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We adapt the iterative scheme by Moser, to prove that the weak solutions to an ultra-
parabolic equation, with measurable coefficients, are locally bounded functions. Due to
the strong degeneracy of the equation, our method differs from the classical one in that
it is based on some ad hoc Sobolev type inequalities for solutions.
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1. Introduction

We consider the second order partial differential equation

mo N
Lu(z,t) = Z Oz, (aij(2,1)0z,u(x,t)) + Z bijxiOz,u(x,t) — Opu(z,t) =0, (1.1)

ij=1 ij=1

where (z,t) = (21,...,7n,t) = z denotes the point in R¥*! and 1 < my < N.
Equation (1.1) arises in the theory of stochastic processes as well as in the kinetic
theory; in particular, it contains the (spatially inhomogeneous) Fokker—Planck—
Landau equation.

We aim to adapt the iterative scheme introduced by Moser in [1, 2] for the
uniformly parabolic equations, to prove that the weak solutions to (1.1) are locally
bounded functions. Moser’s method is based on a combination of a Caccioppoli
type estimate with the classical embedding Sobolev inequality. Due to the strong
degeneracy of the operator L, some new difficulties arise in treating (1.1). Indeed,
the natural extension of the Caccioppoli estimates gives an Lloc bound only of the
first order derivatives 0, ,u, for j = 1,...,mq, but it does not give any information
on the other spatial directions.
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396 A. Pascucci € S. Polidoro

Actually, the various extensions of the Moser’s iteration technique available in
literature (see, for instance, [3-6]) rely on the implicit assumption that the Sobolev
inequality (adapted to the suitable functional setting) is the necessary starting point
of the procedure. This argument fails in our case, since the Caccioppoli estimates
provide an incomplete information. In order to overcome this problem, we prove a
Sobolev type inequality only for the solutions to (1.1). Our idea is to represent u
in terms of a parametriz of L, which is the fundamental solution of the following
operator

Lo=Ap, +Y, (1.2)
where A,,, is the Laplace operator in the variables z1,...,z,,, and Y is the first
order part of L:

N
Y = Z bljxlaaj‘] - 8t. (13)
i,j=1

With a slight abuse of notation, we shall refer to Lg as principal part of L. Then,
if u is a solution to (1.1), we have

mo
Lou= (Lo — L)u= Z 02, Fy | (1.4)
i=1
where
mo
Fl:z(élﬂ_alj)azgua izl,...,mo,
j=1
Since the Fj’s depend only on the first order derivatives 0, ,u, j = 1,...,my, the

Caccioppoli inequality yields an ngg—estimate of the right hand side of (1.4). Thus,
by using the fundamental solution of Lo, we get the needed LY — estimate of the
solution. This argument seems quite natural, since the classical Sobolev inequality
can be proved by representing any function v € H' as a convolution with the
fundamental solution of the Laplace operator.

We next state our assumptions and main results.

[H.1] The coefficients a;;, 1 < i, j < mg, are real valued, measurable functions
of z. Moreover a;; = aj;, 1 <1, j < mo, and there exists a positive constant [ such
that

mo
pHER <Y as(2)685 < plél?,

i,j=1
for every z € RNT1 gnd € € R™0. The matric B = (bij)ij=1,...,N 1s constant.
[H.2] Lg is hypoelliptic (i.e. every distributional solution of Lou = 0 is a C*™

function) and §x-homogeneous of degree two with respect to some dilations group
(0x)as0 in RNFL (see (2.6) below).
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We explicitly remark that, although [H.2] is expressed in terms of Lo, it is a
requirement on the coefficients b;; of the operator L. Indeed, a well-known criterion
for the hypoellipticity is the Hérmander’s condition [7]. In our setting, it reads:

rank Lie(dz,,...,0,, ,Y)(2)=N+1, VzeRNtL,

» Y Tmg

where Lie (O, ..,0s,,,Y) denotes the Lie algebra generated by the first order
differential operators (vector fields) 9;,,...,0s,, ,Y. Then the hypoellipticity of
Ly (as well as the dilations group (dx)x>0) depends only on mg and on the first
order part of L. In Sec. 2, we recall a known structure condition on the matrix B
equivalent to [H.2].

Let us remark that if L is an uniformly parabolic operator (i.e. mg = N and
B =0), then [H.2] is clearly satisfied. Indeed, the principal part of L simply is the
heat operator, which is hypoelliptic and homogeneous with respect to the parabolic
dilations 0y (z,t) = (Ax, A%t).

We give the definition of solution to (1.1). We denote by D = (0z,,...,0zy),
(-,-) respectively the gradient and the inner product in R™. Besides, D,,, is the
gradient with respect to the variables x1, ..., Zn,.

Definition 1.1. A weak solution of (1.1) in a subset  of RV*! is a function u
such that u, Dy,u, Yu € L (2) and

/—<ADu,D¢>> L OYu=0, VéelrQ). (1.5)
Q

As we shall see in Sec. 2, the natural geometry underlying operator L is deter-
mined by a suitable homogeneous Lie group structure on RN+1. Our main results
below reflect this non-Euclidean background. Let “o” denote the Lie product on
RN+ defined in (2.3), and consider the cylinder

Ry = {(z,t) e RY x R||z| < 1,]t| < 1}.
For every zg € RV*! and r > 0, we set
R(20) = 200 (0,(Ry)) = {z e RV |2 = 250 6,.(¢), ¢ € Ry} (1.6)
We have
Theorem 1.2. Let u be a non-negative weak solution of (1.1) in Q. Let zo € Q and
r, 0,0 < § < o<, be such that R.(20) C Q. Then there exists a positive constant

¢ which depends on p and on the homogeneous dimension Q (cf. (2.7)) such that,
for every p > 0, it holds

c
sup uP < 7/ u? . (1.7)
RQ(ZD) (T - Q)Q+2 RT(Z())

Estimate (1.7) also holds for every p < 0 such that uP € L*(R.(20)).

Remark 1.3. Sub and super-solutions also verify estimate (1.7) for suitable values
of p (see Corollary 4.3). More precisely, (1.7) holds for
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(i) p>1orp<0,if uis a non-negative weak sub-solution of (1.1) such that
uP € L' (R, (20));

(ii) p €]0, 3], if u is a non-negative weak super-solution of (1.1). In this case,
the constant ¢ in (1.7) also depends on p.

A direct consequence of Theorem 1.2 is the local boundedness of weak solutions
to (1.1).

Corollary 1.4. Let u be a weak solution of (1.1) in Q. Let zo, o, r as in Theo-
rem 1.2. Then, we have

C P
sup [u] < —————/’ W), Ve, (18)
Ry (20) <(T = 0)%"? JR, (20

where ¢ = ¢(Q, p).

The interest in the above class of operators is motivated by the following appli-
cations.

Example 1.5. Consider the following kinetic equation
Of —(v,Vof)=09(f), t>0,zeR"veR", (1.9)

where n > 1 and Q(f) is the so-called “collision operator” which can take either a
linear or a non linear form. The solution f corresponds at each time t to the density
of particles at the point x with velocity v. If

Q(f) =Auf,

then (1.9) becomes the prototype of the linear Fokker—Planck equation (see, for
instance, [8, 9]) and it can be written in the form (1.1) by choosing mo = n,

N =2n and
0o -I,
B:
(b o)

where [, is the identity n x n matrix. In this case the Lie group is given by the
Galilean change of coordinates (v, z,t) - (v',2',t') = (v+ v,z + 2’ +t'v,t + 1) and
the dilations group is 6 (v, z,t) = (\v, A3z, A\?t).

In the Boltzmann-Landau equation (see [10-12])

Qf) = Y Builai;(- )Du, f)

4,j=1

the coeflicients a;; actually depend on the unknown function through some integral
expressions.

We also recall that equations of the form (1.9) arise in mathematical finance
(see [13-15]).
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Example 1.6. The equation

Ou = Zn: 3951 (aijax]. u) + Zn: xzﬁylu + Zn: yiﬁsiu’

ij=1 i=1 i=1
(z,9,8,t) ER" xR" x R" xR,

arises in the theory of degenerate diffusion processes (see, for instance, [16, 17]). The
above operator satisfies hypotheses [H.1]-[H.2] and the corresponding Lie group has
step two. The dilations are given by dy(x, v, s,t) = (Ax, A3y, \%s, A%t).

A further motivation comes from the theory of partial differential equations. As
said above, in the case of a;; constant coefficients, the smoothness of the solutions
has been pointed out by Kolmogorov [18] and by Hérmander [7]. A systematic study
of this class of operators has been carried out by Kupcov [19], Lanconelli and one
of us [20].

The Levi parametrix method has been used by Weber [21], II'in [22], Eidelman
[16] and Polidoro [23], [24] to deal with Holder continuous coefficients a;;. In these
hypotheses, Schauder type estimates have been proved by Satyro [25], Lunardi
[26], Manfredini [27]. Besides, the regularity properties of the weak solutions to
(1.1) have been studied by Bramanti, Cerutti and Manfredini [28], Manfredini and
Polidoro [29], Polidoro and Ragusa [30], assuming a weak continuity condition on
the coefficients a;; (they are supposed to be in a suitable vanishing mean oscillation
space).

A boundary value problem for a nonlinear equation of the form (1.1) has been
considered by Lanconelli and Lascialfari in [31], by Lascialfari and Morbidelli in
[32]. Their results have been proved by combining the Kakutani-Ky Fan fixed point
theorem with the above interior estimates. However, the dependence of the a priori
estimates on the regularity of the coefficients a;; forces some restrictive conditions
on the nonlinearity of the operator.

The Moser’s method extends the techniques previously used in the elliptic case
[33, 34] and which are equivalent to the ones due to De Giorgi [35]. These classical
results have been generalized in many directions (see [36-40]). The first extensions
of Moser’s technique to a non-Euclidean framework are contained in [4, 41]. We also
recall that the technique introduced by Nash [42] and developed in [43], has been
used in [44], in the framework of subelliptic operators on Lie groups. The main goal
in the above quoted papers is the uniform Hoélder continuity of the solutions, which
is a basic tool in the study of the non linear problem. In a future study we plan
to complete the Moser’s procedure for operator (1.1) by proving a weak Harnack
inequality, which has not been established yet. We also recall that Theorem 1.2 has
been used in [45] to obtain a pointwise global upper bound for the fundamental
solution of (1.1).

The paper is organized as follows. In Sec. 2, we recall some known facts on
the principal part Ly and we collect some preliminaries. In Sec. 3, we prove some
Caccioppoli and Sobolev type inequalities. Section 4 is devoted to the proof of
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Theorem 1.2 and Corollary 1.4, by the Moser’s iteration scheme. In order to restore
the analogy with the classical result by Moser, in Sec. 5, we show that, for p < 0,
(1.7) holds if we replace R, (z20), Ro(z0) by Rr(20) N{t < to}, Ro(20) N {t < to}
respectively.

2. Preliminaries

In this section we recall some known facts about the principal part Ly of L, and we
show some preliminary results. We rewrite operator L in (1.1) in the compact form

L =div (AD)+7Y, (2.1)

where A = (aij)1<ij<n, ¢ij = 0if i > mg or j > mg, and Y is defined in (1.3). We

also set
I 0
Ay = mo
0 < 0 0) )

where I,,, is the identity matrix in R™°. Then the principal part of L takes the
form

Lo = div (A()D) + Y.

Operator Ly has the remarkable property of being invariant with respect to a Lie
product in RV, More precisely, we let

E(s) = exp(—sBT), seR, (2.2)
and we denote by £¢, ¢ € RVF1 the left translation ¢¢(z) = ¢ o 2 in the group law
(@,t) 0 (&,7) = (E+ E()z,t +7), (2,1),(€,7) e RVFY, (2.3)
then we have
Lole=t:oL.

We recall that, by [20, Propositions 2.1 and 2.2], hypothesis [H.2] is equivalent
to assume that for some basis on R, the matrix B has the canonical form

0 Bi 0 0
0 0 By --- 0
Do : I (2.4)
0 0 0 - B,
0 0 0 0
where By is a mg_1 X my matrix of rank my, k =1,2,...,r with

-
mog>mq>---m,>1, and ka:N.
k=0
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In this case the dilations associated to L¢ are given by
Sy = diag( Mg, N2 Ly s o, A27TH L 0A%) ) A >0, (2.5)

where I,,, denotes the my x my identity matrix. We can write explicitly the second
assertion in Hypothesis [H.2] as

Loody=M(0x0Lo), YA>0. (2.6)

In the sequel we shall always assume that B has the canonical form (2.4).
We denote by T'g(+,¢) the fundamental solution of L in (1.2) with pole in
¢ € RN An explicit expression of I'g(+,¢) has been constructed in [7] and [19]:

F0(27C):F0(C710'Z?0)7 VZ,CERN+1,Z§£C7

where

amE L o)
Lo((z,1),(0,0)) = { /det C(2) p( 16 )z, >>, ft>0,
0 if <0,

and
C(t):/o E(s)AoET (s)ds,

(E(-) is the matrix defined in (2.2)). Note that hypothesis [H.2] implies that C(t)
is strictly positive for every positive ¢ (see [20, Proposition A.1]). In view of the
invariance properties of Ly, it is not difficult to show that

Lo(6x(2),0) = A=®To(2,0), Vze RN\ {0},A>0,
where
Q=mo~+3mi+--+ (2r+1)m,. (2.7)

The natural number @ + 2 is usually called the homogeneous dimension of RN*+!
with respect to (0x)x>o. This denomination is proper since the Jacobian Jd equals
A2F2 Let ||-|| denote a 0x-homogeneous norm® in RN+, The following bound holds

Lo(z,0) < efl¢™tozl|79, (2.8)

for some positive constant c.

aFor instance, a d)-homogeneous norm is given by

1
N 2r+1)!
. (2r+1)!
e (} 2% 4 O )

j=1
where aj = (2r + 1)!if 1 < j <mg and
(2r +1)! = k

a; = , if 1 m; <j< mi, 1 < k<r.
j Y] +§) z_]_;] il SRS




402 A. Pascucci & S. Polidoro
We define the Lg-potential of the function f € LY(RN*1) as follows

TG = [ T 0fQdC =R, (29)

This definition is well posed, indeed, for every T" > 0, we have

/ To(f)(2)]dz
RN x[~T,T]

(inverting the order of integration)
< [ 1ol ol Qdz <27 [ 1O1dC = 2T faam
RN +1 RN x[~T,T] RN +1
Let us also recall some classical potential estimates (cf., for instance, [46]).
Theorem 2.1. Let a €]0,Q +2[ and let G € C(RN+1\ {0}) be a 6x-homogeneous

function of degree o — Q — 2. If f € LP(RN*1) for some p €]1,+oo|, then the
function

Grla)= [ G o210,

is defined almost everywhere and there exists a constant ¢ = ¢(Q,p) such that

|G llLa@n+1y < ¢ max [G(2)| || fllLe@n+1y s
lIz]l=1

where q is defined by
1 1 «

¢ p Q+2
For reader’s convenience, we state separately some potential estimates which

will be used in the sequel. These estimates are essentially contained in the previous
theorem. We also remark that, by the homogeneity properties of 'y, the potential
Lo(Dy, f) is well-defined for any f € L2(RN*1), at least in the distributional sense,
that is

LoD f)(5) = = [ Dol 0 £(0)ds (210)

RN+1

In (2.10), the superscript in D%g indicates that we are differentiating with respect

to the variable (.

Corollary 2.2. Let f € L2(RN*Y). There exists a positive constant ¢ = c(Q) such
that

ITo ()l 27 @n+1y < |l fllL2@n+1y, (2.11)

IT0(Dmo f)|l L2x@y+1y < el fll L2@a+1y (2.12)

where;%zl—i—ﬁ andmzl—k%.
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Proof. Estimate (2.11) is an immediate consequence of Theorem 2.1 and of the
homogeneity of I'g. In order to prove (2.12), it suffices to observe that, by (2.10),
we have

Lo (Do f)(2) = / (DTo)(¢ 0 2,0)£(C)dC (2.13)

RN+1

where D is a first order differential operator dy-homogeneous of degree one. Hence
(2.12) follows applying Theorem 2.1 with G = (DT)(-,0) and o = 1.

In order to show (2.13), let us denote by D,,,, k = 1,...,r, the gradient with
respect to the variables x; for

k—1 k
L+ mi <j<y mi.
i=0 i=0
We remark that the matrix B in (2.4) is nilpotent and we have
E(s) = Z ﬂ(BT)k seR (2.14)
B k! ’ ' '
k=0
Thus, by (2.14) and expression (2.3) of the product law, we deduce
DifTo(z,Q) = DiTo(¢™! 0.2,0)

= <_Dm0F0('v 0)— (_kll)k (t_T)kDmkFO(" O)BI{ T B?) (C_l ° ZE
k=1 ’

Definition 2.3. A weak sub-solution of (1.1) in a domain € is a function u such
that u, Dyou, Yu € LE (Q) and

/—(ADu,D¢>+¢Yu2(), Ve CrQ),6>0. (2.15)
Q
A function w is a weak super-solution of (1.1) if —u is a sub-solution.

Remark 2.4. If u is a sub and super-solution of (1.1) in Q then it is a solution,
i.e. (1.5) holds. Indeed, for every given ¢ € C§°(f2), we may consider ¢ € C5°(£)
such that ¥ > 0 and ¢ + ¢ > 0 in Q. Therefore (1.5) follows by applying (2.15) to
+u.

Roughly speaking, the next lemma states that we can use the fundamental
solution 'y as a test function in the definition of sub and super-solution.

Lemma 2.5. Let v be a weak sub-solution of (1.1) in Q. For every ¢ € C§°(Q),
# >0, and for almost every z € RNT1 we have

/Q —(ADv, D(To(2,)6)) + To(z )6¥ v > 0.

An analogous result holds for weak super-solutions.
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Proof. For every ¢ > 0, we set

xe(2,¢) =X<M> . z,( e RN,

3

where y € C1([0, +o0], [0, 1]) is such that x(s) =0 for s € [0,1], x(s) =1 for s > 2
and 0 < ¥’ < 2. By (2.15), for every ¢ > 0 and z € RV*!, we have

0< /Q —(ADv, D(To(z, )xe(2,)9)) + To(z, )xe (2, )pY v
=L (2)+1:(2) — I3(2),

where

Ju@=AMMﬂmMMM&J¢
EAQZAHWJM@N%MMD@+MW7

I3 (%) :/Q<ADv,DXE(z,~)>F0(Z,~)¢.

Keeping in mind the proof of Corollary 2.2, it is clear that the integral which defines
I1 () is a potential and it is convergent for almost every z € RN*+1. Thus, since

[{ADv, D(To(2,)))xe (2, -)é| < {ADv, D(To(2,-))¢| € L', V>0,

by the dominated convergence theorem, we get

lim .. (2) :/(ADU,D(FO(Z,-))>¢, for ae. z € RNHL.
Q

e—0+

Analogously, we have

lim I .(z) = / To(z,-)(—(ADv, Dg) + ¢Yv), for a.e. z € RVFL.
Q

e—0+

In order to conclude, it suffices to prove that

lim+ L.(2)=0, forae zeRNTL (2.16)

e—0

By [H.1] and Cauchy—Schwartz inequality, we have

2p
I3.(2) < — Dy, To(z,C)od
O L LTI

(by estimate (2.8) of T'g, for « €]0,1])
S%mféMJHWMMM”nAr@*ﬂMO@—em ase — 0,

since the last integral is convergent for a.e. z € RNVFL, |
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Lemma 2.6. Let f € C? N Lip(R) be a monotone non-decreasing function. If f
is convex (respectively concave) and u is a weak sub-solution (respectively super-
solution) of (1.1), then v = f(u) is a weak sub-solution (respectively super-solution)

of (1.1).

Proof. The proof is standard and we only consider the case of a sub-solution. Since
f € C? and it is Lipschitz continuous, then v, Dy, v, Yv € L% . By a standard
density argument, we express (2.15) in terms of

o= f(wy, YelCi¢v=>0.

We remark that ¢ > 0 because f is non-decreasing, thus we obtain

0< /—(ADu,DqS) + Y

— [ ~(ADu. Du " (wys + ' (0) (4D, D) + ¥¥ )
(since " >0)

< /—(ADU,D¢> +yYYu. O

3. Caccioppoli and Sobolev Type Inequalities

In this section we prove some Caccioppoli and some Sobolev type inequalities for
the non-negative solutions to (1.1). We recall the notation (1.6) and, by simplicity,
we shall write R, instead of R,.(0).

Theorem 3.1 (Caccioppoli type inequalities). Let u be a non-negative weak
solution of (1.1) in Ry. Let p € R, p # 0, p # 1/2 and let o, v be such that
$<o<r <1 IfuP € L*(R,) then Dy u? € L?(R,) and there exists a constant
¢, only dependent on the homogeneous dimension Q, such that

cy/ pulp+¢ 2p —1
Doty < Dty wtere &= B22AL )

Proof. We consider the case p < 1, p # 0, p # 1/2. We first assume that u is
uniformly positive, that is u > ug for some constant ug > 0. Let v = «P. Since u is
a weak solution to Lu = 0 and u > ug, then v, Dy, v, Yv € L?(R,). For every ¢ €
C§°(R1) we consider the function ¢ = u?P~12. Note that ¢ and D,,,¢ € L*(R1),
then we can use ¢ as a test function in (1.5). We find

_P _
0= 5 /R1 (ADu, Do) — ¢Y u

= g / (2p — D)u?P~29?(ADu, Du) + 2¢pu* = (ADu, DY) — u*?~1?Yu
Ry

= / (1 — i) Y*(ADv, Dv) + vip(ADv, D) — w—QY(ﬁ)
Ry 2p 4
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(using the identity
Y (V) = Y (*0%) — 20%9Y )

and applying the divergence theorem)

1 2
= / 1= 1) 020400, Do) + vi(ADv, D) + v
R 2p 2
. 2p—1 . .
Setting € = % and using the estimate

wUl(ADv, D)) < 2UH(ADv, Dv) + 2= (A, Dy

we finally obtain
e | *(ADv,Dv) < i/ v? <§<AD¢,D¢> +2|qu¢|> : (3.2)
R1 Rl

The thesis follows by making a suitable choice of the function ¢ in (3.2). More
precisely, we set

W, t) = x|, 0)[)x(|]?) (3:3)

where x € C*(R, [0, 1]) is such that

2
x(s)=1if s<po, x(s)=0if s>r, |X’\§T_Q.

We observe that

‘at,(ﬂa |6ﬂ?]¢‘ <

4 i=1,...,N (3.4)
r—o
where ¢; is a dimensional constant. Then, accordingly to (3.2), we obtain

i/ | Dy uP |2 gs/ Y (ADuP, DuP)
R Ry

HJR,
1 c1it 2c1 C2 Iz /
< - 2p < (1 —) p
—4ﬂf‘<w?w2+ww>—w—m2 T/
(3.5)

and this proves (3.1).
The previous argument can be straightforwardly adapted to the case of a non-
negative weak solution to (1.1). Indeed, we may consider estimate (3.5) for the

solutionu—i—%,neN,
2p
c 1
< _2 3 (l-l-ﬁ)/ u+— ,
(r—o) €/ JR, n

1 p
i/ Dmo<u+_>
HJR n

and we let n go to infinity. The passage to the limit in the first integral is allowed
since

2

o
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1 p
‘Dmo (u + —)
n

In the second integral we rely on the assumption u? € L?(R,.).
We next consider the case p > 1. For any n € N, we define the function g, , on
10, +00[ as follows

ol = {

1\ !
:p<u+ﬁ> | Diott| T [Dimot?|, Vp<l,n— oco.

sP if0<s<n,
nP +pnP~ (s —n), if s>n,

then we let
Un,p = gn,p(u) . (3.6)
Note that
gnp € C'RY), g, € L¥RY),
thus, since u is a weak solution of (1.1), we have

2 2 2
Un,p € Lloc? Dmov’ﬂ,p € Lloc’ YUT%P €L

loc *
We also note that the function
" (s) = plp—1)sP72, f0<s<mn,
Inp\3) = 0, if s>n,

is the weak derivative of g;, ,, then Dy, ,(u) = g, ,(u)Dpyu (for the detailed
proof of this assertion, we refer to [47, Theorem 7.8]). Hence, by using

¢ = gn,p(“)g;,p(u)lﬁ ) w € Cgo (Rl)

as a test function in (1.5), we find

0= / (ADu, Dg) — ¢Yu
Ry

- / (6 ()2 + g (w)gn (1)) $*(ADu, Du

Ry

+ 0 (1) (4)(20{ADu, D) — 7Y )
(since g ,(u) > 0)

2
> " ¢2 <ADUn,pa D'Un,p> + 2Un,pw<ADUn,pa D¢> - TY(U?L,]?)
1

=/ V?(ADvy p, DUn p) + 205 pth(ADvy p, DY) + vl Y1)
1

— [2p—1]
4p

1 1 1
€ Y*(ADv,, p, Dy, ) < 1 /R ”Z,p <E<AD’L/J,D1/}> + 51/)Y¢|> .

Ry

Therefore, if ¢ , we get
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Since 0 < vy, < uP and
(ADvy, p, Dy p) 1T (ADuP, DuP), asn — oo,

we get from the above inequality

wapw o) < 3 [ (Laps. vy + glovel)

Ry
and we conclude the proof as in the previous case. O

We next state a result which extends Theorem 3.1 to super and sub-solutions.
We omit the proof, since it follows the same lines of Theorem 3.1. Note that, by
our method, we obtain some estimates only for p < 1/2 or p > 1.

Proposition 3.2. Let u be a non-negative weak sub-solution of (1.1) in Ry. Let g,
rt<o<r<landp>1orp<O0.Ifu? € L*(R,) then Dy, u? € L*(R,) and
there exists a constant ¢, only dependent on the homogeneous dimension Q, such
that

cy/plp+e) 2p — 1
e(r—o) p
The same statement holds when u is a non-negative weak super-solution of (1.1)
and p €]0,1/2].

||DmO’LLPHL2(Rg) < |luP||L2(r,), where &=

Theorem 3.3 (Sobolev type inequalities for super and sub-solutions). Let
v be a non-negative weak sub-solution of L in Ry. Then v € L (Ry), k =1+ %,
and there exists a constant c, only dependent on @ and p, such that

C
||UHL2H(RQ) < E(HUHL"’(RT) =+ HDmov||L2(Rr))7 (3.7)

for every o, v with % <po<r<l.
The same statement holds for non-negative super-solutions.

Proof. Let v be a non-negative sub-solution of L. We represent v in terms of the
fundamental solution I'g. To this end, we consider the cut-off function v introduced
n (3.3). For every z € R,, we have

v(2) = vip(2)
:/R [(AoD(vp), DTo(2,-)) = To(2, )Y (vih)|(€)d¢ = T1(2) + I2(2) + I3(2) ,

(3.8)

where

I(z) = /R [(Ao Db, DTo(z, ))](C)dC — / Loz, oY $)(Q)dC .

I(z) = /R (Ao — A)Dv, DTo(z, )(C)dC — / [To(, ) (ADv, DY) (O)dC



The Moser’s Iterative Method for a Class of Ultraparabolic Equations 409

I(z) = / [(ADv, D(To (2, i) — To(z JoYv] ()dC

™

Since the function v is a weak sub-solution of L, it follows from Lemma 2.5 that
I3 <0, then

0<w(z) <Ii(z)+ I2(2) forae. z€R,.

To prove our claim it is sufficient to estimate v by a sum of Ly-potentials.
We start by estimating I;. Denote by I} and I’ the first and the second integral
in Iy, respectively. Then I can be estimate by (2.12) of Corollary 2.2 as follows

1112 (R, < clloDimgoll p2gvery <

Cc
ol

where the last inequality follows from (3.4). To estimate I{’ we use (2.11):

C
117 | 2w (r,) < meas(Ry)> QNI || pan (g, < cllvY || pagga+y < p— QH”HLZ(RT) :

We can use the same technique to prove that

C
I " < ——||Dp, ,
1 12]| 2 (Ry) = r g” O’UHL{"(RT)

for some constant ¢ = ¢(Q, i), thus our first claim is proved.
A similar argument proves the thesis when v is a L-super-solution. In this case,
we introduce the following auxiliary operator

Lo =div (AgD)+Y, Y = —(z,BD)— ;.

If R is a domain which is symmetric with respect to the time variable ¢, for any
z = (x,t) € R, we denote 2 = (z,—t) € R and w(z) = v(2). We remark that

Dw(z) = Dv(2), Yuw(z)=—-Yu(3)

for almost every z € R. Then, since v is a L-super-solution, we have

/R [—(A(2)Dw, D) — ¢pY w](z)dz

= /}{(—(A(é)Dv(i),Dqﬁ(Z)) + ¢(2)Yv(2))dz <0, (3.9)
for every ¢ € C§°(R), ¢ > 0.

Next, we represent w in terms of the fundamental solution T'g of Lo. For ¢ as
in (3.3) and z € R,, we have

=/R [(AoD(we), Do (z,)) — To(z, )Y (v)|(Q)dC = L (2) + I (2) + I(2)
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where

L) = / (Ao D, DFo(2,-)) — Po(z, ) ¥ )ul (C)dC |

v

I(z) = / (Ao + AE)Dw(C), D(Fo (2 J)(O))dc

r

- / [Fo(z,-) (Ao D, D] (C)dC

r

I(z) = /R [~ (A(2)Dw, D(Po(z, 1)) — Fo(z, Jo¥wl(Q)dC .

Since w satisfies (3.9), by Lemma 2.5, we have I3(z) < 0, for a.e. z € R,. As in
the previous case, we conclude the proof of (3.7) by using the potential estimates
of the Corollary 2.2, that still hold for the function I'g. Thus we have
c
[vllL2x(r,) = llwllz2s(r,) < E(HWHLZ(RT) + [[Dmowllz2(r,))
c

— Q(HUHLZ(RT) + [[Dmovll z2(r,))

for some constant ¢ = ¢(Q, 1) and this completes the proof. O

4. Iteration

In this section we use the classical Moser’s iteration scheme to prove Theorem 1.2.
We begin with some preliminary remarks.

Remark 4.1. A transformation of the form
Cr—2000,(¢), r>0,2€ RV (4.1)

preserves the class of differential equations considered. More precisely, if w is a weak
solution of (1.1) in the cylinder R, (zo) then the function

v(¢) = u(zo © 6,(C))
is a solution to the equation
div (ADv)(¢) + Yv(¢) =0, (€ R,

where A(¢) = A(z 0 6,(¢)) satisfies hypothesis [H.1] with the same constant y as
A.

Lemma 4.2. There exists a positive constant ¢ such that, for every o, r, with
% <o<r<1andzy € RNTL it holds

Re(r—0)(2) € Ri(20), V z€ Ry(20)- (4.2)

Proof. By the change of variables z = 2z¢04,.(¢), it suffices to prove (4.2) for zg = 0
and r = 1. By expression (2.5) of the dilations (Jy), it is clear that
R, C{(z,t) e RN |z| < o, |t| < 0*}, Vo<1.
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Then the thesis is a consequence of the following inclusion
R.(2) C{(&7)|lx — €| < ce,|t — 7| < (ce)®}, Vz€R,e<1, (4.3)
for some positive constant c. Indeed, if we choose € < %, we get
R.(2) SRy, Vz€R,,

and this shows (4.2) with ¢ = ¢71.
We are left with the proof of (4.3). If ( = (§,7) € R.(z) then

(=zo0z=(Z+ E({)x,t+1),
for some zZ € R.. Hence
€ — x| =2+ (E(t) — E(0)z| < z| + [¢] max IE" ()| See, m—t] = <e,
where ¢ = 1 4 [max|4 <y [|E'(s)]|- O

We are now in position to prove Theorem 1.2.

Proof of Theorem 1.2. It suffices to give the proof in the case zg = 0, o = % and
r = 1. Then, by a transformation of the form (4.1), we get

c
sup uf < / uP (4.4)
re() 097 IRy

for every z € R,(z0) and 6 > 0 suitably small, with ¢ = ¢(Q, ). Keeping in mind
Lemma 4.2, we set § = ¢(r — p) in (4.4), and we obtain

C

sup upgi/ uP, ¥V z€ Ry(z),
RE(—T;Q) (2) (T o Q)Q+2 Ry (z0) ¢

which yields (1.7).

We are left with the proof of (1.7) for zg = 0, o = 1/2 and r = 1. We first consider
the case p > 0 which is technically more complicated. Combining Theorems 3.1 and
3.3, we obtain the following estimate: if ¢, 6 > 0 verify the condition

then there exists a positive constant ¢s = ¢(d, @, p), such that
cs
lu?]|L2r(r,) < m““q”m(m% (4.5)

for every o, r, % <p<r<l, wheremzl—k%.
Fixed a suitable § > 0 as we shall specify later and p > 0, we iterate inequality
(4.5) by choosing

1 1 pr™
n — — 1 — s n — T~ NUO
0 2<+2n) p 5 neNU{0}
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P
2

We set v = uz. If p > 0 is such that

lpr™ — 1] > 26, VneNU{0}, (4.6)
by (4.5), we obtain
n Cs n
0" || e <9 s . VneNUu{0}. 47
0" 2w, ) < o _QnH)QH z2(R,,) {0} (4.7)

Since

n n n n
[0 {2 = (Jvll posnsr)™and 0" L2 = (0]l p2sm )™,

we can rewrite (4.7) in the form

c(s wT
Hv||L2'{n+l(RQn+1) < ((Qn _ Qn+1)2> [0l p2xn (R, ) -

Iterating this inequality, we obtain
1.

n =
wJ
I —— r_[( ) ol

and letting n go to infinity, we get

supv < cl|v]|p2(m,)
Ry

where
1

zlo:o[< QJ—QJH) )"_’7

is a finite constant, dependent on §. Thus, we have proved that

supu? < 02/ u?, (4.8)
Ry Ry
for every p > 0 which verifies condition (4.6).

We now make a suitable choice of § > 0, only dependent on the homogeneous
dimension @, in order to show that (4.8) holds for every positive p. We remark
that, if p is a number of the form
K™(k+ 1)

2 )
then (4.6) is satisfied with § = (2Q + 4)~1, for every m € Z. Therefore (4.8) holds
for such a choice of p, with ¢ only dependent on @, p. On the other hand, if p is an
arbitrary positive number, we consider m € Z such that

K™ (k+1)
=Ty
Hence, by (4.8), we have

Pm = meZ,

<p <Pmt1- (4.9)
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so that, by (4.9), we obtain

2p
sup u? < ¢rm / uP < 02“/ u? .
R% R1 Rl

This concludes the proof of (1.7) for p > 0.

We next consider p < 0. In this case, assuming that u > ug for some positive
constant ug, estimate (1.7) can be proved as in the case p > 0 or even more easily
since condition (4.5) is satisfied for every p < 0. On the other hand, if u is a non-
negative solution, it suffices to apply (1.7) to u + %, n € N, and to let n go to

infinity, by the monotone convergence theorem. O

Proceeding as in the proof of Theorem 1.2, we obtain the following

Corollary 4.3. Let u be a non-negative weak sub-solution of (1.1) in Q. Let zo € 2
and r, o, % <o <r <1, such that R,(z0) C Q. Then we have

1
c p
sup u < 7/ u? , Vp>1, (4.10)
Ry (z0) ((r = 0)92 JR, (20) )
1
c p
inf u> 7/ w| , Vp<o, 411
Ry (20) ((r =092 Jr (20 ) (4.11)

where ¢ = ¢(Q, p). Estimate (4.11) is meaningful only when u? € L'(R,(20)).
We close this section by proving the local boundedness of weak solutions to
(1.1).
Proof of Corollary 1.4. We consider a sequence (gp )nen in C*(R, [0, +00[) with
the following properties:
gn(s) | max(0,s), seR, asn— oo,

and, for every n € N, g,, is a monotone increasing, convex function which is linear
out of a fixed compact set. By Lemma 2.6, (g,(u)) and (g,(—u)) are sequences
of non-negative sub-solutions of L, which converge to u™ = max(0,u) and v~ =
max (0, —u) respectively. Thus, the thesis follows applying (4.10) of corollary (4.3)
to gn(u), gn(—u) and passing at limit as n goes to infinity. O

5. Bounds on the Set R,.((xo,t0)) N {t < to}
In this section we prove that Theorem 1.2 also holds in the sets
R, ((x0,t0)) = Rr((x0,t0)) N{t <to}, (5.1)

in the case of negative exponents p. This result is analogous to [1, Theorem 3] (see
also inequality (67) in the statement of [2, Lemma 1] and states that, in some sense,
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every point of the set Ry (29) can be considered as an interior point of R, (zg), when
o < r, even if it belongs to its topological boundary.

Proposition 5.1. Let u be a non-negative weak sub-solution of (1.1) in Q. Let
zo € Q and r, o, % < p<r <1, such that Ry (20) C Q and let p < 0. Then there
exists a positive constant ¢ which depends on p and on the homogeneous dimension
Q such that

c
sup uf < 7/ u?, (5.2)
Ry (z0) (r—0)9%2 JR; ()

provided that the last integral converges.

Proof. We proceed exactly as in the proof of Theorem 1.2, by using the following
two estimates:

e/ p(p +¢) 12p — 1]
Dm p - < — P ) h = ) :
[ Dinou ||L2(Rg) =T er— o) [|u HL‘Z(RT) where & ip (5.3)
and
c
HUPHL%(RQ‘) < E(HUPHL?(R:) + ||Dm0up||L2(R,T))7 (5.4)

for every negative p and for any o, r with % <o<r<l.
In order to prove the Caccioppoli type inequality (5.3) we introduce a function
Xn(t) defined as

1, if s<0,
Xn(s) =< 1—mns, if0<s<1/n,
0, if s>1/n,

for every n € N. We proceed as in the proof of Theorem 3.1: we let v = u? and,
for every ¢ € C§°(R,) we consider the function ¢ = u?~1¢2. It is not restrictive
to assume zg = 0, r = 1 and u > wug, for some positive constant ug. Since x,, is
Lipschitz continuous and v, Dy,,v, Yv € L?(Ry), we can use x,(t)¢(z,t) as a test
function in (2.15). We find

0< 5 [ (ADu, Dixud) ~ xu6Vu
-/ (1 - i) \ut(ADv, D) + vt ADw, D) — X2y (12)
Ry 2p 4

(using the identity

Xn¢2Y(U2) = Y(anQ'UQ) - QUQY(anQ)
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and applying the divergence theorem)

2
= / Xn [(1 - i) ¢2<ADU,DU> + vyp(ADv, D) + ﬂy¢
Ry 2p 2

2,12
+n/ vy .
Rin{o<t<i/n} 4

Note that the last integral above is non-negative, then, by letting n — oo we find

1 2
/ 1 — — ) *(ADv, Dv) + (ADv, D)) + MYw <0.
After that, we follow the same line used in the proof of Theorem 3.1 and we obtain

(5.3).

The Sobolev type inequality (5.4) can be proved exactly as Theorem 3.3: it is
sufficient to note that the fundamental solution T'g(x,t,£,7) vanishes in the set
{7 > t}. Then, when representing u?(z,t), we actually have

uP (z,t) = uPy(z,t)

< / (Ao D(uP), DTo(x,t,-)) — To(z,t, )Y (uP)) (€, 7)dEdr |
R .N{r<t}

for every (x,t) € R,. This means that we integrate the functions u? and Dp,,u?
only in the set R, , thus we can use their L?(R, ) norm in the estimates (2.11)
and (2.12) of Corollary 2.2. We then get (5.4) as in the proof of Theorem 3.3. This
completes the proof. O
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