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TORUS KNOTS AND DUNWOODY MANIFOLDS
H. Aydin, I. Giiltekyn, and M. Mulazzani UDC 515.16

Abstract: We obtain an explicit representation as Dunwoody manifolds of all cyclic branched coverings
of torus knots of type (p, mp + 1) with p > 1 and m > 0.
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1. Introduction

Many interesting examples of cyclic branched coverings of knots in S? admitting cyclic presentations
for their fundamental groups have been found recently (see [1-7]). In order to investigate these relations,
M. J. Dunwoody introduced in [2] a class of 3-manifolds, depending on six integer parameters, with
cyclically presented fundamental groups. It has been shown in [8] that all these manifolds turn out to
be strongly-cyclic branched coverings of (1,1)-knots in lens spaces (possibly S%). Moreover, the explicit
Dunwoody representation for all cyclic branched coverings of 2-bridge knots has been obtained.

In this paper we give a similar result for a wide class of torus knots which are, together with 2-bridge
knots, the most important examples of (1,1)-knots in S3. The Dunwoody parameters are obtained for
all cyclic branched coverings of torus knots of type (p, mp £ 1), with p > 1 and m > 0, thus including all
torus knots with bridge number < 4. These manifolds have been considered from another point of view
in [9] and [1].

We refer to [10, 11] for details on knot theory and cyclic branched coverings of knots and to [12] for
details on cyclic presentation of groups.

2. (1,1)-Knots and Dunwoody Manifolds

A knot K in a 3-manifold N3 is called a (1, 1)-knot if there exists a Heegaard splitting of genus one
(N3, K) = (T, A) U, (T, A),
where T' and T” are solid tori, A C T and A’ C T" are properly embedded trivial arcs, and ¢ : (0T",0A4") —

(0T, 0A) is an attaching homeomorphism (see Fig. 1). Obviously, N? turns out to be a lens space L(p, q)
(including S® = L(1,0)).
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Fig. 1. (1,1)-decomposition.

It is well known that the family of (1, 1)-knots contains all torus knots and all 2-bridge knots in S®.
Several topological properties of (1,1)-knots have recently been investigated (see references in [13]).

An algebraic representation of (1, 1)-knots has been developed in [9] and [13], where it is shown that
there is a natural surjective map

P E PMCGQ(@T) — Kw € ¢%/171
from the pure mapping class group of the twice punctured torus PMCG2(9T) to the class %71 of all
(1,1)-knots.
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The fundamental group of the exterior of a (1,1)-knot K, can be explicitly obtained using its
representation 1. Let o, 3,y C 9T be the loops depicted in Fig. 2. They represent a set of free generators
for 1 (0T —0A, %), while « and ~ freely generate m1 (T — A, *). A straightforward application of Seifert—Van
Kampen theorem gives:

Lemma 1 [9]. The fundamental group of the exterior of a (1,1)-knot Ky, C L(p,q) admits the
presentation

ﬂ-l(L(pv q) - Kdﬂ *) = <Oé7/7 | T’(Oé,’}/) >7
where r(a, ) is the homotopy class of i(¢)(3)) with i : (0T,0A) — (T, A) the inclusion map.
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Fig. 2

As a consequence, all (1,1)-knots in S? are prime [14], and can therefore be classified, up to mirror
image, by their fundamental groups (see [10, p. 76]). Many results concerning the connections between
cyclically presented groups and strongly-cyclic branched coverings of (1,1)-knots (see the definition in [9])
have been obtained. It has been proved in [15] that every m-fold strongly-cyclic branched covering
of a (1,1)-knot admits a Heegaard diagram of genus n which encodes a cyclic presentation for the
fundamental group. This result has been improved in [9], where a constructive algorithm which explicitly
gives the cyclic presentations is obtained.
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Fig. 3. A Dunwoody diagram.

The family of Dunwoody manifolds has been introduced in [2] by a class of trivalent regular planar
graphs (called Dunwoody diagrams) with cyclic symmetry, depending on six integers a, b, ¢, n, r, s,
such that n > 0, a,b,¢ > 0, and a + b+ ¢ > 0. For certain values of the parameters, called admissible,
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the Dunwoody diagrams D(a,b,c,n,r,s) turn out to be Heegaard diagrams, so defining a wide class of
closed, orientable 3-manifolds M (a,b,c,n,r, s) with cyclically presented fundamental groups.

Fig. 4. D(a,b,c,1,7,0).

Fig. 5

More precisely, an admissible Dunwoody diagram D(a,b,c,n,r,s) is an open Heegaard diagram of
genus n (see Fig. 3) which contains n upper cycles C1, ..., C}, and n lower cycles CY,...,C), each having
d = 2a + b+ c vertices. For every i = 1,...,n, the cycle C] (resp. C') is connected to the cycle Cj,
(resp. C} ;) by a parallel arcs, to the cycle C by ¢ parallel arcs, and to the cycle Cy,; by b parallel
arcs. We denote by # the set of all these arcs. The cycle C/ is glued to the cycle C/_, (subscripts
mod n) so that equally labeled vertices are identified together. Observe that the parameters r and s
can be considered mod d and n respectively. Since the identification rule and the diagram are invariant
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Fig. 6. D(1,p —2,2mp —2m — p+1,1,p,0).

with respect to a cyclic action of order n, the Dunwoody manifolds admit a cyclic symmetry of order n.
Obviously, the Dunwoody manifold M (a, b, ¢, 1,7,0) is homeomorphic to a lens space (possibly S%), since
it admits a Heegaard splitting of genus one.

A characterization of all Dunwoody manifolds as strongly-cyclic branched coverings of (1,1)-knots is
given by the following;:

Proposition 2 [8]. The Dunwoody manifold M (a,b,c,n,r,s) is the n-fold strongly-cyclic covering
of the lens space M (a,b,c,1,7,0) (possibly S%), branched over a (1,1)-knot K (a,b,c,r) only depending
on the integers a, b, c, T.

The converse of this result is also true, as proved in [16]. So the class of the Dunwoody manifolds
coincides with the class of the strongly-cyclic branched coverings of (1, 1)-knots.

The (1,1)-knots K (a,b,c,r), occurring in Proposition 2, admit a natural (1, 1)-decomposition (T, A)
Uy (T, A") depicted in Fig. 4, where the arcs of Z constitute the curve p(8’) = 1(3), with ¢ the element
of PMCG45(9T) corresponding to . The fundamental group of the exterior of K (a, b, ¢, r) can be directly
read in the Dunwoody diagram of D(a,b, ¢,1,7,0). The relation r(«,y) of Lemma 1 is obtained by walking
along the arcs of A, following a fixed orientation: associate to each arc a word in « and = representing
its homotopy class in the fundamental group of T'— A (see Fig. 5), where a properly embedded disk with
boundary C'is considered squeezed to the base point x* .

3. Main Results

An interesting problem is to find the Dunwoody parameters of the cyclic branched coverings of
important classes of (1,1)-knots, in particular when the knot lies in S3. This type of result has been
obtained in [8, Theorem 8] for all 2-bridge knots.

Now we obtain a similar result for the torus knots t(p,mp + 1), with m > 0 and p > 1.



Fig. 7. D(1,p—2,2mp —2m —p — 1,1,—-3p + 4,0).

Proposition 3. 1. K(1,p — 2,2mp — 2m — p + 1,p) is the torus knot t(p,mp + 1) for all m > 0
and p > 1;
2. K(1,p—2,2mp —2m — p — 1, —3p + 4) is the torus knot t(p,mp — 1) for all m > 1 and p > 1.

Proor. 1. Let K = K(1,p — 2,2mp — 2m — p + 1,p). Fig. 6 depicts the Dunwoody diagram
D = D(1,p—2,2mp—2m—p+1,1,p,0). The number of vertices of each cycle is d = 2m(p—1)+1. Starting
from the vertex of C” with label d, we pass along all arcs of % with the described orientation, obtaining
the word w = o™P~Day~ta~H(a= (M= Dy=la~1)P=2q~(m=1)y=1  Since the conditions of [8, Corollary 4]
are satisfied, D is therefore admissible. Moreover, the fundamental group of M(1,p —2,2mp — 2m —
p+1,1,p,0) is (a,v | w,7), which is trivial. So M(1,p —2,(p — 1)(2m — 1),1,p,0) = S3. Moreover,
m1(S? — K) = (o, | w). Since w = amP~ D (y=1g=m)p=la=1 — =mamP+l(4=10=")Pa™  we have
m(S? — K) = (a,v | w'), with w' = a™F1(y~1a=™)P. Obviously, this group is isomorphic to the group
(w,y | 2™P+1y~=P) which is the group of the torus knot t(p,mp + 1). As a consequence K is precisely
t(p,mp+1).



2. The proof is analogous to the previous one. Let K = K(1,p —2,2mp —2m —p — 1,—3p +4).
Fig. 7 depicts the Dunwoody diagram D = D(1,p — 2,2mp — 2m — p — 1,1,—3p + 4,0). The num-
ber of vertices of each cycle is d = 2m(p — 1) — 1 (note that the labeling is considered mod d).
Starting from the vertex of C” with label d, we pass along all arcs of %, obtaining the word w =
" HamP3am oy o o (M=) (v~ 1o~ la~(m=1))P=2y=1 S0 D is admissible. Moreover, M (1,p — 2,
2mp — 2m — p — 1,1, —3p + 4,0) is homeomorphic to S3, since its fundamental group is trivial. Since
w = oMP=D=1(y =l =myp=1y =1 — =1 (=M =1\P the group m(S? — K) = (a,v | w) is isomorphic to
the group (z,y | 2™~ 1y~P). Therefore, K is the torus knot t(p, mp — 1).

Corollary 4. 1. For all m > 0 and p > 1, the n-fold cyclic branched covering of the torus knot
t(p,mp + 1) is the Dunwoody manifold M (1,p — 2,2mp —2m —p+ 1,n,p,p).

2. For all m > 1 and p > 1, the n-fold cyclic branched covering of the torus knot t(p, mp — 1) is the
Dunwoody manifold M(1,p —2,2mp —2m —p — 1,n,—3p + 4, —p).

PrOOF. From Proposition 2, we only need to find the sixth parameter s of the 6-tuples. The relation
go + sps = 0 mod n must be satisfied for all n, where p, is the number of arcs of % oriented from C’
to C" minus the number of those oriented from C” to C’ and ¢, is the number of arcs of % oriented
from right to left minus the number of those oriented from left to right in the Dunwoody diagram (see
[8, p. 385]). In other words, —p, is the total exponent of a in w and —g¢, is the total exponent of ~
in w. In the first case ¢, = p and p, = —1; therefore, s = p. In the second case ¢, = p and p, = 1;
therefore, s = —p.

An extension of the previous results to the whole class of torus knots by using the same technique
seems to be very complicated, although some partial results were obtained. A possible alternative method
could be the induction on the number of steps of the Euclidean division algorithm needed to find the
greatest common divisor of the parameters of the torus knot. In this approach, our results could provide
a base of induction.
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