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Abstract. We introduce a planar coloured-diagram representation of links in 3-manifolds
given as branched coverings of the 3-sphere. We also prove an equivalence theorem based
on local moves and the existence of a universal configuration for such representation. As
an application we give unified proofs of two different results on existence of fibered links

in 3-manifolds.

1. Introduction and notations

Throughout this paper we shall work in the piecewise linear (PL) category.
We refer to [11] and [12] for basic notions and standard results.

An n-link in a 3-manifold M is a subspacé C M homeomorphic to
L, = Stu-..u St (the disjoint union ofn copies ofS'). Two n-links
L,L" ¢ M are said to be isotopically equivalent if there exists an ambient
isotopy H : M x [0,1] — M such thath;(L) = L’. By [8], this notion
of equivalence can be also formulated in terms of locally unknotted isotopy
of L, in M, or in terms of finite sequence of elementary deformations. We
say thatL’ is obtained fromL by an elementary deformation if there exists
adiskD c M suchthatx = L N D ando’ = L’ N D are arcs in BdD,
aNa =Bda =Bde’andL’ = (L —a) Ud'.

If p: M — S®is ad-fold covering branched over a link, thef),

B, = p(S,), S, = p~H(B,) — S, andw), : 11(S* — B,) — %, will denote
respectively the singular link, the branching link, the pseudo-singular link
and the monodromy of. We recall thatM is uniquely determined (up to
homeomorphism) by, andw,.

By considering the identificatio®® = R® U {oo}, the coveringy can be
represented by a planar diagramB)f, whose overpasses are labelled with
the monodromy of the corresponding Wirtinger meridians. Such a diagram
will be called ap-diagramof M. Two differentp-diagrams can be related by
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a finite sequence of labelled Reidemeister moves. Note thapatiggram

naturally induces a splitting complex fgr, namely the half-cylinder under

B,.
Any closed orientable 3-manifoltf admits a simple covering : M —

S® branched over a knot, actually a 3-fold one ([4], [7] and [9]). Therefore,

it can be represented byadiagram labelled by transpositions. The set of

all simple coveringg : M — S branched over a link will be denoted by

S(M).

2. Diagrams of links

If M is a 3-manifold angp : M — S?is a branched covering, then a link
L C M is called p-regular if L N (S, U S)) = ¥ and p|, is injective.
Standard general position arguments ensure that every linkdgiivalent to

a p-regular one. IfL is a p-regular link, then the projectiop(L) is a link
embedded ir8® — B, andL is uniquely determined by(L), together with
a choice of a poin®; of p~1(K;) N L, for each componerk; of p(L). In
fact, the linkL can be reconstructed by lifting ea&h, starting fromp;.

(13)
A

Fig. 1.

Given a p-diagram® of a 3-manifold M, we obtain a planar repre-
sentation of any link. C M (up to isotopical equivalence), callediak
p-diagram in the following way. By general position, we can assume that
L is p-regular and that the projection pf(L) in the plane ofD gives rise,
together withD itself, to a diagram op(L) U B, then we label each over-
passC of p(L) with the number of the sheet containipg'(C) N L (sheets
and their numbering come from the splitting complex and the monodromy
associated taD). Observe that consecutive overpassep @) are labelled
by i ando (i) if the transition occurs under an overpassspfwith labelo,
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while they have the same label if the transition occurs under an overpass of
p(L) itself. Figure 1 shows a diagram representing a kn&fir S. Here, as

well as in all the figures representing lipkdiagrams, thicker (resp. thinner)
lines are used for the ling(L) (resp. the branching sé,,). By alabelled

Fig. 2.

Reidemeister mowvan a link p-diagram we mean an ordinary Reidemeister
move on the diagram, taking place inside a dizkwith the final stage la-
belled as the initial one outside and in the unique possible way, according
to continuity, insideD.

Since any ambient isotopy & rel B, (uniquely) lifts to an ambient
isotopy of M rel 5, U §7,, any two link p-diagrams related by labelled Rei-
demeister moves which keep fixed represent links isotopically equivalent
in M.

On the other hand, in order to represent any isotopical equivalence of
links in M we need the local moves I, Il and Il depicted in Fig. 2.
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Equivalence Theorem. Let M be a closed orientabl8-manifold andp €
S(M). Then twop-diagrams of links based on the samaiagramD of M,
represent isotopically equivalent links M if and only if they are related by
a finite sequence of labelled Reidemeister moves fikirend moves |, 1,
.

Proof. It can be easily realized that the moves I, Il and 11l do not change the
equivalence class of the link. We prove the “only if” part. llgtL’ ¢ M

be isotopically equivalenp-regular links, there exists a locally unknotted
isotopyH : L, x [0,1] — M such thatig(L,) = L andh.(L,) = L'. We

will denote byL, the link i, (L), for eachr € [0, 1].

By general position, we can assume that the set Birgg the singular
points ofH (L, x[0, 1]) isa 1-subcomplex a¥f and that? (L , x [0, 1]) meets
transversally the singular sé}, in a finite number of non-singular points
P, =H(x;,;)withi =1,2,...,n,suchthatO< t, <tp <--- <t, < 1.
Foreachi = 1,2,...,n, let D; be a closed disk it (L, x]t;_1, t;+1]) —
(SingHUS}) suchthatP; € Int D; and the seL, NBd D; consists of exactly
two pointsQ;, R; (putfy = 0 ands,1 = 1). Moreover, leis] = {H(x, 1) €
BdD; |t <t}andB = {H(x,t) € BAD; | t > t;} be the components of
BdD; — {Q;, R;}. Up to e-isotopy relS,, we can assum®; as it appears
in Fig. 3, wherep is locally induced by the symmetry with respect to the
vertical axisS,.

Fig. 3.

Then, the links.; = (L, —IntD;) U B; andL; = (L, —Int D;) U B’ are
p-regular and their projections(L; ) andp(L;) dlffer by a local move I.

Foreach =0,1,...,n, the links ,andL;  areisotopically equivalent
inM — S, (putLy =L andL/M_ L/) Then there exists a finite sequence
oflinks L; = Co, Cy, ..., Cp, = L;i+1 such thatC; is obtained fronC;_; by
an elementary deformation 1 — S, foreachj =1, ..., n;.

Moreover, we can assume that the diskwhich realizes the elementary
deformation betweeﬂ?, 1 andC; is contained in a 3-ball;, ¢ M - §,
suchthatp; = pir, : T; — p(T;) is a homeomorphism. FlnaIIy, by general

position we can assume that; meets transversally, andpj (p(Cj_1 —
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T;) N p(T;)) in a finite number of interior points. Then, the projections
p(C;_1) andp(C,) differ (up to isotopy ofS® rel B,) by a finite sequence of
local moves Il and Ill. Namely, we have a move of type Il for each point in
D; N S/, and a move of type Il for each pointin,; N p;*(p(C;1 — T)) N
p(T)). O

Remark 1.The theory could be extended to arbitrary (non necessarily simple)
branched coverings : M — S°. In this context we have, in addition to move
lll, a countable set of moves (see Fig. 4). The first two of these moves,
namely b and k, coincide respectively with the moves Il and I.

Fig. 4.

Remark 2.In the next sections, we need to consider also the weaker notion
of topological equivalence for links in a 3-manifodd, namely the equiva-
lence up to homeomorphism (not necessarily isotopic to the identity). In this
case all the labelled Reidemeister moves on diagrams (also the ones moving
the branching set) can be allowed. Moreover, for simple 3-fold coverings
diagrams, covering moves introduced in [10] could be used in order to make
the representation independent from the covering.

3. Special configurations

In this section we use the moves introduced above, in order to get special
configurations for the projections of links. We start up by observing that
projections of links can be untied.

Proposition 3. Let M be a closed orientabl8-manifold andp € S(M).
Then every lin. C M is isotopically equivalent to a-regular link L' ¢ M
such thatp(L’) is a trivial link in S°.

Proof. We can assume (up teisotopy) thatL itself is p-regular. We can
also assume (up to isotopy) thathas ap-diagram such that any crossing of
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Fig. 5.

p(L) involves strings with different labels (see Fig. 5). Then, we can invert
a suitable set of crossings p{L), by using move lll, in order to get a-
diagram of a linkZ’ isotopically equivalent td., such thafp(L’) is a trivial

link. O

In the following, we need the move J depicted in Fig. 6, which modify the
branching set keeping the link projection fixed. Such a move is equivalent (up
to isotopy 0fS®) to one move | or two moves Il depending on the labels, so it
changes @-diagram of a link into g’-diagram of a new link topologically
equivalent to the original one (see remark 2). Of course, this last diagram can
also be regarded asgé-diagram of the original link itself. We remark that
both the coveringg’ and p” are topologically equivalent tp.

Fig. 6.

Now, denoting byp, § andz the usual cylindrical coordinates &, let
T, be atrivialn-link whosek-th component is contained in the half-plahe-
2mk/n and meets the truncated cylinder= {(p, 0, z) | p < 2 and|z| < 1}
in the vertical string determined by = 1 (see Fig. 7). By using move J, we
can obtain the special configurations for link diagrams described in the next
proposition, where® is thought afR® U {oo}.

Proposition 4. Let M be a closed orientablg-manifold. Then for every-
link L C M there existy € S(M) of any given topological type, such that
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p(L) =T, and B, C C is a closed braid around the-axis. If L is a knot
(n = 1), thenTy can be replaced by theaxis itself.

Proof. Let L ¢ M anyn-link. By Proposition 3 and isotopy &@, we obtain

a p-diagram ofL, with p € S(M) of any given topological type, such that
p(L) = T, andB, C C. Thenwe modifyp by using move J, in order to make
the branching se®,, into a closed braid around theaxis. Namely, we apply

to B, the Alexander-Birman algorithm (see Chap. 2 of [2]) with some minor

modifications. AfterB,, has been oriented in any way, the algorithm consists
of a finite sequence of tooth moves replacing negative edges with positive
ones (see Fig. 8-a). By scaling along thaxis we can assume that all these
moves take place insid€. Whitout loss of generality, we can also assume
that the triangle (tooth) involved in each move megtat most in one point.
Then, we modify any tooth which meefs as shown in Fig. 8-b, in order to
realize it by a move J.

If n =1, we can assume thatL) is thez-axis itself and apply t&, the
Alexander-Birman algorithm with all teeth modified as depicted in Fig. 8-c.
O

Now, we adapt the technique introduced in [5], in order to obtain a uni-
versal configuration for link projections from the special one given by the
previous proposition.

Proposition 5. Let L ¢ M be any link in a closed orientabl@manifold.
Then there exists a branched coveringM — S®whose branching indices
are 2 and 4, such thatB, is the Borromean link ang (L) is parallel to a
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Fig. 8.

component of3, (i.e. there exists an embedded annulus betwgén and
such component, whose interior is disjoint fraiy).

Proof. We start up by considering a 3-fold coveripge S(M) with the
properties stated in Proposition 4. Insideve have (up to isotopy @&2) the
situation sketched in Fig. 9, where the horizontal braid represestiras

to be thought trivially closed and at each crossing the horizontal string can
run either under or over the vertical one containeg(f) = 7,,.

7 W

__| open open ...__| open B
braid | . | . | braid | . | . .| braid | . ] . P

Fig. 9.

Then we apply taB,, C C all the modifications described in the proof of
Theorem 1.1 of [5] up to Fig. 1.9 (note that the new strings added in Fig. 1.4
of [5] run under the link components). In this way, we get a new covering
p’ € S(M) such that the part of the diagram depicted in Fig. 9 becomes as in
Fig. 10.

Now we operate on each one of the crossings betwiseandp’(L), in
the following way: a) ifB,, run underp’(L) and their labels at the crossing
are not disjoint, we insert a small trivial loop B, with monodromy( ¢),
where the label corresponds to an extra trivial sheet being added to the
covering, in order to make the labels disjoint, and then invert the crossing by
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using move | (see Fig. 11); b) B, run underp’(L) and their labels at the
crossing are already disjoint, we directely invert the crossing by applying a
move | and then insert a fake (with trivial monodromy) small loopBip,

in order to get the same configuration as above; 8),ifrun overp’(L) we

only insert a small fake branch loop around the crossing.

(it) (it) (it) | (it)
(i7) (i9) > @ |Go |G |G 5 @Q ]Fa‘)

Fig. 11.

At this point, we have a coverings € S(M) whose branching link has a
“toroidal symmetry” as in Fig. 1.10 of [5], such that each componept of.)
coincides with a fake meridian componentB),. From now on, the proof of
Theorem 1.1 of [5] (from Fig. 1.10 to the end) applies without any change,
in order to get a (non-simple) covering : M — S with the following
properties: aB, is a Borromean link, by’ (L) is a component oB,/, ¢) L is
contained in the pseudo-singular IitS[]g, d) the branching indices @f are
2and 4.

We now change’(L) into a parallel curve, by a small locally unknotted
isotopy. Property c) allows us to lift this isotopy to an isotopyloin M,
which can be realized by an ambient isotafly: M x [0, 1] — M. Then,
the compositioy = ¢’ k1 has the properties required in the statement.

Remark 6.0ther universal configurations for link projections can be ob-
tained from the one given by the previous proposition. In exampje;an
be any non-toroidal two-bridge link i andg (L) any component of it (see

[6]).
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4. Applications to fibered links

In this section we use generalizeddiagrams and moves, in order to give
unified proofs (based on Lemma 7) of two different results on existence of
fibered links in 3-manifolds. We recall that a linkin a closed orientable
3-manifoldM is called a fibered link if it is the binding link of an open book
decomposition of\1.

First of all, we need to generalize our notion of lipkdiagram, using
multiple labels in order to represent any sublihlof the counterimage of a
link L ¢ S* - B,,.

More precisely, given a-diagramD of a 3-manifoldM and a linkL c
S® — B, such that the projection df in the plane ofD gives rise, together
with D itself, to a diagram o U B, we represenL. C p~1(L) C M by
labelling each overpass; of L with all the numbers of the sheets which
meetp~1(0;) N L.

Fig. 12.
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We also need to consider the generalized moves depicted in Fig. 12,
whereA and B are arbitrary multiple labels and’ corresponds ta under
the transpositiori; j), and give conditions on the labels so that such moves
induce isotopy or free homotopy dnC M.

It is easy to realize that: a) move | induces isotop¥ifj} ¢ A, while
it induces only homotopy ifi, j} C A (in this caseL changes into a new
link L’ ¢ M which is equivalent td. except for the clasp shown in Fig. 13);

b) move Il can be applied ifand only {f, j1NA =@ or{i, j} C Aandit
induces isotopy in the first case and homology in the second one; c) move Ill
induces isotopy ifA N B = ¢, otherwise it induces homotopy.

Analogously, the generalized move J represented in Fig. 14 chapge a
diagram of a link into ap’-diagram of a new link which is topologically
equivalent to the original one{f, j} ¢ A and homotopic to the original one
if {i, j} C A.

Fig. 13.

Fig. 14.

By using move J, we prove the following lemma, wh&@ds thought as
R3 U {o0}.

Lemma 7. Let M be a closed orientabl&-manifold. Then, for any €
S(M) such thatB, c R3® — z-axis, there existp’ € S(M) topologically
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equivalent top such thatB,, is a closed braid around the-axis and the
link L’ = p'~}(z-axisU {oo}) is homotopically equivalent to the link =
p~L(z-axisu{oo}). Moreover, ifL = L1UL,with L1 andL, disjoint sublinks
of L, then we can choost’ = L; U L), with L}, isotopically equivalent to
Lo.

Proof. The first part of the lemma can be easily proved with the same tech-
nique used in the proof of Proposition 4. That is, given a covepiras in

the statement, we mak®, into a braid around the-axis, by means of the
generalized move J described above. In this way we get a new coyegring
with the required properties.

In order to prove the second part of the lemma, it is enough to show that, if
L = L1UL,, thenB, can be made into a braid around thexis, using only
generalized moves J such that the laleladj involved in the transposition
do not correspond to the same sublibkor L. In fact, in this way we get
L' = L] UL, whereL} andL}, are respectively isotopically equivalentiig
andL,. Hence, up to an isotopy relatirig to L7, we can assumg)} = L;.

So, assume that, applying the algorithm described in the proof of Propo-
sition 4, a move J is needed, such that the labelad j involved in the
transposition correspond to the same sublinkor L, (see Fig. 15-a). Let
k any label corresponding to the other sublink. Since the monodronpy of
is transitive, starting from any positive edge ®f, by using isotopy and, if
necessary, a move J with transposit{grt), we can obtain a positive edge of
B, labelled by(;j k) (as in Fig. 15-b), without introducing any new negative
edge. Now, we can push part of this edge inside the cell where the original
move J should take place (as shown in Fig. 15-c), in order to change the label
Ainto A’, wherej andk are swapped. This makes the “bad” move J into a
“good” one. O

IZ

(@) (@] <SS
Al

AN VAN
AN (ik)
/// ‘\ / A/I \ /| \

V@ |/, NG|/

14

Fig. 15.
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We conclude with the following two propositions, which extend analogous
results respectively obtained by Harer in [3] for knots and by Stallings in [13]
for links in S°.

Proposition 8. Let. ¢ M be alink in a closed orientabl@ manifold. Then
L ishomotopically equivalentto a fibered link if and onli is homologically
trivial.

Proof. The “only if” part is obvious. So we prove only the “if” part. Given a
homologically trivial link L c M, there exists an orientable surfaEe- M
such that Bd" = L. Letg : F — D be a simple/-fold covering (with

d > 3) onto a trivial diskD c S3. After ¢ has been extended to regular
neighborhoods, we apply Theorem 6.3 of [1] in order to extend it to a covering
p € S(M). Without loss of generality, we can assume that/Bdoincides
with the z-axisU {oo} ¢ R3U {00} = S, hencepL(z-axisU {oo}) = L.
By using Lemma 7, we get a new coveripg € S(M) such thatB,, is

a closed braid around theaxis andp’}(z-axisU {oo}) = L’ is a link
homotopically equivalent té.. Now, the trivial open book decomposition of
S® whose binding is the-axisU {oo} lifts to an open book decomposition of
M whose binding id.’ (see Proposition 9.7 of [1]). Sb' is a fibered link in
M. O

Proposition 9. LetL C M be alinkin a closed orientabl@manifold. Then
there exists a link.” ¢ M such thatL U L' is a fibered link. MoreoveL’
can be choosen in any isotopy class of links homologically equivaldnt to

Proof. LetL” ¢ M — L be any link homologically equivalent to. As in the
proof of Proposition 8, we can constryste $(M) such thatp~1(z-axisU
{oo}) = LUL". By using Lemma 7, we get a new coveripge S(M) such
thatB,, is a closed braid around theaxis andp’ ~}(z-axisU{oo}) = LUL/,
with L’ isotopically equivalent td.”. Then we conclude, as in the proof of
Proposition 8, thaL U L' is a fibered link inM. 0O
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