic sections G. Albrecht
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Conic sections as rational Bézier curves

Role of the weights

We thus obtain

—
7(1.) _ ZI?ZO W/kz_l b’BIZ(T)
Yo Wik?B3(7)

Conic sections G. Albrecht
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Conic sections as rational Bézier curves

Role of the weights

We thus obtain

—
7(1.) _ ZI?ZO W/kz_l b’BIZ(T)
Yo Wik?B3(7)

W =wk> ', i=0,1,2

Conic sections G. Albrecht
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Conic sections as rational Bézier curves

Role of the weights

We thus obtain , .
7(1.) _ Zi:o W/kz_l b’BIZ(T)
Yoo Wike~TBR(r)
> ;
W =wk® ', i=0,1,2
in particular: k = % = Wy = Wo, Wo = Ws

Conic sections G. Albrecht
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Conic sections as rational Bézier curves

Role of the weights

We thus obtain , .
7(1.) _ Zi:o Wikz_l b’BIZ(T)
Yro Wike~IB¥()
> ;
W =wik®',i=0,1,2
in particular: k = % = Wy = Wo, Wo = Ws

Theorem

Every rational parametric Bézier curve of degree 2 can be written in
standard form, i.e., wo = wo = 1.

| A\

Conic sections G. Albrecht
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Conic sections as rational Bézier curves

Role of the weights

Let the conic section 7(t) be in standard form (wp = wo = 1).

1) weight wy increases —- 7(t) gets near B;
weight wy decreases —- 7(1‘) gets away from B;

Conic sections G. Albrecht
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Conic sections

Conic sections as rational Bézier curves

Role of the weights

Let the conic section 7(t) be in standard form (wp = wo = 1).

1) weight wy increases —- 7(t) gets near B;
weight wy decreases —- 7(1‘) gets away from B;

2) wy <> affine type of the conic

=
wy <> behavior of the conic with respect to the line at infinity

v,

Conic sections G. Albrecht
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Conic sections as rational Bézier curves

Role of the weights

2)

2 -
(1) = 2o MO B g )

Yo wiB2(t)
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Conic sections as rational Bézier curves

Role of the weights

2)

2 -
(1) = 2o MO B g )

Y7o wiB2(t)
— x(t) = 32, wiB2(t) >0, te[0,1]

Conic sections G. Albrecht
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Conic sections as rational Bézier curves

Role of the weights

2)

2 —
(1) = 2= W BB gy

im0 WiBE (1)
— xo(t) = Y7, wiB2(t) > 0, t € [0, 1
= eventual poles are in the complement X (f):
Xo(t) = B§(t) — w1 B§(t) + B5(t) = 0

Conic sections G. Albrecht
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Conic sections as rational Bézier curves

Role of the weights

2)

Rty - T WBEW
Yo WiBZ (D)

— xo(t) = Y7, wiB2(t) > 0, t € [0, 1
= eventual poles are in the complement X (f):
%o(t) = B3(t) — wi B2(1) + BE(t) = 0

1+ wy £ /w2 —1

<:>t1/2: 212w,
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Conic sections as rational Bézier curves

The conic section in rational parametric Bézier representation 7(t)

ellipse
and in standard form (wo = w», = 1) is part of a { parabola if

hyperbola
WA
W1 .
]

Conic sections G. Albrecht
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Conic sections

Conic sections as rational Bézier curves

The conic section in rational parametric Bézier representation 7(t)

ellipse
and in standard form (wo = w», = 1) is part of a { parabola if

hyperbola
wy < 1
Wy = 1 .
wy > 1

Conic sections G. Albrecht
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Conic sections as rational Bézier curves

The conic section in rational parametric Bézier representation 7(1‘)
and in standard form (wp = wo = 1) with || BoB; ||=|| B1Bz ||
describes a circular arc if and only if w; = cos ¢, where

¢ = 2£LBoByBy = £ByB>B;.

Conic sections G. Albrecht
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