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Motivations

Padua, Two-days of Numerical Linear Algebra 2007

F. Poloni: “Fast Newton method for an algebraic Riccati equation’
Research lines

e Fast SDA? The SDA iterates are generalized Cauchy-like as
well

This year | am going to fill in the gap: fast O(n?) versions of two
other algorithms for the same equation

Derivation and comparison between the algorithms
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Algebraic Riccati equations

Nonsymmetric algebraic Riccati equation (NARE)
XCX —AX —XE+B=0

mxn _ _ (NARE)
X € R™*" other matrices compatible

Recent interest in the literature e.g. [Guo—Laub '00, Lu '05,
Guo—Higham '05, Bini-lannazzo—-Latouche—Meini '06]
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Algebraic Riccati equations

Nonsymmetric algebraic Riccati equation (NARE)
XCX —AX —XE+B=0

mxn _ _ (NARE)
X € R™*" other matrices compatible

Recent interest in the literature e.g. [Guo—Laub '00, Lu '05,
Guo—Higham '05, Bini-lannazzo—-Latouche—Meini '06]

X solves (NARE) < [g :Z] [)'(] = [)'(] (E — CX)

Solutions < invariant subspaces of H := B _A

e Explicit calculation of the eigenvectors: numerical problems

e lterative methods: cost O(n3)/step, quadratic convergence
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Rank-structured NAREs

From a physics problem, we get
One-group neutron transport equation

AX + XD = (Xqg+e)(e” +q"X) (NT)
D, A “positive” diagonal matrices, e, q > 0 vectors
(NT) is a NARE with rank structure:
A=A—eq’ , B=ee' , C=qq",E=D—qe’

Defined by O(n) parameters; we can expect to find faster
structured algorithms.
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Solution algorithms

Brown: O(n®) per step, Green: O(n?) per step
Generic NARE

1. Newton's method [Guo—Laub, '99]
2. Cyclic Reduction [Ramaswami '99,
Bini—lannazzo—Latouche-Meini '05]
3. Structured doubling algorithm [Guo—Lin—Xu, '06]
Rank structured problem (NT)

4. Newton method on Lu's iteration [Lu '05]

Structured version of 1 and 4 [Bini—lannazzo—P., preprint '06]
Secular equation [Mehrmann—Xu, preprint '07]

Structured version of 2 [Bini-Meini—P., preprint '08, this talk]
Structured version of 3 [Bini—-Meini—P., preprint '08, this talk]

© N o o
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Cauchy-like matrices
Displacement operator

Ve.e(M) := DsM — MD,
with Ds = diag(s), D; = diag(t) diagonal matrices
M is said Cauchy-like if Vs (M) has low rank r <=

U- V)
M = g whenever s; # t;
Si— tj

U, V (generators) are n X r , r x n matrices
We only keep in memory the generators, 2nr parameters

Usually one requires s; # t; for all /,j

Instead, we will also need the case s = t (singular operator):
nothing is known about the main diagonal of M
We keep in memory generators + diagonal (separately)
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The GKO algorithm

Solving linear systems with Cauchy-like matrices: GKO algorithm
[Gohberg—Kailath—Olshevsky '95]

Theorem (Gohberg—Kailath—Olshevsky)

Xk

During each step of Gaussian elimination M — [ 0 S

} S (the
Schur complement) is Cauchy-like

Instead of computing the elements of S O(n3), compute its
generators O(n?)

Singular operator case: hybrid strategy
e Update the diagonal of M as in the traditional Gaussian
elimination O(n?)
e Update the other elements as in GKO O(n?)
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Structured doubling algorithm (SDA)

Eiy1 = Ex(I — GiHi) Ex
Fi1 = Fu(l — HeGe) ™ Fi
Gis1 = G + Ei(l — GeHi) "1 GiFi
Hy1 = Hi + Fi(! — HkGx) ™t Hi Ex

(SDA)

1. Spectral transformation:

H = {g :ﬂ = Hy = (H+~1)"HH — 1)

2. Block UL factorization: ‘H., = Uy * Lo with
| =G | B O
Uo = [0 Fo ] » Lo= {—HO /}

3. Implicit update H,zyk = Uk_lﬁk
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The structured case

In the problem (NT), H = D + uv (diagonal plus rank 1)

k
H?y and H commute <=

DHE{k - HikD = ’H,zykuv - uvH?yk (1)

SDA preserves the Cauchy-like structure.

Need to compute explicit block generators? e.g. Fy:

pre- and post-multiply (1) by [0 F] and [,E_)} to get
k

AF, — FLA = (Hkul + U2)V2Fk — FkU2(V]_ + V2Gk)
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Cauchy-like structure of SDA
In the same way,
DE, — ExD = (U1—|- GkUQ) Ek—Ekul(V1+V2Hk)
AF, — Fi A = (Hkul + U2)V Fr — Fku2(V1 + VQGk)
DGy + G A = (Ul aF Gkuz)(V]_ aF Vsz) EiuivoFy
AH, + H.D = (Hkul+U2)(V1+V2Hk)kaU2V1Ek

(GEN'S)

We can reconstruct the iterates from the eight vectors in
blue/green (generators).

Instead of updating the matrices O(n?®), update the generators
O(n?)
e.g. 1
Fk+1U2 = Fk(/ — Hka) FkU2

everything in the RHS can be computed using (GEN'S) and the
generators at step k.

GKO for the inversion O(n?)
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Updating the diagonals
Problem: some of the operators are singular:

DE,— ED~=...

(GEN'S)
AFc— Fibh=...

We need to compute the diagonals of Ex.1 and Fy1 as well.
Idea: after the generators update, we know:

e The off-diagonal elements of E; 1 and Fyyq (via the
generators)

e Eii1u1 and Fipqup (two of the generators)
Easy to recover them:

B (Ek+1U1 — Off—diag(Ek+1)U1)j
(Ek+1)jj - .
(u1);

Issue: stability?
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Outline of cyclic reduction (CR)

1. Spectral transformation (as in SDA)
2. Transform (NARE) to the unilateral equation
E O - -C 0 0f.>
{B 0}—#[0 _A}Y—i—[o _I]Y—O (UNTI)

3. Solve (UNI) via cyclic reduction.
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Cyclic reduction [Buzbee—Golub—Nielson, '69]
Ski1 = Sk — RS T — TiS Ri
Rit1 = —RkS; ' Re
Tis1 = —TiS; ' Ti
Ski1 =Sk — TiSi 'R, So = So

Converges quadratically to the spectral minimal solution of
Ro+ SoY + T0Y2 =0
Interpretation of CR [Bini—Latouche-Meini '05]:

o Let (p(k)(z) = Rzt + S+ Tz
o Let p(9(2) = pM(2) 7
o (CR) can be seen as the update 1(k*1) = even (1/()

even(v)) = -+ 4z 2+ ozt o+ oz + Yaz® + - -
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The structured case

For the low-rank problem (NT),
00 = D(z) + uv(2)
is diagonal plus rank 1
...some computations lead to. ..

Vo p® = uvi(z) + tava(z) + us(z)vs

This structure is preserved under even(-) = Vppw(k) has rank 3
for all k

...even more computations lead to. ..
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Cauchy-like structure of CR

Cauchy-like structure

V. pRk :Rkuls(()k) = Skuzt(_kl) + ugv3 Ry,
VD,DSk :Rkulsy() 4 Skuls(()k) 4 SkU2ték) T TkUQt(_kl) + uov3 Sy,

VD,D Tk :5ku15{k) =F TkUQt(gk) + ugvs Tk,

Ry, Sk, Tx have size n+ m, but there are some zero or known
blocks we can skip
We can reconstruct the iterates from

e 8 vectors of length nor m
e 2 diagonals
Proceed as in SDA: update vectors and diagonals
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Numerical results — noncritical case

Total time, alpha=0.5, c= 0.5 Relative residual
10000 T T T T
1k SSDA —+— ]
1000 | - SDA
0.01
CR
100 F E sLu —=—
le-04 | Ly —e— ]
10 F {1 1le-06 .
1F - 1e-08 | E
01k ] le-10 f .
le-12 | e
0.01 E
le-14 | e
0.001 L L L

10 100 1000 10000 10 100 1000 10000



Numerical results
oce

Numerical results — quasi-critical case

Total time, alpha=1.E-8, c= 1-1.E-6 Relative residual
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To sum up. ..

Structural analysis (for Cauchy-like input) of SDA and CR
e Better understanding of the algorithms

Developed structured versions of SDA and CR

Faster than nonstructured algorithms

Not as fast as structured Lu/Newton

Loss of precision in near-to-critical cases
e Stabler ways to recover diagonal of iterates?

Can be generalized to diag+rank r; scales as O(n?r)

e Lu/Newton would scale as O(n?r?)
o Needed in applications? Solution “looking for a problem”
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Another kind of fast SDA

DA

EXPRESS COURIER

TRASPORTO CON SDA
CON CONSEGNA IN
24H IN TUTTA ITALIA

(Thanks to Antonio for the joke)
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