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Abstract

The connections between the 3-manifolds with cyclically presented
fundamental groups and the strongly-cyclic branched coverings of
(1,1)-knots are studied. A list of recent results on the topics is shown,
including some important examples.

Mathematics Subject Classification 2000: Primary 57TM12, 57R65; Sec-
ondary 20F05, 57MO05, 57TM25.

Keywords: (1,1)-knots, cyclic branched coverings, cyclically presented
groups, geometric presentations of groups, Dunwoody manifolds.

1 Introduction

In the last decade many examples of cyclic branched coverings of knots in
S? admitting cyclic presentations for the fundamental groups have been de-
scribed (see [1, 5, 6, 7, 9, 17, 18, 20, 21, 22, 24, 31]).

In the last three years our attention has been focused on the more general
setting of 3-manifolds which are cyclic coverings of lens spaces, branched over
(1, 1)-knots.

*This paper is an enlarged summary of the talk “Cyclic presentations of groups and
branched cyclic coverings of (1, 1)-knots”, given by the a thor at the “2nd Germany-Korea
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2000. Work performed under the auspices of the G.N.S.A.G.A. of LN.d.A.M. (Ttaly) and
the University of Bologna, funds for selected research topics. The author’s visit to Pusan
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The first result in this context has been obtained in [13], where it is
proved that all Dunwoody manifolds [9], which are manifolds with cycli-
cally presented fundamental groups, are strongly-cyclic branched coverings of
(1,1)-knots. After that, it has been shown in [28] that every n-fold strongly-
cyclic branched covering of a (1, 1)-knot admits a Heegaard diagram of genus
n which encodes a cyclic presentation for the fundamental group. In [3] this
result has been improved, obtaining a constructive algorithm which explicitly
gives the cyclic presentations, starting from a representation of (1, 1)-knots
through the elements of the mapping class group of the twice punctured torus
(see [4] for further details on this representation).

All these results, as well as others on the same topic, will be described in
Section 3, where some examples are also presented.

The necessary basic notions concerning strongly-cyclic branched cover-
ings of (1,1)-knots, cyclically presented groups and Dunwoody manifolds are
described in Section 2.

2 Preliminaries

2.1 Strongly-cyclic branched coverings of (1,1)-knots

An n-fold cyclic covering of a 3-manifold N® branched over a knot K C
N? will be called strongly-cyclic if the branching index of K is n. This
means that the homology class of a meridian loop m around K is mapped
by the monodromy map w : H;(N® — K) — Z, in a generator of Z,, (up to
equivalence we can always suppose w|m| = 1).

Observe that a cyclic branched covering of a knot K in S? is always
strongly-cyclic and is uniquely determined, up to equivalence, since H;(S3 —
K) = Z. Obviously, this property is no longer true for a knot in a more
general 3-manifold.

In this paper we deal with strongly-cyclic branched coverings of (1,1)-
knots, which are knots in lens spaces (possibly in S%).

A knot K in a 3-manifold N? is called a (1,1)-knot if there exists a
Heegaard splitting of genus one

<N37 K) - (T7 A) U¢ (T/7 A/),

where T" and T" are solid tori, A C T and A’ C T’ are properly embedded



trivial arcs!, and ¢ : (0T, 0A) — (9T",0A’) is an attaching homeomorphism
(see Figure 1). Obviously, N3 turns out to be a lens space L(p, q) (including
S? = L(1,0)).

) = (

Figure 1: A (1, 1)-knot decomposition.

It is well known that the family of (1,1)-knots contains all torus knots
(trivially) and all two-bridge knots in S? (see [23]). Several topological prop-
erties of (1, 1)-knots have recently been investigated in [2, 3, 4, 8, 10, 11, 12,
13, 14, 15, 16, 25, 26, 27, 28, 32, 33, 34).

An algebraic representation of (1,1)-knots have been developed in [3,
4], where it is shown that there is a natural surjective map from the pure
mapping class group of the twice punctured torus PMCGo(9T) to the class
K1, of all (1,1)-knots

NS PMCGQ(@T) — ch S IC1,1.

A standard set of generators for PMCGo(OT) is given by the three right-
hand Dehn twists d4,d3, 0, respectively around the curves o, 3, depicted
in Figure 2.

The fundamental group and the first integer homology group of the ex-
terior of a (1,1)-knot K, can be explicitly obtained from its representation
¢. Referring to Figure 2, we define the loops @ = - a - 674 =6 -6 &
and ¥ = & - v - &', where &, £,,& are paths connecting * to «, # and 7
respectively, as depicted in Figure 2.

Lemma 1 [3] Let K, be a (1,1)-knot in L(p,q). Then:

Z) 7T1<L(p7 Q) - K<P7 *) = <C_Y7f_7 ‘ Z#@#(ﬁ) >7 where i : (aTv aA) - (T7 A) is
the inclusion map;

!This means that there exists a disk D C T (resp. D' C T") with AND = ANdD = A
and 0D — A C OT (resp. AAND' =A'NOD' = A’ and 0D’ — A’ C 9T").
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Figure 2: Generators of PMCGo(9T).

i) Hi(L(p,q) — Kp) = (a,v|pa+q"7) = 2@ L), where q" is
uniquely determined by the homology relation: ¢.(5) = pa+q¢' 6+ q"y.

As a consequence, an n-fold strongly-cyclic branched covering of a (1, 1)-
knot does not necessarily exist and, if it exists, may not be unique, up to
equivalence.

Proposition 2 [3] Let K, be a (1,1)-knot in L(p,q). Then K, admits an
n-fold strongly-cyclic branched covering if and only if d divides ¢”, where
d = ged(p,n) and " is uniquely determined by the homology relation ¢, (5) =
pa+ ¢ 6+ ¢"y. In this case, there exist exactly d of such coverings, up to
equivalence.

2.2 Cyclically presented groups

A finite balanced presentation of a group
Xy Ty | T1y ey T >

is said to be a cyclic presentation if there exists a word w in the free group
F, generated by zy,...,7, such that r, = 0*Y(w), k = 1,...,n, where
0, : F, — F, denotes the automorphism defined by 0, (x;) = x;11 (subscripts
mod n), i = 1,...,n. This presentation (and the related group) will be
denoted by G, (w). For further details see [19].

The following examples show that these groups are strictly connected
with 3-manifolds with cyclic symmetry:



- the Fibonacci group F(2n) = Ga,(z12025") = G, (27 2305 1) is the
fundamental group of the n-fold cyclic covering of S branched over the
figure-eight knot, for all n > 1 (see [18]);

- the Sieradsky group S(n) = G, (z1232; ") is the fundamental group of
the n-fold cyclic covering of S? branched over the trefoil knot, for all
n > 1 (see [5]);

- the fractional Fibonacci group Fyi(n) = Gy ((z7'2h) 2y (25 2h)%) is the

fundamental group of the n-fold cyclic covering of S* branched over
the genus one two-bridge knot with Conway coefficients [21, —2k], for
alln>1and I,k > 0 (see [31]).

Moreover, all the above cyclic presentations are geometric [29] (i.e. they arise
from suitable Heegaard diagrams).

2.3 Dunwoody manifolds

In order to investigate the relations between cyclic branched coverings of
knots and cyclic presentation of groups, M.J. Dunwoody introduced [9] a
class of Heegaard diagrams with cyclic symmetry, depending on six integers
a,b,c,n,r,s, such that n > 0, a,b,c > 0 and a4+ b+ ¢ > 0. This construction
gave rise to a wide class of closed orientable 3-manifolds D(a,b,c,n,r,s),
called Dunwoody manifolds, with fundamental groups admitting geometric
cyclic presentations.

For particular values of the parameters, called admissible, a Dunwoody
diagram is an (open) Heegaard diagram of genus n (see Figure 3), which con-
tains n upper cycles C1,...,Cr, and n lower cycles C7,...,C/ each having
d = 2a + b+ c vertices. For every i = 1,...,n, the cycle C! (resp. C7) is

I

connected to the cycle C7,; (resp. C},,) by a parallel arcs, to the cycle C;’ by
c parallel arcs and to the cycle C7, | by b parallel arcs. The cycle C7 is glued
to the cycle C} , (subscripts mod n) so that equally labelled vertices are
identified together (the labelling of the vertices is pointed out in Figure 4).
It is evident that the identification rule, as well as the diagram, is invariant

with respect to a cyclic action of order n.
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Figure 4:



3 Main results

The next theorem gives a characterization of Dunwoody manifolds as
strongly-cyclic branched coverings of (1, 1)-knots.

Theorem 3 [13] The Dunwoody manifold D(a,b,c,n,r,s) is the n-fold
strongly-cyclic covering of a lens space (possibly S®) branched over a (1,1)-
knot K, which only depends on the integers a,b,c,r.

As a consequence, for certain particular values of the parameters, a Dun-
woody manifold turns out to be a cyclic covering of S* branched over a knot.
This gives a positive answer to a conjecture formulated by Dunwoody in [9],
which has also been independently proved in [30].

Corollary 4 [13] Each Dunwoody manifold D(a,b,c,n,r,s) of Section 3 of
[9] is an n-fold cyclic covering of S®, branched over a (1,1)-knot K C S3,
which only depends on a,b,c,r.

An interesting problem, which arises naturally, is that of characterizing
the set D of branching knots in S3 involved in Corollary 4. The next propo-
sition shows that D contains all 2-bridge knots. Note that in the statement
5 is an integer only depending on a and r (see details in Section 3 of [13]).

Proposition 5 [13] For all a,r > 0 and n > 1, the n-fold cyclic covering of
S branched over b(2a + 1,2r) is the Dunwoody manifold D(a,0,1,n,r,5).
Thus, all cyclic branched coverings of 2-bridge knots are Dunwoody manifolds.

The computational results listed in [30] suggest that D could contain all
torus knots. The following recent result involves a large class of torus knots.

Proposition 6 For all ¢ > 0 and k,n > 1, the n-fold cyclic covering of S
branched over the torus knot t(k,ck+1) (resp. t(k,ck —1)) is the Dunwoody
manifold D(1,k — 2, (k — 1)(2¢c — 1),n, k, k) (resp. D(1,k —2,(k —1)(2¢c —
1) —2,n,(k—1)(2c —3),—k)). Thus, all cyclic branched coverings of torus
knots of bridge number < 4 are Dunwoody manifolds.

The next theorem shows that (1, 1)-knots are suitable objects to produce
manifolds with cyclically presented fundamental groups.



Theorem 7 [28] Every n-fold strongly-cyclic branched covering of a (1,1)-
knot admits a Heegaard diagram of genus n, which induces a cyclic presen-
tation for the fundamental group of the manifold.

Necessary and sufficient conditions for the existence and uniqueness of
the n-fold strongly-cyclic branched covering of a (1, 1)-knot are contained in
Proposition 2.

The following result gives an explicit way of finding a cyclic presentation
for the fundamental group of any strongly-cyclic branched covering of a (1, 1)-
knot.

Theorem 8 [3] Let C, ,(K,) be the n-fold strongly-cyclic branched cover-
ing of the (1,1)-knot K,, with associated monodromy w. Let 7(Z,7) =
r(zy¥®,5), where r(a,7) = igpu(B). If 7(z,5) = 295 ---T%5%, then
the fundamental group of C, ., (K,) admits the cyclic presentation G,(w),
with:

€s

p— 61-':
w—xil ZL’iS

(subscripts mod n), where i, =1+ 25;11 d; modn, fork=1,...,s.

The following examples have been obtained in [3] and [4] by applying
Theorem 8.

(i) The fundamental group of the n-fold cyclic branched covering of a
genus one two-bridge knot, with Conway parameters [2ay, 2b;], admits
the cyclic presentation G, (w), where

w = (g ayt) " (g )™,
(ii)) The fundamental group of the n-fold cyclic branched covering of the

torus knot t(k,ck + 1), with ¢,k > 0, admits the cyclic presentation
G, (w), where

c(k—1) k-2 ¢
_ ] -1
w = H x1+JkHka(c(k—l)-i-l)—i(ck-i-l)—lk
=0 i=0 I=1

(subscripts mod n).



(iii) The fundamental group of the n-fold cyclic branched covering of the

torus knot t(k,ck + 2), with ¢,k > 0 and k odd, admits the cyclic
presentation G, (w), where w is equal to

(k—3)/2 c(k—1)/2 c(k+1)/2 c(k—1)/2
-1

H ( H L1 —i(ck+2)+jk H xck(k—l)/Q—i(ck-i—?)—lk) H L1~ (k—1)(ck+2)/2+mk

=0  j=0 1=0 m=0

(subscripts mod n).
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