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ON THE CAUCHY PROBLEM FOR A NONLINEAR
KOLMOGOROV EQUATION*

ANDREA PASCUCCIT AND SERGIO POLIDOROf
Abstract. We consider the Cauchy problem related to the partial differential equation
Lu = Azu+ h(u)dyu — Oru = f(-,u),

where (z,y,t) € RY x R x ]0,T[, which arises in mathematical finance and in the theory of
diffusion processes. We study the regularity of solutions regarding L as a perturbation of an operator
of Kolmogorov type. We prove the existence of local classical solutions and give some sufficient
conditions for global existence.
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1. Introduction. In this paper we study the Cauchy problem

(1.1) Lu= f(,u)  in Sp=RNT1x ]0,7],
(1.2) u(-,0) =g in RVFL

where L is the nonlinear operator defined by
(1.3) Lu = Ayu + h(u)0yu — Osu,

(7,y,t) = z denotes the point in RY x R x R, and A, is the Laplace operator acting
in the variable z € RY. We assume that f, g, and h are globally Lipschitz continuous
functions.

One of the main features of operator (1.3) is the strong degeneracy of its char-
acteristic form due to the lack of diffusion in the y-direction, so that (1.1)—(1.2) may
include the Cauchy problem for the Burgers equation, when h(u) = u, g = g(y), and
f =0. On the other hand, L can be considered as nonlinear version of the operator

(1.4) K =AM, +110, — 0,

which was introduced by Kolmogorov [17] and has been extensively studied by Kuptsov
[12] and Lanconelli and Polidoro [14]. Among the known results of K, we recall that
every solution to Ku = 0 is smooth; thus we may expect some regularity properties
also for the solutions to (1.1).

Problem (1.1)—(1.2) arises in mathematical finance as well as in the study of
nonlinear physical phenomena such as the combined effects of diffusion and convection
of matter.
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Escobedo, Vazquez, and Zuazua [8] prove that there exists a unique distributional
solution to (1.1)—(1.2) satisfying an entropy condition that generalizes the one by
Kruzhkov [11]. This solution is characterized in the vanishing viscosity sense; i.e.,
it is the limit of a sequence of classical solutions to Cauchy problems related to the
regularized operator

(1.5) Leu=Azu+ azaju + h(u)0yu — Osu.

Vol’pert and Hudjaev [19] prove similar existence and uniqueness results in a space

of bounded variation functions whose spatial derivatives are square integrable with

respect to (w.r.t.) a suitable weight. In this framework, it is natural to consider

bounded and integrable initial data g and nonlinearities of the form h(u) = u?~! for
N42

pell, yigl

Our paper is mainly motivated by the theory of agents’ decisions under risk,
arising in mathematical finance. The problem is the representation of agents’ pref-
erences over consumption processes. Antonelli, Barucci, and Mancino [1] propose
a utility functional that takes into account aspects of decision making such as the
agents’ habit formation, which is described as a smoothed average of past consump-
tion and expected utility. In that model the processes utility and habit are described
by a system of backward-forward stochastic differential equations. The solution of
such a system, as a function of consumption and time, satisfies the Cauchy problem
(1.1)=(1.2). Our regularity assumption on f,g,h is required by the financial model,
since these functions appear in the backward-forward system as Lipschitz continuous
coefficients.

In the paper by Antonelli and Pascucci [2] an existence result, in the case N = 1,
is proved by probabilistic techniques that exploit the properties of the solutions to the
system of backward-forward stochastic differential equations related to (1.1)—(1.2). In
[2], the existence of a viscosity solution, in the sense of [7], is proved. The solution is
defined in a suitably small strip R? x [0, 7] and satisfies the following conditions:

u(z, y,t) —u(@’,y', )] < collz — 2’| + |y — y/]),

(1.6) ,
u(@,y, t) —u(z,y,t')| < co(1+ |(2,m) It =¥

for every (z,y), (2/,y") € R? t,t' € [0,T], where cq is a positive constant that depends
on the Lipschitz constants of f, g, and h. Concerning the regularity of u, we remark
that the results by Caffarelli and Cabré [3] and Wang [20, 21] do not apply to our
operator.

In this paper we prove the existence of a classical solution u to problem (1.1)-
(1.2) by combining the analysis on Lie groups with the standard techniques for the
Cauchy problem related to degenerate parabolic equations. We say that v is a classical
solution if 0,4, u, j,k =1,..., N, the directional derivative

S Yule) = gE) v(E) = 0 hu(2), 1),

are continuous functions, and (1.1)—(1.2) are verified at every point. Our main result
is the following.

THEOREM 1.1. There exists a positive T and a unique function u € C(Sr),
verifying estimates (1.6) on St, which is a classical solution to (1.1)—(1.2).

We stress that the regularity stated above is natural for the problem under con-
sideration. Indeed, although Yu is the sum of the more simple terms h(u)0d,u and
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Oyu, it is not true in general that they are continuous functions. Further regularity
properties of solutions can be obtained under additional conditions. For instance,
in [5, 6] in collaboration with Citti, we considered the nonlinear equation in three
variables,

(1.7) Ozt + u0yu — Opu = 0,

which is a special case of (1.1). Assuming a hypothesis formally analogous to the
classical Hormander condition, we proved that the viscosity solution w of (1.7) con-
structed in [2] actually is a C*° classical solution.

In this paper we give a direct proof of the existence of a classical solution to
the Cauchy problem (1.1)—(1.2) by using analytical methods. The regularity part in
Theorem 1.1 is based on a modification of the classical freezing method, introduced
by Citti in [4] for the study of the Levi equation. More precisely, for any z € St, we
approximate L by the linear operator

(1.8) Ly =A,+ (h(u(z)) + 21 —Z1) 0y — 04,

and we represent a solution u in terms of its fundamental solution. Note that up to
a straightforward change of coordinates, Lz is the Kolmogorov operator (1.4), and
hence an explicit expression of the fundamental solution of L; is available. Also note
that L; is a good approximation of L in the sense that, by (1.6), we have

[Lu(z) = Lzu(z)] = |u(z) — w(2) = (21 — 1) [9yu(2)] < cod(2, 2),

where d(Z, z) is the standard parabolic distance.

The existence part of Theorem 1.1 relies on the Bernstein technique. We explicitly
note that the nonlinearity in (1.3) is not monotone; therefore a maximum principle
for the operator Lv + h/(u)v?, which occurs when we differentiate both sides of (1.1)
w.r.t. y, does not hold unless we assume condition (1.6).

We end this introduction with a remark about the existence of global solutions.
We first note that the space of functions characterized by conditions (1.6) is, in some
sense, optimal for the existence of local classical solutions. Indeed the linear growth
of the initial data g does not allow, in general, solutions that are defined at every
time ¢ > 0, as the following example given in [2] shows. Consider the problem (1.7),
with f = 0 and g(x,y) = 2 + y: a direct computation shows that u(z,y,t) = ﬁf?
is the unique solution to the problem and blows up as t — 1. This fact is expected
since, if u grows as a linear function, then its Cole-Hopf transformed function grows
as exp(y?), which is the critical case for the parabolic Cauchy problem. Next we give
a simple sufficient condition for the global existence of classical solutions.

THEOREM 1.2. Let f, g, and h be globally Lipschitz continuous functions. Suppose
that g is nonincreasing w.r.t. y, that f is nondecreasing w.r.t. y, and that there exists
co € 10,¢1] such that

(1.9) co(u —v) < h(u) — h(v)

for every u,v € R. Then the Cauchy problem (1.1)—(1.2) has a solution u that is
defined in RNt x R,

This paper is organized as follows. In section 2 we prove Theorem 1.1, and in
section 3 we prove the existence of a viscosity solution of (1.1)-(1.2). Section 4 is
devoted to the proof of Theorem 1.2.
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2. Classical solutions. In this section we prove Theorem 1.1. We first state an
existence and uniqueness result of a strong solution u to problem (1.1)—(1.2). And
then we prove that u is a solution in the classical sense. We say that a continuous
function w is a strong solution to (1.1)—(1.2) if uw € H} (S7), Oz,0,u € LY (ST),
j,k=1,...,N, it satisfies equation (1.1) a.e., and it assumes the initial datum g.

THEOREM 2.1. If T is suitably small, there exists a unique strong solution of
(1.1)~(1.2) verifying estimates (1.6) on St.

The proof of Theorem 2.1 is postponed to section 3. We remark that in the above
statement, we consider the term

Yu = h(u)0yu — Oru

as a sum of weak derivatives. Here we aim to prove that Yu is a continuous function
and that it coincides with the directional derivative w.r.t. the vector v, = (0, h(u), —1),
namely,

ou
= o (2)

(2.1) Y (u(2)) Vz € St.
In what follows, when we consider a function F' that depends on many variables, to

avoid any ambiguity we shall systematically write the directional derivative introduced
in (2.1) as

YEF(.0) = 25 ).

Our technique is inspired by the recent paper [6], where, in collaboration with Citti,
we developed some ideas for a general study of a nonlinear equation of the form (1.4).
We recall the following lemma, which has been proved in Lemma 3.1 of [6], for the
Cauchy problem (1.7). We state the lemma for the operator (1.3) and omit the proof,
since it is analogous to the one given in [6].

LEMMA 2.2. Let v be a continuous function defined in St. Assume that its weak
derivatives vy, vy € L%OC and that the limit

lim v(z 4 6v,) —v(z)
6—0 6

exists and is uniform w.r.t. z in compact subsets of St. Then

ov
v,

(2) = (h(w)dyv — Ow)(2) a.e. z € St.

We next prove Theorem 1.1 by using a representation formula of the strong so-
lution u in terms of the fundamental solution of the operator L; introduced in (1.8).
We define the first order operators (vector fields)

(2.2) X;=0u, j=1,...N,  Ys=(h(u()) + 21 — 1) 3 — 0.

Thus we can rewrite the operator L; in the standard form

N
_ 2
(2.3) L:=)Y X?+Y..
j=1
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Let us recall some preliminary facts about real analysis on nilpotent Lie groups.
More details about this topic can be found in [15] and [18]. We define on RV*2 the
composition law

1
@0 = <91 + 01, O+ 0N Ongr + Oy, Ongo + O s + 5(9193\/+1 - 9N+19/1))

and the dilations group
ox(0) = ()\91,...,)\91\[,/\291\[4_1,/\30]\[4_2), A > 0.

We remark that G = (RV*+2 @) is a nilpotent stratified Lie group which, in the
case N = 1, coincides with the standard Heisenberg group. Since the Jacobian Jéy
equals AN T2 the homogeneous dimension of G' w.r.t. (6))x>0 is the natural number
@ = N +5. A norm which is homogeneous w.r.t. this dilations group is given by

160 = (1611° + -+ + 10n]° + On11]® + [On42]*) .

Let V: = (X1,...,Xn,Yz,0,) be the gradient naturally associated to L; and
consider any z € RN*2, The exponential map

E=(0,2) = exp((0, Vz))(2)

is a global diffeomorphism and induces a Lie group structure on RVN*2 whose product
is defined by

Coz=E:((Ez(¢,0) @ BZ'(2,0)),0),
and it can be explicitly computed as
Coz=(x+&y+n—t&,t+1).
Moreover, a control distance d; in (RV*2 o) is defined by
d=(2,0) = |Ez1 (¢ o 2,0) |

(24) = <|:c—f|6+ t—7I* + ’y—n+(t—7) (h<u<z>>+%—5;—%>

1
2> 3
where (! is the inverse in the group law “o”. We denote by I';(z, ¢) the fundamental

solution of Lz with pole in ¢ and evaluated at z. We refer to [12, 14, 13, 9] for known
results about I'z. The following bound holds:

(25) FZ(Z7C) = ]-—‘2((71 °z, 0) S Cdi(zv C)7Q+27

where the constant ¢ continuously depends on z. We are now in a position to prove
Theorem 1.1.

Proof of Theorem 1.1. By Theorem 2.1 there exists a unique strong solution of
(1.1)—(1.2) verifying (1.6) in St for T suitably small. In order to prove that u is a
classical solution, we represent it in terms of the fundamental solution I's:

(2.6) (up)(2) = /S P2(2,) (Ur(0) — Un 2()) dC = I, (2) — In(2)
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for every ¢ € C§°(St), where

Ul,i = Saf('a u) + ULESD + 2<V1u, V$50>a
Uzz = (h(u) — h(u(2)) — (x1 — Z1)) Oyup

are bounded functions with compact support. Therefore it is straightforward to prove
that up € C;ja, a € 10,1[, where Cg;o‘ denotes the space of Hdélder continuous
functions w.r.t. the control distance dz. In particular, by choosing ¢ = 1 in a compact
neighborhood K of z, we have that

Xju(z) = /Xj(Z)Fz(',C) (U1,:(Q) = U2:(¢))d¢,  z€K, j=1,....N,
and
(2.7) | Xu(z) — X;u(C)| < cds(z,0)” Vz,( € K, a €]0,1].

This proves the Holder continuity of the first order derivatives of u. Let us now
consider the second order derivatives X;Xpu, j,k,=1,..., N, and Yu.

We next prove the existence of the directional derivative Yu(z) by studying sep-
arately the terms I, I5. Since Y is the unique nonlinear vector field to be considered,
the proof of our result for the derivatives X;X,u is simpler and will be omitted.

The term I5. We set

J(z) = Y(2)Lz(-, Q)Uz2,2(0)dC.

St

We remark that J is well defined and continuous since, by (1.6), we have

(2.8) |U2,2(Q)| < ¢ dx(2, Q).
We denote by x € C°([0, +o0[, [0,1]) a cut-off function such that
x(s) =0 for Ogsgé7 x(s) =1 for s>1,
and we set
Ro) = [ Do (Z5 ) a0, oo

In what follows we shall assume ds(Z,z) < §2; then by the triangular inequality
(29) di(zac) S c (d2(2,2)+d5(2’7<))7
we can choose ¢ suitably large so that

X (dz(»’«% ¢)

S
c b2

):o if ds(z,¢) < 67,

and, as a consequence, I3 s is smooth for any 6 > 0. We claim that

(2.10) sup |I25(2) — L(2)] < ¢ 52,
d=(2,2)<63
(2.11) sup  |Yilos(z) — J(2)| < ¢ 62| log(6)]

1
d:(5,2)<67
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for some positive constant ¢. We postpone the proof of (2.10)—(2.11) to the end.

Let us now compute the derivative 2—2(2). For every positive § we have

IQ(Z —+ 51/5) — IQ(Z)

6 B J(E)‘ S 1275(2 —+ (Sl/g) — I2’§(Z)

; - J(z)’

n Ix(2) —5[2,6(5) .

IQ(Z + 61/2) — 12,5(2 + (SVg)

+ 5

We first note that, using the expression (2.4), we find ds(Z, z + 6vz) = 62. Thus, by
(2.10) and by the mean value theorem, there exists a 6y € |0, §[ such that

12(2 + (Sl/;g) — 12(2)
6

— J(2)| < |(h(w(2))y Ia.s — Bules) (2 + bovz) — J(2)] + 6

= |Yalo (2 4 bovz) — J(2)| + c6% < ¢ 62 |log 6],
where the last inequality follows from (2.11). Therefore we have

ol
o, )

=J(2),

and, by Lemma 2.2, we get (2.1).

We are left with the proof of (2.10)-(2.11). We assume dz(z,z) < 62. By (2.8)
and (2.5), we have

Is(2) — Ib(2)| < ¢ / d(z 0924, (2, O)dC

dE(Z7C)<6%

(since, by (2.9), ds(2,¢) < ¢6, and by using the homogeneous polar coordinates)
< 5%/ . Q‘Q+2+Q—1dg:cég.
<62

This proves (2.10). Next we recall the following estimate which immediately follows
by the mean value theorem:

(2.12) Vz(2)P=(-,¢) = Yz(2)T: (- Q) < eds(2,2)d=(2,() 79

for dz(z,() > ¢dz(Zz,z). Then we have

Velaslz) = )] < [ F&I2(,0) = Va0, Ol (dZ(Z’ O) V22(O)1¢
+/ ) A [Yz(Z2)T:(-, Q)Usz,2(¢)|dC
dz(Z:C)<§2

(by (2.12) and since the second term can be estimated as before)

[N

s / d=(2,0) YU, () dC + 8% = 6% |log(6)).
dz(z,0)>cé62

This concludes the proof of (2.11).
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The term I,. Let G(z,¢) = g(¢™! 0 2), where g is a smooth function. A direct
computation gives

(2.13) Yz (2)G(- Q) = R:(Q)G(z, ),
where
Rz(C) = —Yz(Q) — (21 — &)0y
(see [16, p. 295] for a general statement of this result). We aim to prove that
(2m

9L = / Y (AT=(40) (Ur2(C) — Ur (2)) dC + U =(2) / T2(2, O)(R=(0), v(())do,

o0

where v is the outer normal to the set = supp(y), for which we assume that the
divergence theorem holds. By (2.5), the homogeneity of the fundamental solution,
and the Hoélder continuity of Uy z, the function

(2.15)
V() = /Q Y (2)D=(,0) (U(C) — Ur2(2)) dC + Uy =(2) /8 T2z, O (Ra(0), v(0))do (C)

Q
is well defined. Let K be a compact subset of 2. We set, for § > 0,

nste) = [ raaox () o

where x is the cut-off function previously introduced. We choose ¢ suitably small so
that

(2.16) X (d(20> =1

for any z € K, € 0. Clearly I; s is a smooth function, and differentiating we get
d% )
YE(Z)Il,é :/ Yz(z) <PZ('7C)X <((5 O)) (Uli(C) - Ul,z(Z)) ¢
Q
di B
(2.17) + ULE(Z)/ Y:(2) <FZ(~,C)X < (6 O)) dc.
Q

By (2.13) and the divergence theorem, we have

[ v (rzc,ox(d*go))dc R (uz,-)x dz(;”))zx
(2.18) - [ raon (FED) (repin

Then, by (2.18) and (2.16), the last terms in (2.17) and (2.15) are equal. Hence we
get

[V(2) = Yz(2)11.6]

| / 02 <FZ("O <1 X <d2(§ Q))) (U12(0) — Uro(2)) ¢

<c (d5<z, 02+ F5<z,<)w> d:(2,0)dC < C6°.
52(2,0)<6 6
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Since the constant C' continuously depends on Z, we have that Yz(z)I1 s converges to
V as 6 — 0 uniformly on K. Since I s converges to I; we get (2.14). This completes
the proof of Theorem 1.1. ]

3. A priori estimates. In this section we prove Theorem 2.1 by using a modifi-
cation of the classical Bernstein method. Here we adopt the notation of [10, Chap. 3],
which we briefly recall for the reader’s convenience. Given a bounded domain € in
RN*2 and o € 10,1], Co () denotes the space of Holder continuous functions w.r.t.
the parabolic distance

d(z,2) = v — |+ |y —y/ |+t =¥,
i.e., the family of all functions u on 2 for which

T |u(z) = u(?)]

lul, = lul, = lulo *SEP d(z,2")> < 09,

where |ul$! = |ulo = supg, |u|. The spaces of Holder continuous functions C 1, k € N,
are defined straightforwardly. We set

(31) B,={(z,y) eRY xR | |(z,y)|<r},  S.r=DB, x0,T[, T,r>0.
The “parabolic” boundary of the cylinder S, r is defined by

(3.2) DySrr = (B, x {0}) U (9B, x [0,T)).

Given two points z,7z’ € S, p in (3.1), we denote by d, the distance from z to the
parabolic boundary 9,5, r (cf. (3.2)), and d,,» = min{d.,d. }. We set

o lu(z) — )]

= d(z, )

S

|ulg

nT — |u|a = |u|0 + supd
T

The space of all functions u with finite norm |u|§“T is denoted by Cyo(Syr). The
spaces Ciy,, of Holder continuous functions of higher order are defined analogously.
We say that u € Cia10c(ST) if U € Cita(Sr,r) for every r > 0.

We consider the Cauchy problem

(3.3) Lfu= f(,u) in Sp=RMT! x]0,T7,

U(,O) =9 in RN+17

where L, ¢ > 0, is the regularized operator in (1.5). We assume that the functions
f, g, h are globally Lipschitz continuous; then there exists a positive constant ¢; such
that

¢1 > max{Lipschitz constants of f,g,h},
(3.5) h)] < avi+e?,  g(z,y)| < avi+|(@,y)P,
‘f(xayatav” § C1y 1+ |(£c,y,t,v)\2, (x,yvta ”U) € ST x R.

The following result holds.
THEOREM 3.1. There exist two positive constants T, c that depend only on the
constant ¢y in (3.5) such that for every ¢ > 0 and « € ]0,1] the Cauchy problem
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(3.3)~(3.4) has a unique solution u® € Capqa,10c (S7) N C (S7) verifying the following
e-uniform estimates:

(36) |U;Z|0,|U;|O S4Cl, Z: 1,,N,
(3.7) uf (2,9, + 5) — u (9, 8)| < e/T+ [(2,9)] |s]7,
(3.8) |uf(z,y,t)| < 2e1/ 1+ |(z,9,t)|? V(x,y,t) € St.

Before proving Theorem 3.1, we introduce some further notation. If y = x(z,y) €
(Ofd (RN+1) is a cut-off function such that y =1 in B% and supp(x) C B, we set

(3.9)
Xn(T,y) = X (%%

) ) fn:ana gn('at):ana hn('av) :h(v)Xna HEN,

so that, by (3.5) and readjusting the constant ¢; if necessary, we have

|VXn‘0 <

\%
%7 |v9n| <e¢,

c1 |V
Ve fn(x,y,t,0)| < [XnVay fl+ %\/1 +n2+T%2+0v2 < ¢

if |Z—‘ is bounded and ¢ € [0, T7.
Finally, fixing n € N and € > 0, we consider the linearized Cauchy—Dirichlet
problem
(3.10) Ly"u = Ayu+ €2uyy + hp (-, v)Oyu — dyu = fi (-, v) in S, 7,
(3.11) U= g, in 0,5y, 1.

Given a € ]0, 1], we assume that the coefficient v in (3.10)—(3.11) belongs to the space
C1+4a(Sp,1) and satisfies the estimates

(3.12) |v(z,y,t)] < 2c14/14 |(z,y)|? in S, 1,
(3.13) lvg, o < 4er, i=1,...,N,
(314) |’Uy|0 S 481.

Then a classical solution u € Cayq (Spr) to (3.10)—(3.11) exists by known results
(see, for example, [10, Chap. 3, Thm. 7], since hy,(-,v), fu(-,v) € Cita (Sn1), gn €
c= (ng), and the compatibility condition L5"¢g, = f, = 0 holds on 0B,. Once
we have given the following e-uniform a priori estimates, the proof of Theorem 3.1 is
rather standard.

LEMMA 3.2. Under the above assumptions, there exists T > 0 such that, for any
n € N, every classical solution of (3.10)—(3.11) verifies (3.12)—(3.14).

Proof. Let u be a classical solution of (3.10)—(3.11). We prove estimate (3.12) for

u by applying the maximum principle to the functions H + u, where H is defined as
H(z,y,t) = (c1 + pt) 1+ |(2,9)?
and p is to be suitably fixed. Keeping in mind (3.5) and (3.12), it is easily verified
that
(1+e2)(ey + uT)
1+ |(z,y)[?
< = |fn(@y, t,v(z, y, 1)

L™ H(z,y,t) < + ((e1 + uT) er — p) V14 [(z,9)]?
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if y1, 7 are suitably large. On the other hand, by (3.5), H|a,s, , = |gn|. Therefore,

by the maximum principle, we infer that

lul < H <2c1y/14 |(z,y)]? if 7 <
n

Next we prove estimate (3.14) for the y-derivative of u. Our method is based
on the maximum principle. We start by proving a gradient estimate for u on the
parabolic boundary of S, 1. Since u € Coyqo (Sp,1), it is clear that V, yu =V, g,
in B,, x {0}. In order to estimate V,,u on 0B, x ]0,T[, we employ the classical
argument of the barrier functions on the cylinder @ = S, 7 \ Sz 7. More precisely,
given (zg, Yo, to) € 0B, % |0,T[, we set

’U}(,’B7y) = 4€1<<3j —X0,Y — yO)a V>7
where v is the inner normal to @ at (xg,yo,to). Then we have

Ly™M(w+xu) =xfp(,v) =0 in Q,

since f, and h,, vanish on ). On the other hand, it is straightforward to verify that
lu] < w on 9,Q. Therefore, by the maximum principle, we get |u| < w and, in
particular,

(3.15) |V yu(2o, Yo, to)| < |Vayw(wo,yo)| < 4ey.

Now we are in a position to prove estimate (3.14) for u. We differentiate equation

2

3.10) w.r.t. the variable y and then multiply it by e~?*u,,. Denoting w = (e *u 2,
Y y Y Yy g Yy

we obtain
Liw = e *MLul + 2w

=2 (7 (IVauy* + 222, + uy (fa)y + (fa)ovy)) +0 (A= K (0)u,))
(3.16) =2 (e PMuy ((fu)y + (fa)ovy) +w (A = b (v)vy)) .
Hence, by setting w = w — (4¢1)?, we get from (3.16)

Liw 2 2vw (= |(fa)y| = vy (fa)o] + Vo (A = |0y ]))

(by (3.5), (3.14), and by the elementary inequality /w > §(481 + sgn(w)+/[w]))

> V2w (Vaer (22 (A= 463) — der — 1) + (A - 43) sn(w) /[l
(for A\ = A(c1) suitably large)

(3.17) > cv/wlw|sgn(w)

for some positive constant ¢ = ¢(¢1). By contradiction, we want to prove that w < 0
in Sp 7. It will follow that

‘uy| < Cle)\t’

which implies (3.16) if 7' = T'(c1) > 0 is sufficiently small. Let 2o be the maximum
of won Qp. If w(zp) > 0, then 2 € Sy, 1 \ IpSn, 1, since by (3.15) w < 0 on 9,5, .
This leads to a contradiction, since by (3.17)

0> Liw(z) > ev/w(zo)w(zp) > 0.
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This concludes the proof of (3.14). By a similar technique, we prove estimate (3.13)
of the z-derivatives of u:

|Uzk|0§401, kzl,,N
We set

w= (e_’\tumk)2 ) w=w — (4c1)>.

2Xt

Differentiating (3.10) w.r.t. x; and multiplying it by e **u,, , we get

Liw = e MLEu2 4 2)\w

VTR

=2 (6_2Muack ((fn)wk + Vg, ((fn)v - uyh,)) + /\w)

(by (3.5), (3.13), and estimate (3.14) of u, previously proved)

> cy/wlwlsgn(w),

if A = A(cy) is suitably large, for some positive constant ¢ which depends only on ¢;.
As before, we infer that w < 0, which yields (3.13). d

We are in a position to prove Theorem 3.1.

Proof of Theorem 3.1. In order to prove the existence of a unique classical solution
to (3.3)—(3.4), we consider, for every € > 0 and n € N, the Cauchy—Dirichlet problem

(3.18) Azu+ 62uyy + hp (-, w)Oyu — Oyu = fr (-, u) in S, 7,
(3.19) U= g, in 9,5, 1.

We split the proof into four steps: We first use Schauder’s fixed point theorem to
solve the above problem. Then we let n go to infinity under the assumption that the
coefficients are smooth. Next we prove estimates (3.6), (3.7), and (3.8). Finally we
remove the smoothness assumption.

First step. Assume that f, g, h are C*° functions. We fix a € ]0,1[, » € N and
denote by W the family of functions v € C'1 44 (S, ) such that

(3.20) W]i4a <M,

(3.21) lv(z,y,t)| < 2c1v/ 14 |[(z,y)|? in S, r,
(3.22) [vz; |0 < ey, 1=1,...,N,

(3.23) luylo < 4ex,

where the positive constants M, T will be suitably chosen later. Clearly, W is a closed,
convex subset of C'y 44 (Sn,1). We define a transformation v = Zv on W by choosing u
as the unique classical solution of the linear Cauchy—Dirichlet problem (3.10)—(3.11).
If we show that

(i) Z (W) is precompact in C44 (Sn.1);

(ii) Z is a continuous operator;

(iii) Z(W) C W,
then we are done. The proof of (i) and (ii) is quite standard and relies on the following
two estimates of u (see, for example, [10, Chap. 3, Thm. 6 and Chap. 7, Thm. 4]:

(324) m2+a S c <m2+a + |f7’t ('7 U) |a) S c <m2+a + ma)
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for some constant ¢ > 0 dependent on ¢,n, M, «;

(3.25) [ulis <& (Ifalo + L300l +Iguliys)» €101

for some positive constant ¢ dependent on £, n, § but not on M. Besides, (iii) is exactly
the content of Lemma 3.2. Therefore, by Schauder’s theorem, the operator Z has a
fixed point w in W.

Note that, by (3.6), a comparison principle in the space W does hold; therefore u
is the unique classical solution of problem (3.18)—(3.19) verifying estimates (3.6) and
(3.8). Moreover, by a standard bootstrap argument, u € C*° (S, ).

Second step. We fix € > 0 and denote by u™ the solution of the Cauchy—Dirichlet
problem (3.18)—(3.19), whose existence has been proved in the previous step. We now
want to obtain the solution of the Cauchy problem (3.3)—(3.4) letting n go to infinity.

Fixing £ € N, we consider the sequence (u"Xak), >4, Where x is the cut-off
function introduced in (3.9). Then we have

Lo (u"Xak) = far (s un) + 2 ((Vou™, Vaxar) + € 0yu™ 0y xar) + u™ LY, Xak
= Fpak on Suk,T,

(unX4k) |3FS41€1T = 94k-

By classical Holder estimates, we deduce
T S2k, 7 _ T———Sak,T Sak Sup.r . T—754k,T _
|“”|§ < |U"X4k|1+5 <c (an,4k|04 T+ |Ling4k|0 T+ |94k|1+6 ) =c

for every n > 4k and ¢ €10, 1[, where ¢ = &(, €, ¢1, k) does not depend on n. Moreover,
since

Lin (u"x2k) = Fn ok on Sy,
(unXZk) ‘3;,,52;&-,’1“ = 92k,
we obtain

—— S —8 —S. —S _
sy <Tuxanlars <o (Fuarls ™" +lolyls") <6 o= 4k,

where ¢ = ¢(6, ¢, ¢1, k) does not depend on n.

Then, by the Ascoli-Arzela theorem and Cantor’s diagonal argument, we can
extract from u™ a subsequence | |, ,-convergent on compacts of St for every o € ]0, 1]
to the solution u® of (3.18)—(3.19) verifying estimates (3.6) and (3.8). The uniqueness
of u® follows again from standard results.

Third step. We still assume f,g,h € C*>°NLip. We aim to prove estimate (3.7)
for the solution u® found in the previous step. We fix (Z,7) € R” x R and set

w(z,y,t) = v (z, ey, t)x(z, ey), e>0, (z,y,t) € St,
where x(z,y) = x(z — Z,y — §) and x is the cut-off function in (3.9). We have
(Ap 4+ Oyy — O)w = T° on St,
where
e (2, y,t) = [;z (f(u%) = h(u)us) +u* (ApX + £2Xyy)

+2((Vau', Vo) +2u5%,) |(@.ept). (2,9,8) € S
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Denoting by I'z7(2; ¢) the fundamental solution of the heat operator in RV*2 with pole
at ¢ = (&,m,7) and evaluated in z = (z,y,t), we have the following representation of
w:

we) = [ [ Tuow Qe
(326) - /]RN+1 FH(Z7 57 UE 0)95((67 577)d(§7 77) = II(Z) - IQ(Z)

In order to estimate Iy, it suffices to note that, by (3.5), (3.6), and (3.8), we have
that

(3.27) [T < e/ 1+ [(7,9) %
with ¢ dependent only on ¢;. Hence, by an elementary argument, we get

(3.28)
(g t+5) = Lz,y,t)] <eo/I+][@ 9P sl V(w,yt) € Sr, s€[-t,T -1,

where ¢ depends only on ¢;.
To estimate I3, we begin by noting that a simple change of variables gives

L(z,y,t) = /]RN+1 Tr(€,m,1;0)g% (w —&Vte(y — n\/f)) dédn.
Then

|12(Z‘,y,t+8)—12(13,y,t)‘ S/ FH(€7773170)
RN+1

: ‘gi (z—&Vt+s,e(y—nvi+s)) —gx (w — &Vt e(y - n\/i)) ‘ dédn

(by the mean value theorem, for some constant ¢ = ¢(c;) > 0)

<eVTF TP [ViFs =i [ Talen1:0) (¢l + el dsr
(3.29) <14 (7, 9)12 V2|3 Y(z,y,t) € Sp, s € [-t, T —t],

where ¢ depends only on ¢;.
Then, by the definition of w and by (3.26), we obtain

us(j7gat) = Il (ja g7t> - I2 (fi‘a yat) 5
3 €

and estimate (3.7) follows from (3.28), (3.29).

Fourth step. We finally consider the general case where f, g, h are only assumed to
be globally Lipschitz continuous. We use the standard mollifiers to approximate f, g, h
uniformly on compacts by some sequences (f,,), (gn), (hn) in C*°NLip that verify the
estimates (3.5). Since the interval [0, T] of existence of the solution constructed in the
second step does not depend on the regularity of the coefficients, we may employ the

usual density argument to find a function u® which is the unique classical solution of
(3.3)—(3.4). d
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Proof of Theorem 2.1. By Theorem 3.1, there exists a sequence
utr S CV2+oz,loc (ST) nc (FT) )

with €, | 0, such that every function u*~ is a solution of (3.3)—(3.4) with ¢ = ¢,
and verifies (1.6) for a constant ¢y that does not depend on n, and (u°") converges
uniformly on compact subsets of St to a function w.

Arguing as in [6, Lem. 2.4], we can prove the following a priori estimates of Cacci-
oppoli type for the derivatives of the functions (u"): if ¢ € C§° (St), there exists a
positive constant ¢ which depends only on f, ¢ and on the constant ¢g in (1.6) such
that

N
(3.30) > (lugga, @l + lugyell2) + enlluggells + llusella < c
j=1

for every n. Therefore, up to a subsequence, 0, , u", €20y, usn, dyuf, and Gyucn
weakly converge in L (Sr) to Oz, wnt, 0, Oyu, and dyu, respectively. Hence u €
H} (57),04,2,u € L (St) for j,k=1,...,N, and (1.1) is satisfied a.e.

The uniqueness of the solution can be proved as in [2, Prop. 5.1]. Indeed, since
(u®") converges uniformly on compact sets, it is standard to prove that the limit w is
a viscosity solution of (1.1)-(1.2) satisfying (1.6). Then the uniqueness of u follows
by the comparison principle for viscosity solutions. ]

4. Global existence. The main purpose of this section is to prove Theorem 1.2
by a simple continuation argument which relies on a bound of the gradient of u.

Proof of Theorem 1.2. The local existence result stated in Theorem 3.1 and a
standard argument ensure that there exist an interval I = [0,T[, where T € R* or
T = +oo, and a solution u € C?(RV*1 x I) to problem (1.1)—(1.2), which cannot
be defined for t > T. We claim that our assumptions on f, g, and h yield T = +oo.
To this end, we consider the local solution u € C?(R¥*! x [0,T]), which has been
constructed in Theorem 3.1, and we denote by cr the spatial Lipschitz constant
corresponding to the strip Sp:

cr = inf {C >0: |u(xay,t) - u(xlvylvt” < C(|I - ‘T,|2 + |y - y/|2)1/2

V(w,y,0), ',y 1) € RN x [0, 7]}

We explicitly note that if T # +oo, then ¢, — +oo as t — T; hence a bound of the
form

(4.1) ¢ < cet

for some positive constants ¢, k will prove our claim.

In order to prove (4.1) we first observe that, as in the proof of Theorem 3.1, it
is not restrictive to assume that f,g, and h are smooth and that u is the classical
solution of the regularized equation (1.5). We next show that

(4.2) 0<—u, <241,
co

(4.3) ug,| < 1€t for j=1,...,N
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for every (z,y,t) € St, where ¢; is the Lipschitz constant defined in (3.5) and k > 0
does not depend on e. To prove the first inequality in (4.2) we set w(z,y,t) =
e”\tuy(x, y,t) for some A > 0, and we note that since u is smooth, w is a solution to

Low = e Mf, + (A= b (u)u, + f,)w in Sr,

By our assumptions f, > 0,9, < 0,co < ' < ¢; and also by Theorem 3.1, A/ (u)uy,+ fu
is bounded in Sp. Then A—h/(u)u,+ f, > 0 for suitably large X and, as a consequence,
w < 0 by the maximum principle. This proves the first inequality in (4.2). To prove
the second one we set w(x,y,t) = %(ufj(x, Y, t) — )\2), A > 0, and argue as in the proof

of Theorem 3.1: w is a solution to

Low = |Vu,|? + szuiy — uy(h/(u)ug —uyfu — fy) in St,
w(-,0)= %(gg —)\2).

Since u, < 0, we may choose A sufficiently large (for instance, A\ = Cl +1) so that the
right-hand side of the above differential equation is positive When w > 0. Then the
second inequality in (4.2) follows again from the maximum principle.

2 2
We finally consider the function w(z,y,t) = e*”‘t% — S forj =1,...,N.

Clearly w(z,y,0) <0 and

Lew= e M (ui] (A= h,(u)uy + fu) + |vxuxj |2 + 52“925]-,3/ + Uacjfacj)

> g2\ (ui A+ fu) + ua, fzj)

by (4.2). Since w > 0 implies |ug, fo;| < u2, then, for suitably large A, we find
L.w < 0 for w > 0 and prove (4.3) as above. This gives (4.1) and concludes the proof
of Theorem 1.2. |

Remark 4.1. Hypothesis (1.9) on h is related to the natural assumptions in the
theory of conservation laws. A simple counterexample shows that we cannot drop this
condition. Indeed if h(u) = —u, f =0 and g(z,y) = = — y, then u(z,y,t) = =4
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