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Abstract

The growth of the exhange-traded fund (ETF) industry has given rise to the trading of options
written on ETFs and their leveraged counterparts (LETFs). We study the relationship between the
ETF and LETF implied volatility surfaces when the underlying ETF is modeled by a general class of
local-stochastic volatility models. A closed-form approximation for prices is derived for European-style
options whose payoff depends on the terminal value of the ETF and/or LETF. Rigorous error bounds
for this pricing approximation are established. A closed-form approximation for implied volatilities is
also derived. We also discuss a scaling procedure for comparing implied volatilities across leverage ratios.
The implied volatility expansions and scalings are tested in three well-known settings: CEV, Heston and
SABR.

Keywords: implied volatility, local-stochastic volatility, leveraged exchange-traded fund, implied volatility

scaling

1 Introduction

The market of exchange-traded funds (ETFs) has been growing at a robust pace since their introduction in
199. As of the end of 2012, the global ETF industry has over $1.8 trillion in assets under management
(AUM) comprised of 4,272 products, and has seen close to $200 billion of positive capital inﬂowa@. In recent
years, a sub-class of ETFs, called leveraged ETFs (LETFs), has gained popularity among investors for their
accessibility and liquidity for leveraged positions. These funds are designed to replicate multiples of the daily
returns of some reference index or asset. For instance, the ProShares S&P 500 Ultra (SSO) and UltraPro
(UPRO) are advertised to generate, respectively, 2 and 3 times of the daily returns of the S&P 500 index,

minus a small expense fee. On the other hand, an LETF with a negative leverage ratio allows investors to
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take a bearish position on the underlying index by longing the fund. An example is the ProShares S&P 500
UltraShort (SDS) with leverage ratio of —2. The most typical leverage ratios are {—3,—2,—1,2,3}. With
the same reference, such as the S&P 500, these LETF's share very similar sources of randomness, but they
also exhibit different path behaviors (see [Cheng and Madhavan (2009) and |Avellaneda and Zhang (2010)).

The use of ETF's has also led to increased trading of options written on ETFs. During 2012, the total
options contract volume traded at Chicago Board Options Exchange (CBOE) is 1.06 billion contracts, of
which 282 million contracts are ETF options while 473 million are equity options. This leads to an important
question of consistent pricing of options on ETFs and LETFs with the same reference. Since options are
commonly quoted and compared in terms of implied volatility, it is natural to consider the implied volatility
relationships among LETF options, not only across strikes and maturities, but also for various leverage
ratios.

In this paper, we analyze the implied volatility surfaces associated with European-style LETF options
in a general class of local-stochastic volatility (LSV) models. Our approach is to (i) find an expansion for
approximate LETF option prices (ii) establish rigorous error bounds for this approximation and (iii) translate
the price approximation into approximate implied volatilities. Exact pricing and implied volatility formulas
in a general LSV setting are obviously impossible to obtain. There are a number of approaches one could
feasibly take in order to approximate European-style option prices and their associated implied volatilities.
We review some recent approaches for unleveraged products here. |Gatheral et al! (2012) use heat kernel
methods in a local volatility setting. [Benhamou et al. (2010) use a small volatility of volatility expansion for
the time-dependent Heston model. More recently, [Bompis and Gobetl (2013) use Malliavin calculus to obtain
approximations in a quite general LSV setting. And, [Forde and Jacquiey (2011) use the Freidlin-Wentzell
theory of large deviations to analyze an uncorrelated LSV model.

In this paper, we use the polynomial operator expansion techniques developed in [Lorig et all (2013h) to
obtain approximate prices and implied volatilities (see also [Lorig et all (2014) for pricing approximations
for models with jumps). The reasons for basing our expansions on the methods developed in |Lorig et al
(2013H) are two-fold. First, these methods allow us to consider a large class of LSV models for the ETF;
many of the above mentioned methods work only for specific ETF dynamics. Second, the methods developed
in [Lorig et al! (2013h) generalize to larger dimensions; the ability to make this generalization will be needed
when we consider jointly the dynamics of the ETF and LETF. However, without further development, the
methods described in |[Lorig et all (2013h) are not sufficient for the rigorous error bounds we establish in this
paper. Indeed, in [Lorig et all (2013}h), error bounds are established under uniform ellipticity assumption.
As we shall see, the generator of the joint ETF/LETF process is not elliptic. As such, to establish rigorous
error bounds for LETF option prices, we must work in this challenging non-elliptic setting.

Perhaps the most useful result of our analysis is the general expression we obtain for the implied volatility
expansion. This expansion allows us to pinpoint the non-trivial role played by the leverage ratio 3, and thus,
relate the implied volatility surfaces between (unleveraged) ETF and LETF options. This also motivates us
to apply the idea of log-moneyness scaling, with the objective to view the implied volatilities across leverage
ratios on the same scale and orientation. In particular, for a negative leverage ratio and up to the first

order in log-moneyness, the LETF implied volatility is known to be upward sloping while the ETF and



long-LETF implied volatilities are downward sloping (see [Leung and Sircan (2012)). The scaling is capable
of appropriately adjusting the level and shape of the implied volatility so that the ETF and LETF implied
volatilities match closely under a given model. For illustration, we also test our implied volatility expansions
and the log-moneyness scaling in three well-known settings: CEV, Heston and SABR, and find that they
are very accurate.

In the recent paper, [ILeung and Sircar (2012) apply asymptotic techniques to understand the link between
implied volatilities of the ETF and LETFs of different leverage ratios within a multiscale stochastic volatility
framework (see [Fouque et al! (2011)) for a review of multiscale methods). They also introduce implied
volatility scaling procedure, different from our own, in order to identify possible price discrepancies in the
ETF and LETF options markets. In contrast to their work, the current paper studies the problem in
a general LSV framework, which naturally includes well-known models such as CEV, Heston and SABR
models, among others. Moreover, while [Leung and Sircar (2012) obtain an implied volatility approximation
that is linear in log-moneyness, we provide a general expression for LETF implied volatilities that is quadratic
in log-moneyness. We also provide formulas for three specific models (CEV, Heston and SABR) that are
cubic in log-moneyness.

Ahn et all (2012) propose a heuristic approximation to compute LETF option prices with Heston stochas-
tic volatility and jumps for the underlying. While they do not investigate the implied volatilities, they point
out that if the underlying ETF admits the Heston (no jumps) dynamics, then the LETF also has Heston
dynamics with different parameters. As a particular example of LSV models, we also obtain the same result
revealed through our implied volatility expansions (see Section [6.2]).

The rest of this paper proceeds as follows. In Section [2] we review how LETF dynamics are related to
ETF dynamics in a general diffusion setting. We then introduce Markov dynamics for a general class of LSV
models for the ETF. Next, in Section Bl we formally construct an asymptotic expansion for European-style
options whose payoff depends on the terminal value of the ETF and/or LETF. Rigorous error bounds for
our pricing approximation are established in Section [l In Section [0l we translate our asymptotic expansion
for prices into an asymptotic expansion for implied volatilities. We also discuss some natural scalings of the
implied volatility surface of the LETF. Finally, in Section [0l we implement our implied volatility expansion

in three well-known settings: CEV, Heston and SABR. Some concluding remarks are given in Section [1

2 Leveraged ETF dynamics

We take as given an equivalent martingale measure @, chosen by the market on a complete filtered probability
space (Q,F,{F:,t > 0},Q). The filtration {F;, ¢ > 0} represents the history of the market. All stochastic
processes defined below live on this probability space and all expectations are taken with respect to Q. For
simplicity, we assume a frictionless market, no arbitrage, zero interest rates and no dividends. We will discuss
how to relax these assumptions in Remark

Let S be the price process of an Exchange-Traded Fund (ETF). We assume S can be modeled under Q

as a strictly positive Ito diffusion. Specifically, we have

1
ETF : S, = eXt, dX, = —§afdt + oy AW, (2.1)



where o is a strictly positive stochastic process. Note that the drift is fixed by the volatility so that S is
a martingale. Let L be the price process of a Leveraged Exchange-Traded Fund (LETF) with underlying
S and with leverage ratio 8. Typical values of 8 are {—3,—2,—1,2,3}. The LETF is managed as follows:
for every unit of currency a trader invests in L, the LETF manager borrows (8 — 1) units of currency and
invests B units of currency in S. The fund manager also typically charges the trader a small expense rate,

which, for simplicity, we assume is zero. Then the dynamics of L are related to S as follows

dL; ds;
Dt A B dw=
L; b St for AW,

and thus we have
Z 1.9 9 T
LETF : L; = e”?, dZz, = —55 o; dt + Bo, dW'. (2.2)

Comparing (1)) with (2:2)), we observe that the volatility of L is scaled by a factor of 5. Moreover, as shown
by |Avellaneda and Zhang (2010), one can solve explicitly the SDE for Z in order to obtain an expression for
Zy in terms of X; and the quadratic variation (integrated variance) of X up to time t. Specifically, we have

ZtZo—ﬂ(Xth)B(ﬁgl)/otoﬁds. (2.3)

Equation (Z3]) shows that the log returns of an LETF is the sum of two terms. The first term is proportional
to the log returns of the underlying ETF. The second term, which is proportional to the integrated variance
of X, highlights the fact that options on LETFs are path dependent options. Note that, for leverage ratio 8 €
{-3,-2,-1,2,3}, the coeflicient —w of the realized variance is strictly negative, but such a dependence

is asymmetric in f.

2.1 Local-stochastic volatility framework

We now specialize to the Markov setting. We introduce an auxiliary process Y, which is intended to capture
effects such as stochastic volatility. We assume that the triple (X,Y, Z) can be modeled by the following
Stochastic Differential Equation (SDE):

1
4X, =~ 2020, X, Yt + (e, X Yoy,

dYVt = C(t, Xta Yrt)dt + g(tv Xta Yrt)thyy
1
dZt = _51820'2(t7 Xta }/t)dt + ﬁU(t, Xt7 n)thma
AW, WYY, = p(t, X, Yy)dt.

We assume that SDE (Z4) has a unique strong solution and that the coefficients (o,c¢,p) are smooth.
Sufficient conditions for a unique strong solution are given in Ikeda and Watanabe (1989). The class of

models described by (24]) enjoys the following features:

1. Stochastic Volatility: When o and p are functions of (¢,y) only (as they would be in a stochastic
volatility model such as Heston), then the pairs (X,Y) and (Y, Z) are Markov processes. From a math-

ematical point of view, the lack of z-dependence in the correlation p and volatility o greatly simplifies
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the pricing and implied volatility analysis, since calls written on Z can be analyzed independently from

calls on X.

. Local Volatility: If both o and p are dependent on (¢,z) only (as they would be in a local volatility

model such as CEV), then X alone and the pair (X, Z) are Markov processes. In this case, calls on X

can be analyzed separately from Z. However, calls on Z must be analyzed in conjunction with X.

. Local-Stochastic Volatility: If o and/or p depend on (z,y) (as would be the case in a local-stochastic

volatility setting such as SABR), then the pair (X,Y’) is a Markov process, as is the triple (X,Y, Z).
In this case, options on X can be analyzed independently from Z. In contrast, to analyze options on
Z, one must consider the triple (X,Y, 7).

. If =1, then from (24) we see that dX; = dZ;. Thus, we need only to obtain prices and implied

volatilities for options written on Z. Options written on X can always be obtained by considering the

special case g = 1.

Option pricing

Using risk-neutral pricing and the Markov property of the process (X,Y, Z), we can write the time ¢ price

of an option u(t, z,y, z) with expiration date T' > t and payoff p(Zr) as the risk-neutral expectation of the

payoff

u(t,x,y,z) = Elp(Zr)| Xy =2, Y =y, Zy = 2].

Under mild assumptions, the function u satisfies the Kolmogorov backward equation

(Or + A(t))u =0, w(T,z,y, 2) = ¢(2), (3.1)

where the operator A(t) is given by

A(t) = alt,z,y) (93 — 8:) + 5° (07 — 0.) +280,0.)
+b(t, z, y)aj +c(t,z,y)0y + f(t,z,y) (0.0, + £0,0,) , (3.2)

with the functions (a, b, f) defined as

a(t,z,y) = $0°(t, z,y), b(t,z,y) = 39°(t,2,y), [t z,y) = g(t,z,y)o(t,z,y)p(t, z,y).

For general (a,b,c, f), an explicit solution to (B is not available. Thus, our goal is to find a closed form

approximation for the option price u and derive rigorous error bounds for our approximation.

Remark 3.1. We note that the matrix of second order derivatives of A(t)

2a f 2Ba
5|1 f 2 Bf
28a Bf 28%a



is singular; the eigenvector (3,0, —1) corresponds to eigenvalue zero. Therefore, the operator A(t) is not
elliptic. This gives rise to an additional mathematical challenge in establishing error bounds for the pricing

approximation, which we will carry out in Section [

Remark 3.2 (Deterministic interest rates, dividends and expense ratios). Suppose interest rates are a de-
terministic function r(¢) of time. Suppose also that the ETF holder receives a dividend ¢(t)S; per unite time,
and the LETF provider charges an expense rate ¢(t)L; per unit time where ¢(¢) and ¢(t) are deterministic

functions. In this case options prices are computed as discounted expectations of the form

Ut,7,y,2) = Ele & O Z)| X, =5, Y, =y, Zy = 2],
dX, = dX; + (r(t) — q(t)) dt,
AdZ, = dZ, + (r(t) — c(t) — Bq(t)) dt,

with (X,Y, Z) as given in (24]). Upon making the following change of variables
ult 2t 7).y, 2(t,2)) = el (L F,y, ), (3.3)
T
z(t,2) == §+/ dsr(s),
t

z(t,2) := Z—i—/t ds (r(s) —e(s) — Bq(s)),

a simple application of the chain rule reveals that u as defined in (B3] satisfies Cauchy problem (B.1]). Thus,

the current framework allows us to readily accommodate these additional features.

3.1 Asymptotic prices via Taylor and Dyson series

In this section we show how Taylor and Dyson series can be used to construct asymptotic expansions of
prices. Due to the heuristic nature of the argument presented in this section, we don’t specify here the
exact assumptions in force; those will be given precisely in Section [l As stated above, our goal is to find a
closed form approximation for the function u that solves ([B.]). For notational simplicity, we will suppress
all (z,y, z)-dependence, except where it is needed for clarity.

Assume temporarily that for every t the coefficients (a, b, ¢, f) of the operator A(t) are analytic in (x,y).
This assumption is not necessary for our price approximation, but it will simplify the derivation that follows.
We will relax this assumption in Remark B4l Because the coefficients (a, b, ¢, f) are analytic by assumption,
we can expand each of these functions as a Taylor series about an arbitrary point (z,%) € R2. More precisely,
for any (¢,x,y) we have:

S orkoEX(t, T, 7)
t T y = ZZ Xn— kk x_i’)n_k(y_g)ka Xn— kk(t) Wa X = {a,b,c,f}.
n=0 k=0

Formally, the operator A(t) can now be written as

‘A(t) = ‘AO(t) + ‘Bl(t% B1(15) = Z‘An(t)v Z n k y - g)k‘Anfk,k(t)a (34)

n=1 k=0

o0 n



where

‘Anfk,k(t) = anfk,k(t) ((ai - az) + 52 (33 - az) + 25 aa:az)
+ bn—k,k(t)ag + Cn—k,k(t)ay + fn—k,k(t) (azay + Bayaz) 5

Inserting expansion (4] for A(t) into Cauchy problem Bl we find
(0 + Ao(t))ul(t) = =B (t)u(t), uT) = ¢

By construction, the operator Ag(t) = Ago(t) is the generator of a diffusion with coefficients that are

deterministic functions of time only. By Duhamel’s principle, we therefore have
T
u(®) =Pt Tho+ [ daPolt, 1)y (0)ult), (35)
t

where Py (¢, T) = exp ftT ds Ag(s), is the semigroup of operators generated by Ag(t); we will provide the
precise form for Pg(¢,T) in Section Inserting expression ([B.5) for u back in to the right-hand side of
B3A) and iterating we obtain

u(t) = ?O(t,T)QD + / dtl To(t,tl)'Bl(tl)?o(tl,T)Lp

T T
+ / dtl / dtz ?O(t,tl)'Bl(tl)fP()(tl,tg)Bl(tz)u(tQ)
t t1

fe%s) T T T
= To(t,T)ap-i-Z/ dtl/ dt2-~-/ dty,
k=1Y"? t1 th—1

?o(t, tl)‘Bl(tl)To(tl, tg)'Bl(tQ) cee To(tk,h tk)Bl(tk)To(tk, T)Lp (36)
oo n T T T
= fPo(t,T)go—i-ZZ/ dtl/ dtQ"'/ dty,
n=1k=1"1 t -1
Z Po(t,t1)As, (t1)Polts, ta)Ai, (t2) - - - Polti—1, tr)Ai, (te)Po(t, T) e, (3.7)
i€l K
Ly = {i = (i1,iz,- - ,ix) € N* iy +ig + - i = n}. (3.8)

Note that the second to last equality (3.6 is the classical Dyson series expansion of u corresponding to order
zero generator Ag(t) and perturbation B4 (t). To obtain 1) from [B.6]) we have used the fact that, by 3.4),

the operator Bq(t) is an infinite sum. In light of expansion ([B7]) we make the following definition:

Definition 3.3. We define @y our Nth order approximation of u by

N
un = Zu"’ where uo(t) := Po(t, T)e, (3.9)
n=0

and

n T T T
Un () ::Z/ dtl/ dt2-~-/ dty,
1t t tho1



Z Po(t, t1) A (81)Po(t1, t2)Asy (t2) - - - Po(tr—1, ti)Aip (tk) Po(tr, T)ep. (3.10)

’L‘GIW,Y)C

Remark 3.4. Although we have assumed analytic coefficients (a, b, ¢, f), from Definition B3] we see that, in
order to construct the Nth order approximation u,, one requires only differentiability of the coefficients up
to order N.

3.2 Expression for u

The fundamental solution T'y corresponding to generator Ag(t), i.e., the solution of

(at +A0)Fo(t,$,y,Z;T,£,’l7,C) = 07 PO(TvxayaZ;Taf,n7C) = 5fﬁn1€(m>yvz),

is given by

t
P76 = o (—gm" € m )8 (¢ 5= A=) +83-1) [ agota)ds).

where §(-) is a Dirac delta function, and the covariance matrix C and vector m are given by:

(2 7 aoo(s)ds [ foo(s)ds €—a+ [ ago(s)ds

- T T ) m = T .
(ft foo(s)ds 2 [ bo}o(s)ds> (77— y—J, coﬁo(s)ds>
The Dirac delta function §(-) appears in the fundamental solution because the covariance matrix of Ag is

singular. The action of the semigroup Po(t,T) generated by Ag(t) when acting on a function 6 : R?* — R is

Polt, )0z 2) = [ dEndd Tolt, o, 7,7, 6. ). (311)
R
Using (39) and BII) a direct computation gives the zeroth order approximation

_ L (=ome )
et = [ a6 e (FE G e, 612

where the mean m(¢,T) and variance s2(t,T) are given by

up(t) = up(t, 2) := Py

T T
m(t,T) =z — 62/ dty ago(ty), s2(t,T) = 252/ dty ago(ts).
t t

3.3 Expression for u,

The following Theorem, and the ensuing proof, show that u,(t) can be written as a differential operator
L, (t,T) acting on ug(t).

Theorem 3.5. The function wu,, defined in BIQ) is given explicitly by
Un(t) = Ln(t, T)uo(t), (3.13)

where ug is given by BI2) and

n

Ln(t,T):Z/t dtl/ dtg---/ At > Gi (,£1)Si, (Et2) -+ iy (£, ), (3.14)

k=1 t th—1 i€1n k



with Ik as defined in B.8) and

St 1) = 3 OVt 10) — 2 (0, (1, 80) — 9)* A (60 (3.15)
k=0

Mo(titi) = o + /t " ds(a0.0(s) (205 +260. 1)+ foo(9,). (3.16)

M, () =y + / "ds (Fo0(s) (@5 + B02) + 200 ()3, + co(s) ). (3.17)

Proof. The proof consists showing that the operator G;(t,tx) in (BI5]) satisfies
Po(t, tr)Ai(tr) = Gi(t, tr)Po(t, tr). (3.18)
Assuming ([BI8) holds, we can use the fact that Po(¢,T) satisfies the semigroup property
Po(t,T) = Po(t, t1)Po(t1,t2) -+ Po(tk—1,tx)Poltr, T),

and we can re-write (3I0) as

n T T T
U (1) :Z/ dtl/ dtg'-'/ dty,
k=17t t1 te—1

D G (t.11)Si, (£ t2) -+ G, (. 81)Po(t, T) .

1€l &

Noting that Po(t,T)e = ug(t), equations BI3)-BI4) follow directly. Thus, we only need to show that
Gi(t, ty) satisfies [BI8). At this point, it will be helpful to introduce some compact notation:

3
X= (l‘l,xg,l‘g) = (xayvz)a €= (517£27§3)’ <£,X> = Zgzxz
i=1

It is sufficient to investigate how the operator Py (t, tx)A;(tr) acts on the oscillating exponential:
eg(x) = eH€x)
First, we note that
Po(t, tr)ee(x) = ePottede,(x), (3.19)

where ®g(t, tx, ) is as given by

T
Qo(to,T,§) = / dt (ao,o(t) (=€ —i&) + B% (=€ — i&) — 2B&46)

to

— bo,0(1)E3 + co0(t)i& — foo(t) (&1&2 + BEEs) )

Next, introducing Vy := (0z,, 0z, , 0z, ), we observe that the operator M, (¢,tx) and M, (¢, ;) in (BI6) and
BI10) can be written as

Mm(t7 tk) = Mx(ta tka _ivx)a Mx(t7 tk7 5) = _lafl ((I)O(ta tka 5) + 1<€7 $>) ) (320)



My (t, tr) = My (t, tr, =1Vx), My (t, tk, &) = —10¢, (Po(t, tr, &) + 1(&, 7)) . (3.21)
Using (320) and (B2I)) we observe that, for any natural numbers n and k, we have
(—10g,)" (—10g,) e Deg (x) = (—10g,)" (—10g,)" T My (1, ti, £)e 1 Oeg (x)
= My (t,1:)(—10g, )" (=10g,)" e (01 Oeg (x)
= (V0 (1. 1)H (=10, D ()
= (M (8, 10))F (W (8, 1)) ™01 Deg (x)
= MBI (M (1)) (Mo (t, £2))"eg ().
Furthermore, since ¢, and J¢, commute, so do M (t,t;) and M, (t,¢;). Therefore,
(10, — 2)"(—10¢, — H)Fe®o i eg(x) = My (t,t;) — 2)"(My(t, ;) — )Fe®Blifes(x).  (3.22)
Next, we define ®,, (¢, &) the symbol of A, x(t), which is defined through the following relation
Ank(t)eg(x) = @p i (1, §)eg (%), (3.23)
and given explicitly by
Do (t,€) = an(t) ((—€F — 161) + 5 (—€ — i&) — 286163)
— b k(&S + ok (t)ia — fur(t) (E162 + B&aks) .

Finally, we compute

n

Po(t, ti)An(ti)eg(x) = Po(t,t:) D (x = 2)"*(y — 7) An—sr(ti)eg(x)
k=0
= Po(t, t;) Z Ok (i, €) (@ — )" (y — §)Fee(x) (by B.23))
k=0

= ?O(tv tz) Z (I)n—k,k(tia 5)(71851 - j)717]6(7:i'((9§2 - g)keﬁ(x)

k=0

=Y B nn(ti, £)(=10e, — 2)"F(—10e, — §)FPo(t, ti)ee(x)
k=0

= B kit £)(—10g, — )" F (=10, — g)Fe e (x) (by (B19))
k=0

=D Pkt Mt ti) — )" (M (1, 85) = §)Fe® O 0eg(x)  (by B2D))
k=0

D Wt 1) = )" O (1) = ) An i (t)e O Deg (x) (by B.23))

k=0
=D (Ma(t,t:) = 2)"F (M (¢, ti) — §)  An—ip (i) Po(t, ti)ee (x) (by B.19)
k=0
= 9n(tv ti):PO(tv ti)e§ (X) (by (BE))
Thus, Po(t,t;)An(t;) = Gn(t, t:)Po(t, t;), completing the proof. O

10



Remark 3.6. Note that, by (B12), the order zero price g is simply an integral of the option payoff ¢ versus
a Gaussian kernel I'g, just as in the Black-Scholes model. From Theorem we see that higher order terms
u, can be obtained by applying the differential operator £,, to ug. The operator £,, acts on the backward
variable z, which is present only in the Gaussian kernel Ty, producing (Hermite) polynomials in the forward

variable ¢ multiplied by I'g. Thus, every term in the price expansion is of the form

_ pn(() ex _(C — m(t7 T))2
it 2) = [ ac Lo (RO ) (o)

where the function p,, is a polynomial. As such, computation times for approximate prices are comparable
to the Black-Scholes model.

4 Accuracy of the option-pricing approximation

The goal of this Section is to establish a rigorous error bound for the Nth order pricing approximation

described in the previous Sections. We will adapt the methods from [Lorig et all (2013a), which apply only

to uniformly elliptic operators, to our current case where the operator A(t) is singular (see Remark [B.T]).
Our main error bound is given in Corollary 4] at the end of this Section. As a first step we introduce a

process Z°, which is a modification of the dynamics of Z in ([24]). Specifically, we define
1
dz¢ == dz, — 552(;1t + edWy, d(W= W?) =0, d(WY, W#) =0, e >0.

We will first establish the accuracy of our pricing approximation @% for options written on the Markov

process (X,Y, Z¢) with error estimates that are uniform in . Error bounds for the price approximation @y

for options written on the Markov process (X, Y, Z) will follow in the limit as € — 0. Here, @5 is constructed

just as ay by replacing the generator A(t) in (B2 with the generator of the Markov process (X,Y, Z¢).
Introducing a process V¢, which satisfies the following SDE:

1
AVE = 5 (B(1 = B)o*(t, X, Vi) — ) dt + ed W,

we note that the dynamics of Z¢ can be written as follows

dZ; = BdX, + dVf.

Therefore, rather than considering the generator of (XY, Z¢), we can consider the generator of (X,Y,V¢),
which we denote by A(t). This operator separates into an operator X(t), which takes derivatives with

respect to (z,y), and an operator V¢(t), which takes derivatives with respect to v. That is,
Af(t) = X(t) + Ve (),
where
X(t) = a(t,z,y) (8% — 895) + b(t,x,y)@j + f(t,2,9)0:0y + c(t, z,y)0y,

Ve(1) = 5 (92— 0,) + alt.a.9)B(1 - ),

11



Now, let us introduce A, the matrix of second order coefficients of X(t)

1 <2a(t,:c,y) f(t,x,y)>.

Alt,xz,y) = =
()= fta,y)  26(t,2,y)
Assumption 4.1. There exists a positive constant M such that:

i) Uniform ellipticity:

d
]\4_1|€|2 S Z Azg(tax7y)§2§j S M|€|27 te [O>T}7 (3372/)75 S RQ'

ij=1

ii) Regularity and boundedness: the coefficients a(t,-,-),b(t, ), f(t,-,-) are CVNT1(R2) with derivatives of
any order bounded by M.

As a consequence of Assumption [l for any fixed £ > 0, the operator A°(¢) is uniformly elliptic. Moreover,

(0¢ + A=(t)) is uniformly parabolic and has a fundamental solution, denoted by
FE :Fa(t7x7y’v;T7x/ﬂy/’ ’Ul)’ t < T’
which satisfies the following Gaussian estimates

Lemma 4.2. Let i,j,h,k € Ng with h+k < N +2, and T > 0. Then we have

|(1‘ - ‘r/)l(y - y/)]afagrs(ta Z,Y,v; T7 I/7 y/7 ’U/)| <co- (T - t) i+j72h7k F}(lj:rif) (ta T,Y,; Tv 3;,7 yl7 U/) (41)

for any z,y,v, 2,y ;v €R,0<t <T <T ande € (0,1]. Here, F]Elg’f) denotes the (Gaussian) fundamental
solution of the heat operator
2

O + M(Dyy + Oyy) + %&m

and cq is a positive constant that depends only on M, N,i,j and T. In particular, the constant cg is inde-

pendent of €.

Proof. Estimate (A1) differs from the classical Gaussian estimates for parabolic equations (cf. [Friedman
(1964), see also [Pascucci (2011)); [Di Francesco and Pascucci (2005) for a more recent and general presenta-
tion) because the operator (9; +.A°(t)), while parabolic, is not uniformly parabolic with respect to € € (0, 1].
Nevertheless, the thesis can be proved by mimicking the classical argument which is based on the parametrix
method and carefully checking that the constant cg is independent of . In particular, the main ingredient
in the parametrix construction is the following uniform in ¢ Gaussian estimate (see for instance Proposition
3.1 in Di Francesco and Pascucci (2005)) which, in our setting, is as follows: for any fixed (Z, %) € R?, define

the following the operators with frozen coeflicients

52
‘A§ 7(7‘)) = xi7g(t) + 583,

Xz5(t) := a(t,z, )07 + b(t, ,5)0; + f(t,,§)00,.

12



Let TS ; and Tz 5 be the fundamental solutions corresponding to (J; + A5 ;) and (9; + Xz 5) respectively.
Then for every Z,9,z,y,v,2",y',v' € R, 0<t <T < T and ¢ € (0, 1], we have

-1

M_Q]f‘flgt ) (t,z,y,0; T2y 0') <T% 4t y, 0T 2"y 0') < MQI‘flJya’f) (t,z,y,v; T, 2",y 0. (4.2)
Estimate ([£2]) can be readily proved as in Proposition 3.1 in [Di Francesco and Pascucci (2005), by noting
that I'; ; = I'z yI'c where T’ is the fundamental solution of the one-dimensional heat (parabolic) operator
(0 + %8“,). Notice that (2] is uniform in € (i.e. the constants in the estimates are independent of ¢).

Based on this fact we can prove the estimate (1) with cg independent of ¢. O

We are now in a position to state our main error estimate. In the following Theorem, I'® is the fundamental

solution corresponding to (9; + A¢(t)) and T'%; is the Nth order approximation of I'.

Theorem 4.3. Let Assumption [[.1] hold and let T > 0. Then we have

N+1

IP5(t, 2, y, 03 T2’y ') = Dyt g, vs Ty ') S ea - (T — )2 DL (ta,y, 0 Ty '), (4.3)

heat

for any z,y,v,2’,y',v" € R, 0 <t < T and e € (0,1], where c1 is a positive constant that depends on
M, N, T but is independent of €.

Proof. Using the uniform in ¢ estimate (@I and the ellipticity of A°(¢), we can repeat step by step the
proof of (Lorig et all, [2013a, Theorem 3.10), carefully checking that, since ¢y in (41]) does not depend on ¢,

neither does c;. O]

In the following Corollary, < is the solution to PDE (9, + A= (¢))u® = 0 with final data u*(T) = ¢ and @5

is the Nth order approximation of u°.

Corollary 4.4. Let Assumption% hold and let T > 0. Additionally, assume also that the final datum ¢

is bounded and Lipschitz continuoud’. Then for any e € [0, 1] we have

+2
)

|u(t, z,y,v) — ay(t, x,y,v)| Scl-(T—t)N2 0<t<T, z,y,v €R, (4.4)

where the constant ¢y only depends on M, N, T and the Lipschitz constant of .

Proof. Estimate ([£4)) follows from (@3] by integrating against the payoff function ¢ against the fundamental
solution I'® and against Nth order approximation I'§;. In particular, the case ¢ = 0 follows in the limit since

c; is independent of €. O

We emphasize that Corollary B4 includes the case € = 0, for which u®|.—g = v and @5|c—0 = an. As a

result, we have established the accuracy of the pricing approximation @y to the exact price u.

3The assumptions on the final datum can be considerably weakened to include the payoff of Call options or even discontinuous

payoffs: we refer to (Lorig et all, 20134, Theorem 3.10) for further details.
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5 Implied volatility

In this Section, we translate our price expansion for a call option with payoff function ¢(z) = (e* — ek)*
into an expansion in implied volatility. To ease notation we shall suppress much of the dependence on
(t,T,z,y,z,k). However, one should keep in mind that prices and implied volatilities do depend on these
quantities, even if this is not explicitly indicated. We begin our analysis by recalling the definitions of the

Black-Scholes call price and implied volatility

Definition 5.1. The Black-Scholes Call price uBS : Rt — R* is given by

uBS(0) := *N(d,(0)) — e*N(d_(0)), d+(0o) == % <z —k+ U;T> ) T:=T—1t, (51)

where N is the CDF of a standard normal random variable.

Definition 5.2. For fixed (¢, T, z, k), the implied volatility corresponding to a call price u € ((e* —e*)*,e?)

is defined as the unique strictly positive real solution o of the equation
uBS(0) = u, (5.2)
where 4B is given by (E.1)).

Theorem 5.3. For a European call option with payoff function ¢(z) = (e* — eF)* we have

Uy = UBS(UO) 0’8 = 2ﬂ2 /T dsag 0(5)
’ T-t ), ’
Proof. The proof follows directly from FI2) with ¢(z) = (e* —eF)*. O

From Theorem B3] we note that the price expansion (B3 is of the form
u = uPS(0g) + i Uy (5.3)
n=1
As shown in|Lorig et all (2013b); lJacquier and Lorig (2013), the special form (5.3)) lends itself to an expansion
o =00+, nZion,
n=1

of implied volatility. To see this, one expands uP%(c) as a Taylor series about the point o

uPS(0) = uP3(00 + 1)

1
28§UBS(0’0) +

§n38§uBS(oo) +.... (5.4)

1
= uB5(09) + 19,15 (00) + o1

Inserting expansions (B3] and (B.4) into equation (5.2)), one can solve iteratively for every term in the

sequence (0, )n>1. The first three terms, which are enough to provide an accurate approximation of implied

volatility, are

B Uy o — Uy — %O’%aguBS(O‘o) e Uz — (020163 + %0%83) uPS(0y)
9,uPS(09)’ 2 DouBS(0p) ’ 3 DyuBS(09)

01

(5.5)
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A general expression for the n-th order term can be found in [Lorig et all (2013h); Jacquier and Lorig (2013).
As written, the expressions in (5.5]) are not particularly useful. Indeed uPS(cg) and w, are Gaussian
integrals, which are not numerically intensive to compute, but do not give much explicit information about

how implied volatility depends on (¢,T,x,y, 2, k, 8). However, using (5.1)) a direct computation shows
2 2

2uBS(e)  (k—2)? 7o Bu(a) (k=2 ( 3 12> (k—2)2+ Tlg _ i (5.6)

ot 20

dyuBS(c) 103 4"’ dyuBS(c) 1206

In general, every term of the form 9"uP%(0)/0,uP% (o) can be computed explicitly. Moreover, terms of the

form u,, /0,uP%(0p) can also be computed explicitly. To see this, we note from Theorems and [5.3] that
Un = Lo (t, T)ug = L (t, T)uP3 (o9),

where

n T ~
-y / dt, / dty - / Aty 3 i (b t) - Gon (btr1)Gi, (1 1),
t

k=1 €10 k
= (M —3)" " (M (t, 1) — 9)" an-rx(t:)B2(0% — 9.)uPS(0y).
k=0

Thus, u,, is a finite sum of the form
Un =Y Xm0 (02 — 0:)uPS(09), (5.7)
m

where the coefficients (X, ) are (¢, T, z,y)-dependent constants, which can be computed from Theorem B.5

Now, using (5J), a direct computation shows

a7 (92 — 8, )uPS (0p) 1\ Hy(w) 2 —k—Lo2r 539
= , w = 7. .
&TUBS(UO) \/2087 TOQ JV?UO

where H,(z) := (—=1)"¢* d"e~* is the n-th Hermite polynomial. Combining (5.7) with (5.8) we have

Up, _ -1 " H,(w)
dpulS(a9) 2 X (\/20’37’) Toy (5:9)

m

Finally, from (5.6]) and (5.9), we see that all terms in the implied volatility expansion (5.5]) are polynomials in
log-moneyness A := (k — z). Explicit expressions for (o, )n<3 under different models will be given in Section

[6l A general expression for (0, )n,<2 in the time-homogeneous LSV setting is given below. We denote by
)\:k'—Z, T:T_t7 (Xtv}/t):(xay)y

and we choose the expansion point of out Taylor series approximation as (Z,7) = (x,y). We have

oo = |B]v/2a0,0, o1 = 01,0 + 00,1, o2 = 02,0 + 01,1 + 00,2,
where
1
01,0 = (6203(;0) A+T (Z(_l "rﬂ)aoal,o) )
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40’0

( ao, 1f00) . (52%,1 (2¢c0,0 +5f0,0))7
4
a0 = ( ﬂa1o+ 00@20))\2—1—7( Ba10+ an20>
Jr

120’0 800 6

< (14 8) (B%ai,o — 803(1270)) A

24,60’0

9 (52(5 +28(=5+28))00ai o + 8(—1 + B)?odas, 0)
g 9632 ’

+
_ (ﬂ2 (208a1,1 fo,0 +ao,1 (—58%a,0fo0 + G(Q)fl,o))) 52
+

5
603

. B* (205a1,1 fo.0 + a0 (B%a1,0fo.0 — 203 f1.0))
1203

4 <5 (4Uf2)a1,1 (2c0,0 + (=1 +28) fo,0) + ao,1 (5,32(11,0 (—2co,0 + (1 —28) fo,0) + 208 (2c1,0 + (=1 + Q,B)fl,O)))
2403

L2 (4(1 + B)ogar,1 (2co,0 4+ Bfo,0) + ao (B2ar,0 (2(—1+ B)co,o — Bfoo) +2(—1+ B)op (2c1,0 + /Bf1,o))>
480'0 ’

o <ﬂ4 (_9ﬂ2a311f§,0 + 20’8 (2&3,117070 + 2(10,2]03,0 + ao71fo,of071)) ) )\2
0,2 —
1207

+ 7

<24/5'20300,2bo,0 +98%a3.1 f5.0 — 4805 (2a3,1b0,0 + 2a0,2f5.0 + ao,1 fo,0f0,1) >
2408

4 <53 (—952a3,1f0,0 (2co,0 + Bfo,0) + 802ao.2f0.0 (2co,0 + Bfo,0) + 4o3ao1 (co,1fo,0 + (co,0 + Bfo,0) fO,l))> )
2408

)A

T 2403

5.1 Implied volatility and log-moneyness scaling

Let us continue to work in the time-homogenous setting. Let oz (7, \) be the implied volatility of a call written
on the LETF Z with time to maturity 7 and log-moneyness A = (k — z) and let ox(7,\) be the implied
volatility of a call written on the ETF X time to maturity 7 and log-moneyness A = (k—x). The expressions
above provide an explicit approximation for oz (7, \) and ox (7, \) in a general time-homogeneous LSV setting
(for ox (7, ), simply set 8 = 1). These expressions show the highly non-trivial dependence of the implied
volatility on the leverage ratio 3, and are useful for the purposes of calibration. The implied volatility surfaces
(1,A) = oz(1,\) and (7,\) — ox(7,\) can potentially behave very differently. Nevertheless, for price
comparison across leverage ratios, it would practical to relate them, albeit heuristically or approximately.

To this end, we now introduce some intuitive scalings. Examining the lowest order terms oy and o, we
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observe

LETF : oz~|ﬁ|\/72aoo+|ﬁ|< N ‘;‘;3?3/2) %w(ﬂ, (5.10)

aio ao,1fo,0
ETF : ox ~ \/2a00 + : + o A+ O(7). 5.11
X 0,0 (2 2a0 2(2a070)3/2> (7) (5.11)

Comparing oz with oy, we see two effects from the leverage ratio 5. First, the vertical axis of o is scaled
by a factor of |3]. Second, the horizontal axis is scaled by a factor of 1/8. In particular, this means that
if B < 0 the slopes of ox and oz will have opposite signs. For small 7 the contribution of the O(7) terms
in the expansion will be insignificant. In light of the above observations, it is natural to introduce ag?) and

O'(ZB), the scaled implied volatilities, which we define as

O'E?)(T, A) = |Blox (T, \/B), O'(Zﬂ)(T, A) = moz(ﬂﬂ)\). (5.12)
These definitions offer two ways to link the implied volatilities surfaces ox and oz. Viewed one way,
the ETF implied volatility ox (7, \) should roughly coincide with the LETF implied volatility IT%IUZ (7, BN).
Conversely, the LETF implied volatility oz (7, \) should be close to the ETF implied volatility |8|ox (7, \/5).
In other words, from (5I0), (B11) and (EI2)), we see that for small 7

oz(T,\) = Ug()<T A), ox (T, \) =~ O‘(ZB)(T, A). (5.13)

In Figure [Il using empirical options data from the S&P500-based ETF and LETFs, we plot oz and O'(ZB )
the unscaled and scaled implied volatilities, respectively. The figure demonstrates the pronounced effect of
the scaling argument. Prior to scaling (left panel), the implied volatilities of the LETFs, SSO (8 = 42) and
SDS (8 = —2), have much higher values than those of the unleveraged ETF SPY (8 = +1). Moreover, the
SDS implied volatility is increasing in log-moneyness. After scaling the LETF implied volatilities according
to (BI2) (right panel), they are brought very close to the ETF implied volatility and they are now all
downward sloping. In Section [f] we will compute explicit approximations for ox(7,A) and U(Zﬁ )(’T, A) for
three well-known models: CEV, Heston and SABR. As we shall see, although these three models induce
distinct implied volatility surfaces, for small 7 the role of 8 in relating ox to oz will be captured by ([EI3]).
We emphasize, however, that the scaling alone is not sufficient to capture the complexity of the LETF
implied volatility surface. Indeed, as 7 increases, we expect J(ﬁ) to diverge from ox. This discrepancy is
due to the integrated variance contribution to the terminal value of Z, as can be seen from (23). Thus,
for longer maturities, an accurate approximation of the LETF implied volatility surface must include higher
terms in 7. From the general implied volatility expression, we can see that the role of 8 in the O(7) terms is
complicated and does not lend itself to a simple scaling argument. For this reason the full implied volatility

expansion — not just the scaling argument — is important.

Remark 5.4. A recent paper ILeung and Sircan (2012) postulates an alternative implied volatility scaling
based on stochastic arguments. Given the terminal ETF value X, = k, they compute the expected future

log-moneyness Z, — z

BuyolZr = 21X0 =K = Bk =) = 560 =1) [ Bapolr?( X YOIX, = Hds, (514

17



0.5 T T T T T T T T T T 0.28 T
( O SPY
L O SSO|(]
0.45} ] : + SDS
0.4r
0351
0.3f
0.25-
0.2F
O SPY
0.15F O  SSO
+ SDS
01l— . . . . . f . . . 01 . . . . . . . .
-05 -04 -03 -02 -0.1 0 0.1 0.2 0.3 0.4 -0.25 -0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15

Figure 1: Left: Empirical implied volatilities oz (7, \) plotted as a function of log-moneyness A for SPY (red diamonds,
B = +1), SSO (purple circles, 8 = +2), and SDS (blue crosses, 8 = —2) on August 15, 2013 with 7 = 155 days to
maturity. Note that the implied volatility of SDS is increasing in the LETF log-moneyness. Right: Using the same
data, the scaled LETF implied volatilities O(Zﬁ)(r, A) nearly coincide.

where E; , .[] = E[|Xo = z,Yy = y,Zy = z]. The also note, from the ETF and LETF SDEs that the
volatility of Z is |3| times the volatility of X. Using the above as heuristic, the authors propose to scale

implied volatilities as follows

7272 = 8lox (r, 57 ~ 38 ~ DI(7),

I(7) :/ B,y [0%(s, X5, Y3)| X, = K] ds.
0

In|Leung and Sircarl (2012), the value of I(7) is estimated using an average from observed implied volatility.
In contrast, the scaling proposed in (£.12]) does not attempt to account for the integral in (5.14]). Nevertheless,

the effect of the integrated variance is captured by O(7) terms in the general implied volatility expansion.

6 Examples

In this Section, we provide explicit expressions for implied volatilities under three different model dynamics:
CEV, Heston and SABR. Special attention will be paid to the role of 3, the leverage ratio. In the examples

below, we fix (Z,7) = (Xo, Yo) and we evaluate implied volatilities at time ¢ = 0 and maturing at time 7' = 7.

6.1 CEV

In the Constant Elasticity of Variance (CEV) local volatility model of [Cox (1975), the dynamics of the
underlying S are given by

ds; = 65771 S, dwE, So > 0,
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where, to preserve the martingale property of the process S (cf. [Heston et all (2007)), the parameter v is
assumed to be less than or equal to 1. The dynamics of (X, Z) = (log S,log L) are

dX, = féézez(v’l)xfdt + 8 DXeqe, Xo = z := log Sp.
dz, = —35252e2(7*1)xfdt + Bo e DXeqyE, Zo = 7 := log L.
The generator of (X, Z) is given by
A= %52&(7—1)% (92 — 9,) + B*(92 — 0.) + 2B0,0:) .
Thus, from [B.2]), we identify
alr,y) = 50700, b(z,y) =0, () =, oy =0, (6.1)
Using equations ([B.0), (5.6) and (59) we compute

00 = V220152,

T(B—1)(y— Doy | (v —1oao

o1 = 4ﬁ2 + 2/@ (k - Z)v
(v — 1)203 (462 + (13 + 28(—13 + 68))02)
02 = 96ﬂ4
(8 —1)(y — 1)%03 (v = D00 2
~ T2(B—1)(y — 1)%05 (608% +t (35 — 708 4 268%) o)
73 = 38436
B 3 3 9 . 2 _ _ 3,3
T =1)%ad (128 +1 5;;95 29+ 40)) |y 778 2;;4 D296 2.

We observe that the factor (v — 1) appears in every term of these expressions. In particular, when v = 1,
oo = |B8]6 and o1 = 09 = 03 = 0. The higher order terms also vanish since a(z,y) = 62 in this case (see
(610). Hence, just as in the Black-Scholes case, the implied volatility expansion becomes flat, as expected
In Figure Bl we plot our third order approximation of the scaled implied volatility U(Zﬁ )(T, A) in the
CEV model with leverages f = {+2,—2} and with maturities 7 = {0.0625,0.125,0.25,0.5} years. For
comparison, we also plot the exact scaled implied volatility O'(Z'B )(7’, A) and the exact implied volatility of the
ETF ox(7,\). The exact scaled implied volatility O'(ZB ) of the LETF is computed by obtaining call prices by
Monte Carlo simulation and then my inverting the Black-Scholes formula numerically. The exact implied
volatility ox (7, A) of the ETF is computed using the exact call price formula, available in [Cox (1975), and

then inverting the Black-Scholes formula numerically.

6.2 Heston

In the Heston model, due to [Heston (1993), the dynamics of the underlying S are given by

dS; = v/ ZtStthI, So >0,
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AV; = k(0 — V;)dt + 5/ V,dWY, Vo >0,
AW=, WY, = pdt.

In log notation (X,Y, Z) := (log S, log V,log L) we have the following dynamics
dX, = f%eyfdt +e%Yf«de, Xy =z :=log S,
dY; = ((k0 — $6%)e™™ — k) dt + 5e*%Yf«de, Yy =y :=log Vo,
dz, = —52%‘3%1& 1 Be3YidW?, Zy = z = log Lo,
d(W* WYy, = pdt.
The generator of (X,Y, Z) is given by
A= 5o (02 = 04) + 52(07 — 0.) + 260,0.)
+ ((k0— 16%)e™¥ — k) 9, + %(5263_982 + p0 (0,0, + £0,0,) .

Thus, from (32), we identify

aley) = 5o bay) =50, clmy)= (8- 2V —K),  fay)=pd
Using equations (B.H), (5:6) and (59) we obtain
o0 = |B]Vev, (6.2)
—A32(52 — _ 2
o= 7 (=2 (6% — 20k) + (—2k + Bdp)og) +@(k_z)7
80’0 40’0
B 234 (52 — 29/{)2 752 (—47'9%2 — 788%p + 27B50kp + 26 (8 + tk + p2))
72T T 19803 * 19203
72 (5/{2 + B6 (—Emp + 36 (—1 + 2p2)))
+ 3
960
T86p (58% (6% — 20K) + (2K — Bop)od) B26% (2 — 5p?) )
B 336 (62 — 29&)3 234 ((52 — 29/{) (47'(9%2 +768%p — 27B60kp + 62 (16 — 27K + 20p2))
73T T T logdoy 307203
722 (362p%(—2k + Bop) + Tk (62 — 20k) (=K + Bdp))
+ 5
7680
N 73(=2K + Bp) (6k% + 86 (—6rkp + B0 (—6 + 5p?)))
15360
Tr23°5 (62— 20k)° p T2B6p (—3k2 + 6 (3kp + B (5 — 26p2)))
* < 51207 * 3840
TB36p (207’9&2 +5768%p — 107 B50Kp + 262 (8 — 57k + 9p2))
- : )i
7680
78202 (8% (6% — 20k) (=8 + 23p?) + (2k — Bdp) (—2 + Tp?) 0f) (k)2
— -z

38408
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B363p (—5 + 8p2)

k- 2)°.
9607 (k=2)

Ahn et all (2012) noticed from the SDEs that when X has Heston dynamics with parameters (k, 6, d, p, y),

then Z has Heston dynamics with parameters
(K‘Za 927 52) Pz, ?JZ) = (K'a ﬁ297 |ﬁ‘(5, Slgl’l(ﬁ)p, Y+ lOg ﬂQ) (64)
The characteristic function of X . is computed explicitly in|[Heston (1993) and [Bakshi, Cao, and Chexl (1997)

nx (1, 2,9,€) := log E[e***" | Xy = 2, Yy = y] = ifx + C(7,€) + D(1,€)e?,

_ d(§)r
cr.&) =55 (- pase + ateyr 2108 [ SS9,
K —pdi€ +d(&) 1 —edOT
D(T, é-) = 52 1— f({)ed(E)T’
K — pdi& 4 d(&)
f(&) = = poic —d(E)

d(€) = /62(€% + 1) + (ks — pigd)>.
Since Z also has Heston dynamics, the characteristic function of Z; follows directly
772(7'72;%5) = IOgE[ei€ZT‘% :yazO :Z] :77X(7'72>.7J7f) with (579767p7y) — ("{Z79Z75Z7PZ7yZ)~

The price of a European call option with payoff p(z) = (e* — e¥)* can then be computed using standard
Fourier methods
_ok—ike

S

1

WS (1, 2 y) = /R de, M7 HOBE), (e) f—6 +if, & <—L (65)
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Note, since the call option payoff ¢(z) = (e* — e*)* is not in L*(R), its Fourier transform h(£) must be
computed in a generalized sense by fixing an imaginary component of the Fourier variable §; < —1. Using
(63) the exact implied volatility o can be computed to solving (5.2]) numerically.

Moreover, it is worth noting that relationship (G4 can be inferred from our implied volatility expressions.
Indeed, the dependence on 3 in expansions (6.2)-(6.3) is present only in the terms 320, |34, sign(8)p,y +
log 82 of the coefficients. For instance, we can write the zeroth order term oy = Veytlos 5 — | /evz , and the
coefficient of (k — z) in oy is Bdp/4og = |B|dsign(5)p/4o0 = 0zpz /400, as per the notations in (64). Similar
verification procedures for other terms confirm relationship (6.4)).

In Figure[3 we plot our third order approximation of the scaled implied volatility O'(ZB ) (7, ) in the Heston
model with leverages 8 = {+2, —2} and with maturities 7 = {0.0625, 0.125,0.25,0.5} years. For comparison,
we also plot the exact scaled implied volatility J(Zﬂ ) (1, A) and the exact implied volatility of the ETF ox (7, A).
The exact scaled implied volatility O'(ZB ) of the LETF is computed by obtaining call prices from (€3] and
then my inverting the Black-Scholes formula numerically. The exact implied volatility ox (7, A) of the ETF

is computed in the same manner.
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6.3 SABR

The SABR model of Hagan, Kumar, Lesniewski, and Woodward (2002) is a local-stochastic volatility model

in which the risk-neutral dynamics of S are given by

ds; = ;8771 S, aw, So > 0,
AV, = 6V, AWy, Vo >0,
AW W?), = pdt.

In log notation (X,Y, Z) := (log S,log V,log L) we have, we have the following dynamics:
1
dx, = _562Yt+2(’y—1)Xtdt 4 eYt‘i‘(’Y—l)Xtd[/{/‘tﬂﬂ7 Xo=1z:=log So,
1
dy; = —552dt+5dwga Yy =y :=log Vp,
1 .
dz, = _55%2“”(7—1)&& + BVt =DXeqe 7z = 2 :=log Lo,
d(W* WY), = pdt.
The generator of (X,Y, Z) is given by
1
A= S 20T (0] — 0,) + B2(02 - 02) + 260:,)
1 1 e
- 552% + 55255 +poevt0=Y2(9,9, + 80,0.).

Thus, using 32)), we identify

a(z,y) = %e%’”“‘”“» b(z,y) = %527 c(a,y) = —%527 fla,y) = poertO1e,
Using equations (5.5), (5.6) and (53] we compute
Uo=|ﬁ|m, 01 =01, 00,1,
02 =020+ 01,1 + 00,2, 03 =030+ 021+ 012+ 003,
where

1o TELH i’)ﬁ(; —los (0 251)00 (2,

0.1 = 47000 (5 — psignlsloo) + Jpsignldl(h - 2)
(v —1)%0 (48% + 7(13 4+ 28(-13 + 683))03)

e 9634
(=14 8) (v~ 1)%03 (v — 1)%09 2
e 4832
7y = 1)dog (36 + 2=z )
) 243 (k- 2),
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o2 = %75200 (32 + 570 — 12p* + 2700 (—7Spsign[8] + (=2 + 6p%) 00))

L o : 6% (2 - 3p°) 2
- ﬂﬂs p (dsign[B] — 3pog) + W(lﬂ -2)7,
72(=14 B)(v — 1)%05 (6082 + 7 (35 — 708 + 26/3?) 03
780 = 38435
L= 1)303 (1282 4 57(9 + 28(—9 + 48))0?) ko) 7r(—1+B)(y — 1)%03 k)
1925 48434 )
_ 3Ty = 1)%0% 446+ 536) (v — 1)%0p| 8]
E I YR 70 963"
g8 573(13 + 26(—13 + 648))(y — 1)252 g 73(83 + 26(—74 + 298)) (v — 1)%6p| 5]
0 38434 0 38435
7(7 = 1)2603 (52018] + 00 (—42(—1 + B)0 + LALLM ISl ) ) )
+ 10238 (k=2)
7(y — 1)%809 ((5 + (8_11/;%) )
4832 (k=2
LT3y = 1)8%p|B] 5 [ TAH(=1+B) (v —1)8% (64 +1176%)  72(19 + 78)(y — 1)52p?
01,2 = —0y + gy
4832 1283 9632
AT (47— 428)(y = 1)8%p| g 73y = 1)6% (—14(=1 + B) + (=41 + 346)p”)
0 19233 0 19232
-1+ 7)6% (32 + 5762 + 12p?) o2 1172(1 — 2B)(—1 + 7)8% pAbs[f] ko)
0 1925 0 9633
72(—=1+7)0% (=68 + (=19 + 298)p*
Ug ( 9652 ) (k - Z)
—1)02 (3—-38+ (-2 2 —1)02 (=2 + 3p?
Ty =18 (338 +( +B)p)oo(k_z)2+(v )0% ( +p)(k_z)3’
2432 2480
1 253p (104 + 19762 — 36p?
00,3 = —00@7264 (16 + 762 — 4p2) + UST p( 3Sleﬂ p ) 5]
1 736%p (=11 + 15p?) | B]
3 1 3¢4 (g 2 4
0019275 (8 21p)+00 1927
76%p (8 + 70% — 129> + 6700 (242 1 (1 - 20%) 0
R (0w
192/ 48
63 -1 2 63 -5 6 2
163 24072

In Figure@we plot our third order approximation of the scaled implied volatility J(Zm (7, A) in the SABR model
with leverages 8 = {+2, —2} and with maturities 7 = {0.0625, 0.125, 0.25,0.5} years. For comparison, we also
plot the exact scaled implied volatility U(Zﬂ )(7', A) and the exact implied volatility of the ETF ox (7, A). The
exact scaled implied volatility O'(ZB ) of th LETF is computed by obtaining call prices by Monte Carlo simulation
and then my inverting the Black-Scholes formula numerically. The exact implied volatility ox (7, A) of the

ETF is computed using the exact call price formula, available in |Antonov and Spector (2012) for the special
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case p = 0, and then inverting the Black-Scholes formula numerically.

7 Conclusion

In this article, starting from ETF dynamics in a general time-inhomogeneous LSV setting, we derive ap-
proximate European-style option prices written on the associated LETFs. The option price approximation
requires only a normal CDF to compute. Therefore, computational times for prices are comparable to
Black-Scholes. We also establish rigorous error bounds for our pricing approximation. These error bounds
are established through a regularization procedure, which allows us to overcome challenges that arise when
dealing with a generator A(t) that is not elliptic.

Additionally, we derive an implied volatility expansion that is fully explicit — polynomial in log-moneyness
A = (k — 2z) and (for time-homogeneous models) polynomial in time to maturity. To aid in the analysis of
the implied volatility surface, we discuss some natural scalings of implied volatility. Furthermore, we test
our implied volatility expansion on three well-known LSV models (CEV, Heston and SABR) and find that
the expansion provides an excellent approximation of the true implied volatility.

The markets for leveraged ETFs and their options continue to grow, not only in equities, but also in
other sectors such as commodity, fixed-income, and currency. The question of consistent pricing, as we have
investigated for equity LETF options in terms implied volatility, is also relevant to LETF options in other
sectors. Naturally, the valuation of LETF options will depend on the dynamics of the LETFs and underlying
price process, which may vary significantly across sectors (see e.g. |Guo and Leung (2014) for commodity
LETFSs). Nevertheless, it is both practically and mathematically interesting to adapt the techniques in the
current paper to investigate the implied volatilities across leverage ratios with different underlyings. From
a market stability perspective, it is important for both investors and regulators to understand the risks and

dependence structure among ETF's and the price relationships of their traded derivatives.
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Figure 2: Exact (solid — computed by Monte Carlo) and approximate (dashed) scaled implied volatility cr(ZB)(T7 A)
under CEV model dynamics plotted as a function of log-moneyness A. For comparison, we also plot the exact implied
volatility of the CEV model O'<Zl>(7', A) = ox(1,A) (dotted). Parameters: § = 0.2, v = —0.75, z = 0. For each leverage

ratio (8 = £2), as 7 increases, the solid and dotted lines diverge, while the dashed and solid lines remain close.
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0220

0220
0215
o210

N\ 0205F

B=+2 f=-2

Figure 3: Exact (solid — computed by Fourier inversion) and approximate (dashed) scaled implied volatility
O'(ZB )(T, A) under Heston model dynamics plotted as a function of log-moneyness A. For comparison, we also plot the
exact implied volatility of the Heston model O'(Zl)(T, A) = ox (7, A) (dotted). Parameters: k = 1.15, 6 = 0.04, 6 = 0.2,
p=—04,y=1logh. For § = 2, as T increases, the dotted lines start to deviate from the solid lines, but the dashed

and solids lines stay very close.
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Figure 4: Exact (solid — computed by Monte Carlo) and approximate (dashed) scaled implied volatility cr(ZB)(T7 A)
under SABR model dynamics plotted as a function of A\. For comparison, we also plot the exact implied volatility
of the SABR model J(Zl)(T, A) = ox(7,A) (dotted). Parameters: § = 0.5, vy = —0.5, p =00z =0, y = —1.5. As

expected, as T increases, the solid and dotted lines diverge, while the dashed and solid lines remain close.
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