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A continuous dependence result for ultra-parabolic equations in
option pricing

MARcCO D1 FRANCESCO AND ANDREA PAscuccr
Dipartimento di Matematica, Universita di Bologna *

Abstract

We prove continuous dependence results for solution to the Cauchy problem related to
degenerate parabolic equations arising in the valuation of financial derivatives. These results
are crucial in some standard calibration procedure for recent stochastic volatility and interest
rates models.

1 Introduction

In this paper we study the continuous dependence properties of solutions to parabolic equations
whose coefficients are functions of a finite number of real parameters. We encountered this
problem in [9], [7] while examining a stochastic volatility model for pricing and hedging financial
options. It is well-known that in a Markovian setting the evaluation of derivative securities
involves the study of the Cauchy problem related to some parabolic partial differential equation.
It is the case of the standard heat equation in the classical Black&Scholes model [3]; while
parabolic (possibly degenerate) equations, with variable coefficients, of the general form

N N
Lu = Z aijazﬂju+Zaiaxiu+au—8tu: 0, (z,t) € RNFL (1.1)
ij=1 i=1

arise in more recent models. The coefficients of the equation depend on the so called volatility
structure which measures the uncertainty about future price movements of the assets underlying
the option contract. As a matter of fact, the volatility is the key factor of a pricing model and
its estimation is one of the main issues.

Given a set of quoted option prices (u*(w;,1;));c, it is usual to calibrate a pricing model
to the market by solving the inverse problem of finding those coefficients of L which make the
model match (or at least approximate) the observed prices. The simplest way to do this is
to parametrize the coefficients, that is to assume that a;; = a;;(-; @), a5 = a;(-;a),a = a(-; @)
depend on a vector a = (a1, ..., a;) of real numbers in a domain A. Let us denote by u(-; ) the
solution to the Cauchy problem for (1.1) corresponding to o and with assigned initial condition:
we look for that o which best fits the data by solving the nonlinear least squares problem

: te — (i t; 2 1.2
Lnelﬂgw(wz, ia) —ut(zi, t)|" + pla) (1.2)
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where p(«) is some penalization term. In general this problem is not well-posed (cf., for instance,
[4]), however under suitable assumptions, standard numerical procedures based on the Newton
method allow to select an approximate solution. This requires the computation, for k =1,...p,

of the derivative vy, = %'f) that is solution, at least formally, of the equation
N N
Lvg, = — Z (O Wi ) Oy — Z(@akai)aziu — (Oaa)u
ij=1 i=1

obtained by differentiating (1.1) with respect to aj. This fact is well-known in the framework
of standard uniformly parabolic equation where several results on the continuous dependence
properties of solutions with respect to the parameters are available. On the contrary there are
relevant kinds of financial derivatives like path-dependent options of Asian style (cf. for instance
[2] and [1]), or recent stochastic volatility models (cf. the Hobson&Rogers model [11] and path
dependent volatility [10]), or some interest rates models (cf., for instance, [5] or [21] concerning
the Markovian realization in the Heath-Jarrow-Morton framework) which involve hypoelliptic
ultra-parabolic equations for which such results, as far as we know, have not been proved. In
the case of constant coefficients, the prototype of degenerate equations we are interested in is
the following one:

Ozt + xOyu — Oyu = 0, (z,y,t) € R3, (1.3)

Note that only one of the two space variables x,y appears in the second order part of the
equation. The aim of this paper is to prove continuous dependence results for solutions to the
Cauchy problem for a general class of second order linear equations with variable coefficients
that includes (1.3). To this end we adapt and refine some techniques used in [8] where we proved
existence and uniqueness results for the initial value problem.

The paper is organized as follows: in the next section we state the hypotheses and our main
result, Theorem 2.3. In Section 3, we prove some estimates for the derivatives of the fundamental
solution. Section 4 contains the proof of Theorem 2.3.

2 Main results and applications

We are concerned with second order linear operators in the form

Po Po N
Lu(z) := Z a;j(2; @0)O;z;u(2) + Z a;(z; @) 0p,u(2) + a(z; a)u(z) + Z bijwi0z;u(z) — Opu(2)
3,j=1 =1 ij=1

(2.1)
where z = (z,t) € RV xR, 1 < pg < N, a € A. We assume the following hypotheses:

H1 the matrix A(z; o) = (aij(z;@))ij=1,..p, is symmetric and uniformly positive definite in
RPo: there exists a positive constant p such that

9 Po
hzl <Y ag(zia)nm; < plnl?, neRM, z eRVtLacd (22
ij=1



H2 the matrix B := (b;;) has constant real entries and takes the following block form:

* B 0 ... 0
* * BQ 0
RS (2.3)
¥ % x ... B,

where Bj; is a p;_1 x p; matrix of rank p;, with
pozpL=...2pr 21 po+pi+...+pr =N,

while the x-blocks are arbitrary;

H3 the coefficients a;5, a; and a are continuous functions. Moreover, a;;, a; and a are bounded
and B-Holder continuous of order ¢ €]0,1[ (in the sense of Definition 2.2) with respect to
the variables (z,t), uniformly in «.

In order to briefly comment our hypotheses, we introduce some notations and recall some
results for constant coefficients equations. Given a symmetric and positive definite matrix A =
(aij)ij=1.. po With constant entries, we define the operator K in RV as follows:

Po N
Ku:= Z O ;0 + Z bijxi0p;u — Opu. (2.4)
ij=1 ij=1
Then H2 is equivalent to any of the following properties (cf. for instance [15]):

i) K is hypoelliptic, i.e. every distributional solution of Ku = f is a smooth classical solution
whenever f is smooth;

ii) if we set
T ! A 0\ L1
E(t) = exp(—tB"), Cit)y= [ E(s) 0 0 E- (s)ds, (2.5)
0
then, for every ¢ > 0, the matrix C(¢) is positive definite;

iii) K satisfies the classical Hérmander condition:

rank Lie(0y,,...,04,,,Y) =N +1, (2.6)
where Lie (0y,,. .., 6%0 ,Y) denotes the Lie algebra generated by the vector fields
Opysevvs Oy
and
N
Y = Z bijxi8xj - 8,5. (27)
ij=1



We also remark that if o is a N X pg matrix such that

A0 1 7
<0 0 ) 277
then K is the Kolmogorov operator related to the linear system of stochastic differential equa-

tions
dX; = BT X;dt + odW}, (2.8)

where W denotes a standard pp-dimensional Wiener process. It is well-known that the solution
X is a Gaussian process and that assumption H2 ensures that X has a transition density
function which is the fundamental solution I'x of K (cf. for instance [14], Chap.5.6, or [12]).
More explicitly we have

_N
Tyc(at,€,7) = _Um)TE -l ) e Bu-n e B-ng) —(—ruB. (2.9)

det C(t — 1)
ift >7,and I'(z,t,&,7)=01if t < 7.

Next we recall that K has remarkable invariance properties of with respect to a suitable Lie
group structure on RV, These properties were first pointed out by Lanconelli and Polidoro in
[15] who proved that K is invariant with respect to the left translation in the law defined by

(z,t) 0 (§,7) = (E+ E(T)z,t +7), (z,t), (€, 7) € RY x R. (2.10)
where E(7), is the matrix in (2.5). Moreover, if (and only if) all the *-block in (2.3) are null,
then K is homogeneous of degree two with respect the family of dilations (D()\))aso defined by

D(A) := (Do(N),A?) = diag (ALpy, NIy, ..., AT, A?), (2.11)
where I, denotes the p; X p; identity matrix: more precisely, we have
KoD\) =)D\ oK), A>0, (2.12)
and 'k is D(\)-homogeneous:
T (D(A)z) = A\ 9Tk (2), z e RVTI\ {0}, X >0,
where

Q=po+3p1+...+2r+p,.

Since det(D(X)) = A9+2 the number Q + 2 is usually called the D())-homogeneous dimension
of RN+,

In the case of Holder continuous coefficients, Weber [23], Il'in [13] and Sonin [22] first used the
parametrix method to construct a fundamental solution of (2.1). However unnecessary restrictive
conditions on the regularity of the coefficients are assumed in these papers. General results under
more natural assumptions were proved by Polidoro [20], [18], [19] in the homogeneous case (null
x-blocks in (2.3)) and by Morbidelli [16] and us [8], [17] in more general settings. In these papers
the coefficients of the operator are supposed to be Holder continuous functions with respect to
the following D(A)-homogeneous norm.



Definition 2.1. Given a constant matriz B of the form of (2.3) and (D(X\))xso defined as in
(2.11), let (gj)j=1,...n be such that

D()\) = diag(A%, X% ... AV A2,

For every z = (z,t) € RN x R, we set
N N )
zlg = laj|%,  and 2| = || +|t|2. (2.13)
j=1

Clearly ||-|| 5 is a norm on RN*! homogeneous of degree one with respect to the dilations (D())).

Definition 2.2. A function F is B-Hélder continuous of order § €]0,1[ on a domain 2 of RV F1
if
[F(z) = F(OI < ClI¢ o2l 5, EQ, (2.14)

for some positive constant C. In (2.14), (~' denotes the inverse of  in the law “” in (2.10).

Under assumptions H1-H2-H3, in [8] we proved the existence of a fundamental solution I'*
to L% in (2.1) and some existence and uniqueness results for the related Cauchy problem

(2.15)

{Lau(a?,t; a) = f(z, t;a), (z,t) € RV x]0,T],
u(-,0;a) = g(+; a).

More precisely, assume that f and g are continuous functions satisfying the growth conditions

lg(z; )| < clecl‘x‘Q, z e RY, (2.16)
ecl|x|2
|f(z,t; )] Scltlj, r e RN, t€]o,T], (2.17)

and, for every compact subset M C RV,

o(zi0) — g(a’s )] < ol — a3, 215)
T
o) — i) < ol 219)

for some positive constants c¢1,co and 3 > 0, and for any z,2’ € M, t €]0,T[, o« € A. Then
(2.15) has a classical solution in the form

t
uatio) = [ ey — [ [ rerensenadn, @)

for T' > 0 suitably small, only dependent on ¢;. Next we state our main result.

Theorem 2.3. Under hypotheses H1-H2-H3, let u(-;«) be the solution in (2.20) to problem
(2.15). Assume that

i) Oa,g is a continuous function satisfying (2.16);



i) O, f is a continuous function satisfying (2.17)-(2.19);
i41) OayQij, Oay@i, Oaja are continuous functions satisfying (2.17)-(2.19) with > 1 —§/2.

Then u(z,t;-) € CL(A) for every (z,t) € RV x]0,T], and the partial derivative O, u is solution
to the Cauchy problem

Po Po
LY = 0y, f — Y2 (0 ij) Oz, — Y- (0, @) O tt — (Donyy @)ty (x,t) € RN x]0, T7,
ij=1 i=1
v(+,0) = 0y 9,
(2.21)
foranyk=1,...,q and a € A.

The proof of the theorem is postponed to Section 4 since it is based on some estimates of
the fundamental solution (and its derivatives) which are provided in Section 3.

We close this section by briefly presenting an application of Theorem 2.3 to volatility mode-
ling in finance. We recall that some extension of the standard local volatility has been recently
proposed by Hobson&Rogers in [11], Foschi and one of the authors in [10]. In these papers the
volatility is defined as a function of the whole trajectory of the underlying asset. Specifically,
let us consider an average weight ¢ that is a non-negative, piecewise continuous and integrable
function on | — 0o, T]. We assume that v is strictly positive in [0, 7] and we set

w(t) = /; (s)ds.

Then we define the average process (or trend) as

1
Y; = 0] /_Oo W(s)Zsds, t 10,7,

where Z; = log(e™"S;) denotes the log-discounted price process: the Hobson&Rogers model
corresponds to the specification 1)(t) = e for some positive parameter A. Then by It6 formula
we have

(1)

dy; = ) (Zy = Yy)dt,

and assuming the following dynamic for the log-price
dZt = ,U,(Zt — Y%)dt + O'(Zt — Y;)de

we obtain a system of stochastic differential equations of the form (2.8) where now o is a
nonconstant function to be determined by calibration to market data. The idea is that, in case
of large movements of the underlying asset far from its trend, the path-dependent volatility is
designed to automatically increase its level in order to undertake market dynamics in a more
natural way. The corresponding pricing differential equation is readily obtained by It6 formula:

02 Z —
% (Ozef = 0:1) + i((g (z=y)0yf +0f =0,  (t,z,y) € [0, T[xR>. (2.22)



In [9] and [10] a calibration procedure based on S&P500 option prices is derived: a NLLS problem
of the form (1.2) is solved using the interior-point method described in [6]. This algorithm
needs the first order derivatives d,, v which, by Theorem 2.3, are computed by solving a set of
Cauchy problems of the form (2.21). For a detailed analysis of the calibration results and the
performance of path dependent volatility compared with that of standard stochastic volatility
models, we refer to [10]. More generally Theorem 2.3 applies to other models with dependence
on the past like, for instance, Asian style options or interest rate models.

3 Estimates of the fundamental solution

In [8] we use the parametrix method to construct the fundamental solution of L under conditions
H1-H2-H3. Fixed o € Rﬁ_ and zy € RVT! we define the “frozen” operator

Po N
Kgo = Z a’ij(zo;a)aﬁiwj + Z bijxiazrj < 615 (31)
i,7=1 1,j=1

and denote by I'¢ its fundamental solution whose explicit expression is given in (2.9). We recall
that a parametrix for L% is defined by

Z%(2,¢) =T¢(2,0), (3.2)

and the parametrix method consists in looking for the fundamental solution I'* in the form

60 =220+ [ [ 2760w 0 (3.3

where ¢* is determined by imposing that L*T'*(z,{) = 0 for z # ¢ and by successive approxi-
mations:

“+oo
0w, t,6,1) = LZ M (a,t,6,m),  w,EeRY, 0<T<t<T, (3.4)
k=1

where
LZ (x,t,6,7) = L°Z%(€,1,£ 1),
¢
LZ,gi)l(%t,f,T):// LO‘ZO‘(w,Ly,s)LZ,Ea)(y,s,f,T)dydT.
T JRN

We state a preliminary

Lemma 3.1. For every e >0 and T > 0, there exists a positive constant c¢1 such that

|¢a(€177—>y70) - ¢a(§27T7y70)| < Cl‘glz%h(rKs(€17T7y70) + FKE(€2aT>y7O))7 (35)
171
[¢%(&1,7,y,0)] < Clw’ (3.6)
7173



for every 1,6,y € RN, t €]0,T[ and o € A. Here ' is the fundamental solution of the
operator

Po N
K¢ .— (M + e’—j) Z Gxixj + Z bijxi&rj — 0. (37)
1,j=1 ,j=1
Estimate (3.6) is contained in Proposition 4.1 in [8], and (3.5) is a slightly different version

of the estimate in Lemma 6.1 in [8] and can be proved analogously.

The parametrix method allows to obtain the following pointwise bounds of I'* and its derivatives
(cf. [8], Proposition 3.5): for every positive £, T and polynomial function p, there exists a
constant ¢ that depends on T, u, €, p and B but not on «, such that, if we set n = |D0(\/%)(zr —

E(t —7)&)|, then, for i,5 =1,...,pg, we have

lp(M)T (2, t,€,7) < cTke(x,t,§,7) (3.8)

Ip() 1957 (@, 4,6, 7)] < % (3.9)
[P()[| 0, T (2, £, €, 7)| < cw (3.10)
(YT (2,1, &,7)] < cw (3.11)

Here YT denotes the Lie derivative with respect to the vector field Y defined in (2.7). As a
further preliminary result, we also recall the reproduction property of I'“:

I*(z,t,&,7) = / Iz, t,y,s)T%y, s, & 7)dy, Vo, e eRY, 7 <t, selnt]l. (3.12)
RN

The main result of this section is the following

Theorem 3.2. For every T,e > 0, there exists a positive constant ¢ that depends on pu, B, T
and € but not on «, such that

)
2
10,,T° (2, £, y,0) — 0, T(a, £, 9,0)| < T TNEp (t,0), (3.13)
t271
)
« af ! |‘T — CU/|]%,
|amzz]]‘—‘ (xvtu y7 0) - amzm]]‘—‘ ('CC >t7 y> 0)| S CWFKE (xvtu y7 0)7 (314)

for any i,5 = 1,...,p, t €]0,T|, x,2',y € RN. In the preceding estimates § is the order of
B-Hélder continuity of the coefficients of L.

Proof. If |z — 2’| > v/, then by (3.10) with p = 1, there exists a positive constant ¢, only
dependent on u, B, T, such that

Ly woles

CFKe(a:,t,y,O) < |z — 2|

|00, T (2, 8,9, 0) — O, T (2, 1,9, 0)| < n <c s

Tge(z,t,9,0).  (3.15)




Next we consider the case |z — 2'|g < v/t. By (3.3) we have
Oz, T (2,1, 9,0) — Opye, T (2, t,y,0) = I1 + I3,
where
I = 0, Z%(2, 1,9, 0) = Opie, 22, 1,1y, 0),

L= / / i, 22,1, €,7) — Opin, 202 1,6, 7)) 6°(€, 7., O)dédr.

We only have to estimate Io, since it is known (cf. formula (6.3) in [8]) that

T — :UI 2
|t1+6|BrK5 (z,t,9,0) (3.16)

4

|Il| S C

for every t €]0,T[, z,2',y € RN, |2 — 2/| < v/t. Then we split Iy as the sum of J; and Jo where

Jl / / ;cwj xt£> )_ xa:]Za(x t&a ))¢a(6775y70)d€dT7
Ty = // i, 2@, 1, 6,7) — Doy, 20 1, 6,7)) 6 (6, 7y, 0)ddlr.

By (3.16) and (3.6), we have
/
— T ge
| < c/ [ = L P v A7,
RN t— 7' H’ 7'175
so that, by the reproduction property (3.12), we get

I
|z — a3, 2
Ji| < e——2T' k< (2, t,y,0 dr =
‘ 1|70 t1+% K (‘777 'Y ) 0 Tl_g T ¢ tl_Z

=2

Tyl

T (z,t,y,0). (3.17)

On the other hand we proceed as in the proof of Proposition 5.3 in [8] in order to estimate Jo.
For 7 €]0,t[ and w € RV, we set w = (w, 7) and since

/ aIﬂ?ng(x7t7£7T)d£ = 07
RN
we have Jo = [1(K1(7) + Ka(7))dr where

2

KI(T) = /]%N (8£L‘LZJZ (I 13 g) )_ mlm]Za(x 7t>€a )) (Qba(f,T,y,O) - ¢a(w77-7y70))d£7

KQ(T) = ¢Ol(w7 T, y7 0) / (amlmj Za(xa tv é-? T) - 61:i:rj Za(xl7 t, g’ T))_
RN
(81'i1'jrg(x7 t,&,7) — 8xiﬂ¢jrg(x/a t, &, T))df'



We put w = E(7 — t)x so that by (3.16) and (3.5), we infer

x—a — wl?
|K1| SC/]RN (||BF %(xvtafﬂ—)@(rf(f(évﬂy7o) +FK5(w77—7y?0))d£

t— )1+’5

o s Ds(at e r) Dol =)@ — Bt = m)E)]
§c|x—x|é/N (tfi)l_) 0= . B
(FKE (577—7 Y, 0) + FKE (w77—7 y;o))d§ <

(since by (3.10), we have T', ¢ (x,t,&,7)[Do( tliT)(:r — Bt —1)9)|% < Tk=(x,t,£,7))

s
[z — 2’|}

< C//
> s
(t—r)t-ir

[ Tt 67Ok (€ 7,9:0) + T, 7.5, 0)) s =

(by the reproduction property (3.12) and since [pn Tre(2,t,&,7)d =1 for t > 7)

lon

r — 2|2
- H (Tice(,6,,0) + Tice (0, 7,,0)). (3.18)
—T) 4T

Now we remark that by the explicit expression (2.9) of I'k- and since the quadratic form asso-
ciated with C(t) is a monotone increasing function of ¢, there exists a positive constant ¢ such
that

Tre(E(T —t)x, 7,y,0) < ko (2, t,y,0), Yt €]0,T[, T €]t/2,t], z,y, € RY. (3.19)

Therefore we have

2 (t_T)lig tlig

o+

/|B t 1 ‘1, _$/|g
/ |K1|dT < c [ g2 (z, t y,O)/ —————dr < —FLT ko (z,t,y,0) (3.20)

We now recall the notation w = (w, 7) and consider the term K. By Lemma 5.2 in [8], we
have that, for every positive € and T, there exists a positive constant ¢ such that

|axiij (z,t,6,7) — :rliZa(m t,6,7) — :c:cjrg(x t,8,7) — 8wz$grg(m’t7§)7—)|

s (€ )" owlly
< 2 R8T CWNBD (g te,
= C‘ ‘T‘ (t )1+5 Q(m 5 T)

for any 4,7 = 1,...,po, z,#',w € RV and 0 < t — 7 < T. By the previous inequality and by
(3.6), setting w = E(1 — t)x as before, we get

|K2| SC

B s Do(—L —E(t— g
T (E(T — )z, 7, 1,0) oo w/%/ | o(m)(l’ ( T)§)|BFK%(x7t,§,T)d§ <
RN

ri-3 (t— 7')1_%

10



(by using again (3.8) and (3.19))

3
< CFKE(ZE,TJJ,O) lx — 2’|

< . 3.21
7_17% (t o 7_)17% ( )
Therefore we finally have
¢ "5
/f Kyl dr < cx;l;BFKa (,t,9,0), (3.22)
X 2
2
which concludes the proof. O

Now let us consider the solution u(-; «) in (2.20) to the Cauchy problem (2.15). We aim to
study the asymptotic behavior of 0z, u(-,t; ) and Oz, u(-, t; ) as t — 0. We first recall the
following identities proved in [8]: for every 7,7 =1,...,po we have

t
&Eiu(a:,t;a):/ O, T (x,t,9,0)9(y; a)dy—// 0, Tz, t,y,8) f(y, s;)dyds  (3.23)
RN 0 RN

t
Oz u(T, t; ) = /N Oz, T, t,y,0)g(y; a)dy —/ /N(?xiij“(m,t,y,S)f(y, s;a)dyds.
R 0 JR
(3.24)

These formulas were proved in [8], Theorem 1.4, Propositions 5.1, 5.3 and 5.4, for f, g satisfying
the usual conditions (2.16), (2.16) and (2.19) in the case § = 1: nevertheless the result is still
valid in the general case 8 €]0, 1], the proof being analogous.

Proposition 3.3. Consider the Cauchy problem (2.15) under conditions (2.16), (2.17), (2.18)
and (2.19). Then there exists T > 0 and a positive constant ¢, dependent on p, B and T but
not on «, such that

clz|?
|0, u(z, t; )| < T (3.25)
2 2
clz|?
Oy, 15 0) | + Y, t0)| < e, (3.26)
t 2

for every (x,t) € RNx]0,T[, i,j =1,...,po.

Proof. We only sketch the proof of the estimate of 0,.;u(x,t; ) in the homogeneous case with
null f,a and a;, i = 1,...,pg: in general the thesis follows by a similar argument by using the
representation formula (3.3) of I'* in terms of the parametrix. The idea is that, since

/ r'*(z,t,&,7)d€ =1, 0<7<t<T,
RN
by (3.24) we have

oz@m/‘m@mgm@:/'@mmmmgm@
RN RN

11



so that
8$i$ju(xa t; O() = Il(xa t; O() - IZ(xv t; Oé)

where
Il(l‘,t; a) = /]RN 8xixjra($7t,§a0) (g(faa) - g(E(—t)x,a))df,

t
bz, ta) = /0 /R B T, 67) (F(6 3 0) — F(B(r — ), 7500) dedlr

Then Iy, Is can be estimated proceeding as in the proof of Theorem 2.3, by using the Gaussian
upper bounds (3.8)-(3.11) and the assumptions on f and g. O

Proposition 3.4. Under the hypotheses of Proposition 3.3, for any compact subset M of RV,
there exits a positive constant c, dependent on M, B, T and p but not on «, such that

[
x— 2|2
|0z, u(m, t; o) — Opu(a t: )| < cu#hg, (3.27)
2 4
)
Y
|0 u(, b5 @) — Do u(’ T )| < c|t15|B, (3.28)
4

for every x,2’ € M and t €]0,T].
Proof. The thesis is a straightforward consequence of the estimates of Theorem 3.2 since, as-

suming for simplicity f = 0, we have

Ozz;u(w, ;) — &iju(x',t fa) = /N (8mﬂjfa(x7t,y,0) — 8mﬂjfa(x',t,y,O))g(y;a)dy.
R

4 Proof of Theorem 2.3

In this section we prove Theorem 2.3. We begin with a preliminary

Lemma 4.1. Under the hypotheses of Proposition 3.3, u(-; a), Oy, u(+; @), Oz, u(-; ), for b,k =
1,...,p0, and Yu(-; @) are continuous functions of the variable .

Proof. We only consider 0y, ,,u(+; @), since the proof of the continuity of u(-; ), 0y, u(-; ) and
Yu(:; ) is analogous. Moreover, for simplicity, we only consider the case a; = a = 0.
We have

Loo(u(z, t; ) — ul(z, t; ) = F(z, t; o), (z,t) € RN x]0,T],
u(z,0; ) — u(z, 0; ) = g(m; ) — g(; ), z e RN,
where
PO
F(z,t0) = f(z,t;0) - fz,t;a0) + Y (aij(@,t; a0) — aij (2,1 ) Op,a; u(, E ).
ij=1

12



Since a;j are bounded uniformly in a and by (2.17), (3.26), we have
66\17\2 N
|F(z,t;0)| < S (x,t) € R x]0,T7, (4.1)

for some constant ¢ independent of «, where v = min{3,d/2}. Moreover, since a;;(-; ) are
B-Hélder continuous of order ¢ uniformly in o and by Proposition 3.4, we have that for every
M compact subset of RN there exists a positive constant ¢ such that

|F(z,t;a) — F(2/,t;0)| < ¢ Va,2' € M, t€]0,T], (4.2)

=
where v = min{3, §/4}. Then, by (2.20) we have the following representation formula
Oy (u(z,t; ) —u(z, t;o0)) = Li(x, t; o, ap) + Lo(z, 6 o, ag),

where, for h,k =1,...,po,
Il(ilﬁ,t;Oé,Oéo) = /N ax;L:EkFao (m,t,f,O)(g(f,a) - g(€7a0))d€7
R

t
IQ(a:,t;a,ao):—/ / Oppz L0, 8,6, 7)F (&, 75 ) dEdT.
0 JRN
By (3.10) and (2.16), we have

Tre(z. t.£.0)eclél
c K (ZL" 7t£7 )6 c

provided that T is suitably small, with ¢ independent of a. Therefore by the dominated conver-
gence theorem we have

|893h$kra0 ($,t,€,0)| S Ll(RN),

lim I(z,t; a,a0) =0, (z,t) € RV x]0,T7.

a—aQ

Fixed 6 > 0, we set

t—0
IY(x,t; 0, ) = —/ / Oy, L (x, 8,6, 7)F (&, 75 ) dEdT. (4.3)
0 RN
Since estimates (4.1), (4.2) and (3.10) hold uniformly on «, a standard argument shows
elir(r)1+ Ig(at,t;a,ozo) = DIz, t; o, ap), (4.4)

uniformly in a. On the other hand, by (4.1) and (3.10), there exists a positive constant c,
independent of «, such that

Ik (:E,t,f,T)edf'2
07—

|0, D0 (2, 8,6, T)F (€, 730)| < ¢ e L'(RVx]0,t —6]),  (4.5)

provided that T is suitably small. Since a;; are continuous functions, by the dominated conver-
gence theorem, we have

lim 19 (x, t; o, ap) = 0, (z,t) € RNV x]0, T,

a—aq

13



and we infer
lim Iry(z,t; o, ap) =0, (z,t) € RV x]0,T7.

a—QQ

Proof of Theorem 2.3. We only consider the case ¢ =1 and a; = a = 0. We have

’LL(.ZL', t; O[) _ U(.CL', t; 0‘0)

= (I — I+ I: t;
o — o (1 2+ 3)(%, 70[,050),

where

7 _ st o aij (€, 75 0) — ai; (&, 75 ap) .
1(x,t,a7a0) - Z RN F ($7t7€77) afifju(faTaa)d£d7-7
0

a —

1,j=1

Lz, t;a,09) = /Ot /RN Fao(m,t,iaT)f(&T;ao)t : 2(()5,7;040)(1&17,

I3(z, t; o, ) :/ 1"‘10(x7t7£’0>9(590‘) _g(g;ao)df.

RN a —
By (3.26), the integral kernel in I; is estimated by

aij(§, 75 0) — aij (€, 7; ao) _
a— ag 851‘5;‘“(57 T )

Fao (‘/1:7 t7 57 T)

ecléf?

< cF“O(ac,t,&T)m

e LYRN x 0, TY),

since, by assumption, 8 > 1 — §/2. Therefore we use the continuity result in Lemma 4.1 and
the dominated convergence theorem to get

Ppo t
lim Ij(z,ton00) = Y / / Fao(%tS,T)M%gju(ﬁm;ao)dgdr
a—aQ i=1 0o JRN do

Terms I, and I3 can be handled analogously to conclude the proof. O
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