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Abstract We consider a class of ultraparabolic differential equations that satisfy
the Hormander’s hypoellipticity condition and we prove that the weak solutions to
the equation with measurable coefficients are locally bounded functions. The method
extends the Moser’s iteration procedure and has previously been employed in the
case of operators verifying a further homogeneity assumption. Here we remove that
assumption by proving some potential estimates and some ad hoc Sobolev type
inequalities for solutions.
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1 Introduction

We consider a class of second order partial differential equations of Kolmogorov—
Fokker—Planck type with measurable coefficients in the form

mo N
Lu(x,t):= Z axi(aij(x, t)8xju(x, t)) + Z b,-jxiaxju(x, t) —oru(x,1)=0 (1)
i.j=1 i,j=1
where (x,t) = (x1,...,xn,t) = z denotes the point in RN+ and 1 < mo < N.
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In order to state our assumptions, we define the principal part of L as follows

K = Amo +7, (2)
where A, is the Laplace operator in the variables x1, ..., X, and Y is the first order
part of L:

N
Y = bijxidy; — . (3)
ij=1

Our assumptions are:

[H.1] the principal part K of L is hypoelliptic (i.e., every distributional solution of
Ku = 01is a C* function);

[H.2] the coefficients a;;, 1 < i, j < myg, are real valued, measurable functions of
z. Moreover a;; = aj;, 1 <1i, j < myg, and there exists a positive constant
such that

mo
pwER < D a @& < plEl
ij=1
for every z € RN+ and & € R™. The matrix B = (b;});, j=1,...,N is constant.

In the sequel, an equation of the form (1) satisfying [H.1]-[H.2] will be simply
called a KFP equation. A well-known criterion for the hypoellipticity of K is the
Hormander’s condition [16] which in our setting reads:

rank Lie (axl, U Y) ()=N+1, VzeRN*
where Lie (0y,, ...,8me, Y) denotes the Lie algebra generated by the first order
differential operators (vector fields) dy,, ..., meo, Y. Then [H.1] only depends on m
and on the first order part of L. We explicitly remark that uniformly parabolic operators
(for which my = N and B = 0) are KFP operators and the related principal part is
the usual heat operator in RV*!. On the other hand, there are also several examples of

degenerate KFP operators, i.e., with m strictly lesser than N, from diffusion theory
and mathematical finance.

Example 1 Consider the following kinetic equation

Of —(u,Vaf) =Q(f), t>0,xeR", veR" 4)
where n > 1 and Q(f) is the so-called “collision operator” which can take either a
linear or a non-linear form. The solution f corresponds at each time 7 to the density

of particles at the point x with velocity v. If

Qf) =divy Vo f +v /),
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then (4) becomes the prototype of the linear Fokker—Planck equation (see, for instance,
[8] and [32]) and it can be written in the form (1) by choosing my = n, N = 2n and

(5 I
o=(5 %)
where I, is the identity n x n matrix.
In the Boltzmann—Landau equation (see [6,20] and [21])

QN = D Ay (aij NHdw; f)

i,j=1
the coefficients a;; depend on the unknown function through some integral expression.

Example 2 Equations of the form (1) arise in mathematical finance as well. More
specifically, the following linear KFP equation

S205sV + f(S)ayV —V =0, S,1>0, MeR

with either f(S) = log S or f(S) = S, arises in the Black and Scholes theory when
considering the problem of the pricing of Asian options (see [3]). Moreover, in the
stochastic volatility model by Hobson and Rogers, the price of an European option is
given as a solution of the KFP equation

1
502(5 — M) 355V — dsV) + (S — M)dyV — 8,V =0,

for some positive continuous function o (see [15] and [9]). In the theory of bonds and
interest rates, KFP equations are considered in the study of the possible realization of
Heath—Jarrow—Morton [14] models in terms of a finite dimensional Markov diffusion
(see, for instance, [33] and [4]). We finally recall that non-linear KFP equations of the
form

Axu+hW)dyu — du = f(-,u), (x,y,1) e R" xR xR.

occur in the theory of stochastic utility theory (see [1,2], and [7]).

It is well known that the natural geometric setting for the study of KFP operators
is the analysis on Lie groups (see for instance [13,34]).

The theory has been widely developed in the simplest case of homogeneous Lie
groups. A systematic study of this class of operators, when the coefficents a;; are
constant, has been carried out by Kupcov [18], and by Lanconelli and Polidoro [19].
The existence of a fundamental solution has been proved by Weber [36], II’in [17],
Eidelman [12] and Polidoro [29,30] in the case of Holder continuous coefficients a;;.
Pointwise upper and lower bound for the fundamental solution, mean value formulas
and Harnack inequalities are given in [29,30]; Schauder type estimates have been
proved by Satyro [35], Lunardi [22], Manfredini [23].
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In the more general case of non-homogeneous groups, the existence of a funda-
mental solution has been proved in [19] for KFP operators with constant coefficients
and by Di Francesco and Pascucci in [10] for Holder continuous coefficients. We
also recall some mean value formulas proved by Morbidelli in [25] and Harnack type
inequalities in [25] and in [11].

Concerning the regularity of the weak solutions to (1), we recall the papers [5,24,
31], where the coefficients a;; satisfy a suitable vanishing mean oscillation condition.
In [28] we proved some pointwise estimate for the weak solutions to (1) by adapt-
ing a classical iterative method introduced by Moser [26,27] to the non-Euclidean
framework of the homogeneous Lie groups. The main goal in the papers by Moser
is a Harnack inequality. With the aim to adapt this theory to operators in the form
(1), a crucial step is the proof of a Poincaré type inequality which has not yet been
established.

The Moser’s method is based on a combination of a Caccioppoli type estimate
with the classical embedding Sobolev inequality. Due to the strong degeneracy of
the KFP operators, we encountered in [28] a new difficulty: the natural extension
of the Caccioppoli estimates gives an leOC bound only of the first order derivatives
Oxy U, - .., Ox,, u of the solution u of (1), but it does not give any information on the
other spatial directions. The main idea used in [28] is to prove a Sobolev type inequality
only for the solutions to (1), by using a representation formula for the solution u in
terms of the fundamental solution of the principal part K of L. More specifically, let
u be a solution to (1), then

mo
Ku=(K—Lu=) 0.F, ®)
i=1
where
mo
Fi:Z(Sij—aij)iju, i=1,...,m0.
j=1
Since the F;’s depend only on the first order derivatives oy U, j =1,...,mg, the

Caccioppoli inequality yields an ngcl -estimate of the right hand side of (5). Thus, by
using some potential estimate for the fundamental solution of K, we prove the needed
bound for the LlpOC norm of u.

The proof of the Caccioppoli type inequality plainly extends to non-homogeneous
groups, whereas the Sobolev inequalities used in [28] heavily rely on the homogeneity
of the fundamental solution. The main results of this paper are some L” potential
estimates for the convolution with the non-homogeneous fundamental solution I" of
K and with the derivatives oy, I, ..., 8)("10 I', that are given in Sect. 3, Theorem 2.
Section 2 contains some known facts about K and on the related Lie group. Section 4
is devoted to the Moser’s iterative procedure.

In order to state our main results we introduce some notations. We denote by
D = (0y,,...,0xy), (-, ), respectively, the gradient and the inner product in RNV,
Besides, D,,,, is the gradient with respect to the variables x1, ..., x;,,. We also write
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operator L in (1) and the vector field Y defined in (3) in a more compact form:
L=div(AD)+Y, Y = (x,BD)— 9, (6)

where A = (a;j)1<i j<n,aij =0if i > mg or j > my.

Definition 1 A weak solution of (1) in a subset £2 of RV *! is a function u such that
u, Do, Yu € L2 (£2) and

loc
/—(ADu, Do) 4+ ¢Yu =0, Vg e CC(R). (7
2

In the sequel we will also consider weak sub-solutions of (1), namely functions u
such that u, Dy, u, Yu € leoc(()) and

/—(ADM, D) +¢Yu >0, Vo e Ci®(£22), ¢ > 0. ®)
2

Moreover u is a weak super-solution of (1) if —u is a sub-solution. Clearly, if u is a
sub and super-solution of (1), then it is a solution.

As we shall see in Sect. 2, the natural geometry underlying operator L is determined
by a suitable homogeneous Lie group structure on R¥+! . Our main results below reflect
this non-Euclidean background. Let “o” denote the Lie product on RV ! defined in
(13), and consider the cylinder

Ri :{(x,t)eRNx]R | Ixl <1, t] <1}.
For every zg € RN+l and r > 0, we set
RGo)=2008 (R) = [z e RY | 2=2008@) ceRif. O

We also denote R, = R,(0). Our main result is the following

Theorem 1 Let u be a non-negative weak solution of (1) in §2. Let 7o € 2 and r, o,
0 < % < o <r <1, be such that R-(z9) C S2. Then there exists a positive constant
¢ which depends on |1 and on the homogeneous dimension Q (cf. (21)) such that, for
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every p > 0, it holds

re < / , (10)
sup u? < ——— u?.
Ry (20) (r—g)@+?
R, (z0)

Estimate (10) also holds for every p < 0 such that u? € LY(R,(20)).

Remark 1 Sub and super-solutions also verify estimate (10) for suitable values of p
(see Corollary 2). More precisely, (10) holds for

i) p = lorp < 0,if u is a non-negative weak sub-solution of (1) such that
u? € L' (R (20));

(i) p €]0, %[, if u is a non-negative weak super-solution of (1). In this case, the
constant ¢ in (10) also depends on p.

A direct consequence of Theorem 1 is the local boundedness of weak solutions
to (1).

Corollary 1 Let u be a weak solution of (1) in §2. Let zg, o, r as in Theorem 1. Then,
we have

1

P

C
sup [u| < | ——5—> / ul” | . VYp=1, (11
R, (z0) (r—0)9*2

R, (z0)

where ¢ = ¢(Q, ).

The following result restores the analogy with the classical result by Moser. Denote
R (x0,20) = Ry(x0,10) N{t < to}, then

Proposition 1 Let u be a non-negative weak solution of (1) in S2. Let 7o € §2 and

r,0,0 <5 <0 <r =<1, besuchthat R, (z0) C §2. Suppose that u? e Ll(Rr_(Z())),
for some p < 0. Then there exists a positive constant ¢ which depends on p and on
the homogeneous dimension Q such that

c
sup u? < ——— / u?.
Ry (z0) (r— e+
R, (z0)

2 Preliminaries
In this section we recall some known facts about the principal part K of L, and we
give some preliminary results. We first recall that K is invariant with respect to a Lie

product in R¥+1. More specifically, we let

E(s) = exp(—sBT), seR, (12)
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and we denote by ¢, ¢ € RN*1 the left translation L¢(z) = ¢ oz in the group law
(Do =E+E@x1+1), (0, 1) R, (13)
then we have
Kol =4;0K.

We recall that, by Proposition 2.1 of [19], hypothesis [H.1] is equivalent to assume
that for some basis on RY, the matrix B has the canonical form

* By 0 --- 0
* x By --- 0
. . . . (14)
* % *x -+ B
where By is a mj_1 X my matrix of rank my, k = 1,2, ..., r with

,
mo>mp>...my >1, and kazN,
k=0

and the blocks denoted by “x” are arbitrary.
We denote by I'(-, ¢) the fundamental solution of K in (2) with pole at { € RN+,
An explicit expression of I"(-, ¢) has been constructed in [16] and [18]:

Fz¢)=r¢'oz0), Vz,t eRVT z£¢,

where

N
I (e 1), (0,0 = | vaare &P (Z3€7 0x.x) —re(®) i1 >0,

0 ift <0,

5)

and

t

C(t) = / E(s) (”80 8) ET (s)ds
0

(E(-) is the matrix defined in (12) and I,,,, is the mq x mg identity matrix). Note that
hypothesis [H.1] implies that C(¢) is strictly positive for every positive ¢ (see [19,
Proposition A.1]). If we denote by K* the formal adjoint of K : K* = A, + Y,
and by I'* its fundamental solution, then

I'(z,¢) =T, z), foreveryz, ¢ e RVTl: z£¢. (16)
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Let us explicitly note that, since Y* = —Y — tr B, we have
/ I*(x,1,6,00de = "B, forevery (x,1) € RN x RT.
RN

Let Ko = Ap, + Yo be an operator satisfying condition [H.1], where Yy =
(x, BoD) — 9, and

0 By O 0
0 0 B 0
By = : (17)
0 0 O B,
0 0 O 0
Then K is invariant with respect to the dilations defined as
8, = diagW g, A2 Ly, .., AL, A% = diag(Dy, A%), A >0, (18)

where [,,,, denotes the my x m identity matrix. More specifically (see [19, Proposition
2.2]) we have that

Ko o8, = A> (8, 0 Kg), forevery A > 0. (19)
In (19) “o” denotes the composition law related to K. The converse implication is also
true: K is invariant with respect to the dilations (8, );,~¢ if, and only if, the *-blocks
of B in (14) are zero matrices. In that case the corresponding matrices £ and C; !
satisfy

Eo(3%s) = D Eo(s)Dy, Cy' (721 = DiCy (1)D;, (20)

for any s5,¢ € R and A > 0. The fundamental solution Iy of Ky is a homogeneous
function with respect to (5, )0, namely

T(8,(2),0) = A~ %Ty(z,0), forevery z € RVFI\ {0}, A > 0,
where
O=my+3m+---4+ Qr+ m,. 21
We denote by || - || the following norm:
1

N @r+0!

_ a; @r+1)!
lzll = { D x7 +1el 2

j=1
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where aj = 2r + 1)! if 1 < j <mg and

k=1 k
2 1!
aj:w, if 1+Zmi5]’52m,~, l<k<r
=0 (=0

2k +1
Note that || - || is §,-homogeneous of degree 1, i.e.,
I8xz]l = Allzl| for every A > 0. (22)
We will denote by
BG.o)={zeR" 1 oz <o} 23)

the ball with center at ¢ € R¥*! and radius o > 0. As we will see in Sect. 3 [formula
(47)] we have

meas B(¢, 0) = QQ+2 meas (0, 1),

(“meas” denotes the Lebesgue measure) then the natural number Q + 2 will be called
the homogeneous dimension of RN+ with respect to (83);.-0.

It is known that homogeneous operators provide a good approximation of the non-
homogeneous ones. In order to be more specific, consider any operator K = A, +
(x, BD) — 0, satisfying condition [H.1]. Define Ko = A, + (x, BoD) — 9;, where
By is the matrix in (17), and denote by I its fundamental solution of K. Then, for
every b > 0, there exists a positive constant a such that

ifo(z)ff(z) <alp(2)

forevery z € RN+ such that Ih(z) > b (see [19, Theorem 3.1]). The above result says
that, in some sense, Iy shares some homogeneity properties with I”, so that we can
use the norm || - || also when K is not invariant with respect to (6, )x>0. We explicitly
note that the dilations (§);-¢ only depend on the matrix By.

For every A €]0, 1] we set

K =2 (5Aol<oa%). (24)

In order to explicitly write K, and its fundamental solution, we note that, if

Bo,o B 0 e 0

Bio Bi1 B, - 0

B = : : : ) :
B—10 Br-11 Br-12 -+ B
Br,O Br,l Br,2 e Br,r
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9

where B; ; are the m; x m; blocks denoted by “x” in (14), then K; = Ay, + Y,
where

Y, := (x, B;D) — & (25)
and By, := A’D;3BDy, ie.,
x

)»230,0 By 0 cee 0

)»431,0 )\231’1 B> cen 0
B, = . . (26)

)\err—l,O )\2r72Br_1’1 k2r74Br—1,2 T By

)‘42r+23r’0 AZr Br,l )\2}‘72 Br,2 L. )\2 Br,r

The fundamental solution I, of K is given by

_N
(4n) 2 exp(—‘l‘(Ck_l(t)x,x)—ttr(B,\)) ifr >0,

Iy ((x, 1), (0,0) = { V&t (27)
0 ifr <0,
with
t
E;(s) = exp(—sBl), Ci(1) =/E;L(s) (180 8) El(s)ds. (28)
0

Since the translation group related to K, depends on A, it will be denoted by “o;”:
0o &) =E+E@x+1), (&0, EDeR™ . (29

We remark explicitly that o, defines a 1-parameter family of Lie groups structures, in
which A = 0 corresponds to a homogeneous Lie group structure.
We recall that, for every given T > 0, there exists a positive constant c7 such that

(Co()x, x) (1 — crA?t) < (Ca(t)x, x) < (Co()x, x) (1 + crA’t),

(e @y} = eri?n = (¢ o) < e o) a et

for every x, y € RV, 1 €]0, T]and A € [0, 1] (see [19, Formula (3.23) and (3.24)]).
In the sequel we will also use the following result

Lemmal Let T > 0 and cy as above. Then:

i) there exists a positive constant ' such that

< cprtt

HDﬁ (C;l(t) _ C(;l(t)) D

foreveryt €]0, T] and A € [0, 1];
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ii) there exist two positive constants c'y., ¢y such that

21— erat) < detCi(r) < 12 (1 4 cri’e),
N 1
for every (x,t) € R x]0, T] and ) € [0, 1] such thatt < o

Proof 1) SinceC, ! (t) and Cy ! (t) are symmetric, we have

[y (605" ) Dl = swp (e = &' ) D v, D)

[yl=1

< chzt sup <C0_1(t)Dﬁy, Dﬁy> = chzt sup <C0_1(1)y, y>,
[yI=1 ly|=1

by the second set of inequalities in (30) and the second identity in (20). This

proves the claim.
ii) Let u be the k-th eigenvalue of D 1 C,(t)D ., and let v; be one of the cor-
Vi Vi

responding eigenvector; it is not restrictive to assume that |vg| = 1. Then (30)
yields

<Co(l)Dlvk, D vk>(1 —erAlt) < g < <Co(t)Dlvk, D vk>(1 +era?n)
NG NG NG NG
so that, by (20),

(Co(Dyvg, ve) (1 — era?t) < px < (Co(Dv, ve) (1 + crA?e).

Since det (D 1C(H)D 1 ) is the product of its eigenvalues, from the above
Vi Vi
inequality it follows that

h(1—cera®nN < det (D}Ck(t)le) <A +err*n,

for suitable positive constants ¢7., ¢/, provided that ¢ is suitable small. Thus, (ii)

follows from the fact that det D Vi= t% |

3 Potential estimates

In this section we prove some L7 estimates of the I -potential of a function f €
LP(RN+1):

L)) = / L Of©de, 2 e RVHL 31)

RN+1
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We will also consider the potential I} (D, f), i.e.,

I (Do /(@) = — / DS (. 0) F()de (32)
RN+1
where Dy, I} (x, t, €, T) is the gradient with respect to x1, . . ., X;,, and the superscript

in D,(,fo) indicates that we are differentiating w.r.t. the variable ¢.
The main result of this section is the following L” estimate in the domain S =
RV x]0, T].

Theorem 2 Let f € L%(S7). There exists a positive constant ¢ = ¢(T, B) such that

I (O 2z sy < el fllzsy)s (33)
115 (Do Ol 257y < €l fllp2(sy (34)

for every A €]0, 1], wherek = 1 + %2 andk =1+ %

We first prove an uniform (in A) pointwise bound for I and D,Sfo) I;.

Proposition 2 For every T > 0 there exists a positive constant Ct such that:

I < Cr 35
2z, ¢) < mv (35)
X [ — (36)

£~ oy z[ 2+
forevery z, ¢ € St and A €]0, 1].

Proof Letz = (x,1),¢ = (£, 1) € Srand A €]0, 1]. Denote w = (y, s) = g_lokz =
(x — E,(t —1)€,t — 7). Then, in order to prove (35), it is sufficient to show that

||w||QFA(w) < Cr, foreveryw € Sy and A €]0, 1]. 37

By (27) and Lemma 1 we get

N 1 _
Um: (0 @y erd’s) =i su(B)
Jers @ —erazs)

for s < Z-. On the other hand, (20) yields

Ly, s) <

2

min (Cy ' (1)n, 1),
[nl=1

€ )y, y) = <Col(1)D\}Ey, D}Ey> >

D
ﬁy
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and (22) gives

Mynnzu(oﬁokyJ)szg

(Dly, 1)
NG

< Eﬁ(‘Dly‘ + 1) , (38)
A
for a constant ¢ only dependent on the norm. Hence,

0 2
D +1 expl —c 39
Jl}y‘ ) p( 0 ) (39

for every (y, s) € St such that s < ﬁ, where the constants Cp, co only depend on

T and on the matrix B. This proves the claim (37) for s < %

If ﬁ > T the proof is accomplished, otherwise we have to show that (37) holds

H@JN@TM%S)SCO(

D
%y

in the set RV x [ﬁ, T1]. To that aim, we observe that det C, (s) is a positive function
which continuously depend on (s, A) in the compact set [ﬁ, T] x [0, 1]. The same
assertion holds for the positive matrix D ﬁC; ! (s)D Nt Then

)

I(y,s) < C eXp(—%1 'D}y

where

(4) =5  TI(B)]

C= , ;
min det C; (s)
[z T1x[0.1]
c] = min min <DﬁC;1(s)Dﬁn, n>.

[ﬁ,T}x[O,l] Inl=1

Then, by using again (38), we get

s

Qo
QN c
I6:19T000) = 1542 (D] +1) mm(_wa'y

for every (v, s) € RN x [%, T1]. This proves that

0 2
Dly’ + 1) exp (—cz ) (40)
VA

for every (y, s) € St, where the constants C3, ¢> only depend on 7 and on the matrix
B. Since the right hand side of (40) is a bounded function, we get the claim (37).

nmenmnsQ(

D1y
NG
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In order to simplify the proof of (36), we first observe that (16) implies
DY)z, &) = D I5(Z, 2),

so that it is sufficient to consider 8;/, Ff &, r,x,t)forj=1,...,mo.
As before, we let (17, 0) =z ! 0y ¢ = (§ — E;(t — t)x, T — 1) and we note that

1 _ .
anij(n,o)z—EFf(n,o) (C)L](—U)n)j forj=1,...,mo. 41)
We next claim that

‘(CA o) | < 2

J=o

=

Dln‘ forj=1,...,mop, 42)
J NES

for every (n,0) € RN x [T, O[, where the constant C3 only depends on 7 and on
the matrix B, so that, by (38), we obtain

2
Il(n,a)ll-'(ckl(—o)n) 55C3(’D}n‘+1) . 43)

J

On the other hand, the same argument used in the proof of (40) gives the following

estimate
0 2
+ 1) exp (—C2 )

for every (1, o) € RN x [—T, 0, and (36) follows from (43) and (41).
We next prove (42):

D 17

(7, 2T (1, 0) < Ca ('Dln
N=

"

‘(C;l(—c)n)j = (e o) = 5" =) n)j‘ + ‘(Co_l(—a)n)j
- \/1__0 (Dﬁ (C;l(—o') _CJI(—G)) DﬁDlan)j
T (Dﬁco—‘(—o)pﬁbln)
—o =)
< 1_0 HDH (c;‘(—o)—c(;‘(—a)) D, -’Dﬁn‘
+¢1_—o Co'(HD_Ln].

@ Springer



Pointwise estimates for a class of non-homogeneous Kolmogorov equations

by (20). From Lemma 1—(i) it follows that

1
¢ (o ) < (C’AZ—U —i—C)D :
‘(*()nj—\/__gT() 4)|PoLn
where C4 depends on C; 1(1). This proves (42). O

In view of Proposition 2 we define, for A € [0, 1], @ €]0, Q +2[and p > 1

f(©)

N+1
md{, VS R . (44)

19 f(z) = (meas B, (0, 1)) 272 /

StN{r<t}

where f € LP(ST). We next prove a result which is analogous to the classical potential
estimates on homogeneous Lie groups (cf., for instance, [13]).

Proposition 3 Let o €]0, Q +2[, A € [0, 1] and T > 0. Consider f € LP(St) for
some p €]l,+ool. Then the function 1} f is defined almost everywhere and there
exists a constant ¢ = ¢(T, B, p, «) such that

15 fllLacsyy < e I flliLeesr)s (45)
where q is defined by

l_1+ o |
g p 0O0+2

The proof is analogous to that in the framework of homogeneous Lie groups: the
main difference occurs in the change of variable of integration, where some extra terms
appear.

Remark 2 Let T € RT, 1 € [0, 1]. For any f € L'(S7) we have

/ f& oy yde = / eMUB f(y, s)dyds, ¥z=(x.1)€ Sr;

RN x]0,1[ RN x10,1[ 46)
/ f(§_1 o) Z)dZ = / f(y7 S)dydsv v § = (57 'L') € ST-
RN x1z,T[ RN x10,T—7]

Indeed, it suffices to perform the change of variable @ (y, s) = (E,(—s)(x —y),t —s)

in the first integral and note that detE; (—s) = SV uB , by (26) and (28). On the other
hand, in the second integral we use the change of variable ¥ (y, s) = (y+E; (s)&, t+s),
and note that detJy (w) = 1.

In particular, the second identity in (46) yields that for every ball
Bit.0)={c e RV 1 e onzll < o]
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it holds
meas B, (¢, 0) = QQ+2 meas B, (0, 1). a7

We next prove a Young type inequality for the inhomogeneous Lie group related
to K. Note that the Lie group corresponding to A = 0 is homogeneous and Lemma 2
restores the standard Young inequality.

Lemma 2 Let p,q,r € [1, 0] be three constant such that % + ql =1+ % and let
A €[0,1]). Let f € LP(St) and g € L1(ST), then the function f *) g defined as
Fus = [ faong

StN{r<t}

belongs to L" (St) and

)\ZT(l—ql)nr(B)\

If 5 gllpr(sy) <e W lecsp) 181 La(syy -

Proof We argue as in the proof of the classical Young’s inequality, and use Remark 2.
For any o, 8 € [0, 1] and p1, p2 > O such that % + % + } = 1 we have

Fasls [ e an|leolde

SrN{r <t}

(I—a)r
= I B G ™

SrN{r <t}

[ |reton["as

StN{t<t}

/ 8PP dt

StN{t<t}

by the Holder inequality. We then change variable in the last but one integral: by
Remark 2 we have

[ e oo as e [ an

SrN{r <t} RN x]0,¢[
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Thus, by integrating in the set S, we get

T22|uB| w P
1f % 8l <€ 70 1F I s 1805 amm s,

(1—a)r
Jrs@@r [ [ et on] e | ae
St

SrN{t>t}
We change again the variable in the last integral: in this case Remark 2 gives

TAzltr

I1f 0 glersyy <e Pt I Ter(sp ”f”L<1 —r (S)

||g||Lﬂp2(S ) ”g”L“ Br(Sp) (43)

From this point we conclude the proof as in the classical case: for any given p, g, r €

[1, 00] such that L + - =1 + + we choose « = 1 — 2,8 = 1 — £ (note that
o, B €[0,1)), then p1 = a,pg ﬁ (sothat ap; = (1 — a)r and Bp> = (1 — B)r).
The proof of the Proposition then follows from (48). O

Proof of Proposition 3 As in the proof of Lemma 2, we follow a classical argument
and use Remark 2 when it is needed.

We first introduce some standard notation. Consider a measurable function f :
2 — R where £2 denotes a measurable subset of RV*!, and let 8 rla) = rneas{z €
2:1f@)| > a} denote its distribution function. We say that f belongs to the space

L% (82) (for p > 1) if there exists a positive constant C such that B/ (a) < (%)p, for
every positive a. In that case

11l e () = inf {C >0:Bra) < (%)p},
is the weak-L” norm of f. We also recall that

o]

I fllry =[P / a’'Brayda | . (49)

0

In order to prove (45), we show that, for every p, g €]1, oo[ satisfying é +1=
% + ﬁ, we have

12 Fllas) < CILFlLocso)s (50)

for a positive constant C depending on T, &, p and on the matrix B. The thesis follows
from the Marcinkiewicz interpolation theorem.
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In order to simplify the proof of (50), we assume || f||r(s;) = 1, since it is not
restrictive. Moreover we write Eq. (44) as

9 f() = / ga(c ™ 03 D F()dE 51)
SrN{r<t}
where

(meas By (0, 1))_ﬁ
lw|*

8a(w) =

0+2
Note that, by (47), g, has norm equal to one in the space L* (RN+1y,
For any a > 0, we set

N 1 gz

—1.2
PR (Q + ) o= 52Tl Bl ’ (52)

2 qo

we define

" ga(w), if go(w) > b, _ N

8y (W) = . 8o (W) = go(w) — g, (W),

0, otherwise,

and

Ja f2) = / g (¢ ox 2) f(0)dE,

SrN{t<t}

I = / g5 (€ or £ ().

SrN{r<t}
To prove (50), we recall (51) and note that
Bro (@) < By 1(@/2) + B, (af2). (53)
We first consider the term g - Iz By the Holder inequality we get

p—1
P

_pr_

_ _ _ —1
IS FQ)] < / @ o de | 1 f e
SrN{t<t}
p—1
N
2 —1 P
< o T2 B |g(;(y, s)|p71 dyds i

StN{r<t}
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by Remark 2, since we assume || f||.»(s;) = 1. By using (49) and (52) we find

p—1
p

e v
|g;(y,s)|/’—1 dyds < &, MTE Bl

YRS

StN{r <t}
so that |J, f(z)| < § for every z € Sr. Thus
ﬂ]m_f(a/z) =0. (54)

We next consider the term 8+ .. By Lemma 2 we have

W2T(1=1)we(B)]
15 fllzresy) < e (=7) lga |l sy 1l r s
_ eMT(l—]i])ltr(B)\ o Py
- 0+2—«

s

since || fll Lr(s;) = 1 and

o _0+2
les s = gra=a? ©

by (49). Thus, being (11} £ 1l 0¢s,) < I FlLrsr). we get

P
By paj2) <a”” AT (=Dlu(B)] (Q_f;‘ ) pr(1-%2) _ Ca?,
¢ —o

where the C is a positive constant that depends on T, «, p and on the matrix B (recall
our choice (52) of b). Then the above inequality and (54) give

Brep(a) < Ca™?,
for any @ > 0. This proves (50) and concludes the proof. O

Proof of Theorem 2 By Proposition 2 we get

I0.(H @) < Cril|f ),
|5.(Dy /@] < Cr 121 £ ()1,

for every z € St. Estimates (33) and (34) then follow from Proposition 3. O

As in the homogeneous case (see [28, Lemma 2.5]) we can use the fundamental
solution I" as a test function in the definition of sub and super-solution.
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Lemma 3 Let v be a weak sub-solution of div(ADv) + Y,v = 0 in §2. For every
p€E Cgo(.Q), ¢ > 0, and for almost every z € RVt e have

/—(ADU, D (I.(z, )@)) + Iz, )eYrv = 0.
2

An analogous result holds for weak super-solutions.

Proof For every ¢ > 0, we set

-1
Xe(z,0) = X (”;8—02’”) z,¢ e RVNHL

where x € C([0, 4+o0[, [0, 1]) is such that x(s) =0fors € [0,1], x(s) = 1 for
s>2and0 < x' <2.By (8),foreverys > 0and z € RN+ we have

0= / C(ADv, D (F3(2, )%z @) + T3z, e 2 I Yo
2
1)+ 1 (D) — I3e(2),

where

Ie(2) = / (ADv, D (I’ (2, ) xe 2 ),

2

L e (2) =/Fx(z, )xe(z, ) (—=(ADv, Do) + ¢Y,v),
2

Le(z) = /(ADv, Dxe(z, ) (2, ).
2

Consider the first integral. Since g x.(z, ) ADv — ¢ ADv in L2(ST), ase — 0, (34)
of Theorem 2 gives

I16(2) — /(ADU, D (I (z, )¢,
2

as ¢ — 0, for almost every z € St. The same argument applies to the second and
third integrals, by (33) and, since 13 .(z) — 0 as ¢ — 0, we conclude the proof. O

We next state, without proof, the following

Lemma4 Ler f € C?> N Lip(R) be a monotone non-decreasing function. If f is
convex (resp. concave) and u is a weak sub-solution (resp. super-solution) of (1),
then v = f(u) is a weak sub-solution (resp. super-solution) of (1).
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4 The Moser method

In this section we prove Theorem 1. We first recall that, in the case of homogeneous Lie
groups, it is not restrictive to consider the unit cylinder R; since the transformations
of the form

C—>2008,(C), r>0, z0 e RNTL (55)

preserve the class of differential equations considered. In our setting, we rely on the
following result.

Lemma 5 The function u is a weak solution of (1) in the cylinder R, (zo) if and only
if v defined by

v(¢) = u(zo08-(%)), ¢ € Ry,
is a solution to the equation
L,v =div(ADv) + Y,v =0, inRy, (56)

where Z(g ) = A(zo o 8,(2)) satisfies hypothesis [H.2] with the same constant |4 as
A, and Y, is defined in (25).

Proof Since Y, 0§, = r28, 0Y and Y is £,-invariant, we have that
Y 06,04y = r28r ol oY,

or, more explicitly,
Y0() = ¥ u(zo 08,60 = r* (YO 0 £)) (6:©)) = 12 (Yu) (20 0 8,0,

where the superscript in Y,(O indicates that we are differentiating w.r.t. the variable ¢.
On the other hand, recalling (13) and (18), we clearly have

Dyyv() = D) u(z0 0 8:(£)) = r(Dmgt) (20 0 8- (£)).

Thus we deduce er(f) = r2(Lu)(zo o 8, (¢)) and the thesis follows. O

Lemma 6 There exists a constant ¢ €]0, 1] such that
zZor Rz1—0) € Ry, (57)

foreveryr €[0,1],0 €]0, 1[ and z € R,,.
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Proof Let o €]0, 1[. By the expression (18) of the dilations (§; ), we see that
Ry, C{(x.) e RVM | x| <, |t] < 0%}

Then the thesis is a consequence of the following inclusion: there exists a positive
constant ¢ such that

zop Re C{(E,7) | Ix —&| <ce, |t —1| < (ce)?), (58)

for every z € Ry, 0, € €]0, 1[. Indeed, if we choose & < 1%@, we get

zo, R: CR|, Vze€R,,

and this shows (57) with ¢ = ¢ 1.
We are left with the proof of (58). If ¢ = (¢, 1) € z o, R, then

{=z0, 7=+ E.(D)x,1+1)
for some Z € R,. Hence |t — t| = || < €2, and

§ — x| =%+ (E,(D) — E,(0) x| < [%] + 7] AT IE ()] < ce,

where c = 1 + III}B.‘X IE.(s)Il. O

As a consequence of the above lemmas, we only consider the unit cylinder in
the proof of Theorem 1 and prove the claim for the operators of the form L,. We

point out that, since its principal part is K, we use the group law “o,””. Theorem 1 is a
consequence of the following uniform (in r) Caccioppoli and Sobolev type inequalities.

Theorem 3 (Caccioppoli type inequalities) Let u be a non negative weak solution
of (56) for a givenr € [0,1]. Let p e R, p # 0, p ;é and let o, 0 be such that
5 L<o<o<lIfure L2(RQ) then Dy, u? € L? (Ro) and there exists a constant c,
only dependent on the homogeneous dimension Q, such that

e/ (e + &) 2p — 1]
||Dm0u1’||L2(RQ) <— ||u”||Lz(Ré), where ¢ = ——.  (59)
e(@—0) 4p

Theorem 4 (Sobolev type inequalities) Let v be a non-negative weak solution of (56),

fora givenr € [0, 1]. Then v € L%(;;(Rl), k=14 é, and there exists a constant c,

only dependent on Q and p, such that
¢
vl L2 ry) = o (”v“LZ(RQ) + 1 Dmgvll 2, )) (60)
for every o, 0 with % <o<o=<1l
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The proof of above estimates can be straightforwardly accomplished proceeding
as in Theorems 3.1 and 3.3 in [28], by using the potential estimates of the previous
section, and therefore is omitted. We are now in position to prove Theorem 1.

Proof of Theorem 1 Let u be a positive solution to Lu = 0 in R.(z0). By Lemma 5,
the function v(¢) = u(zg 0 6,(¢)), is a solution to (56) in Ry. We first prove that there
exists a positive constant ¢ such that

C
(P — e 61
R < g [ (D

R

then, by the change of variable (55), we obtain (10), since

1 1
[urcoosionds = o [wreoowde = [ wrenz
R Ry Ry (z0)
by Remark 2.

In order to prove (61) it is sufficient to set 6 = c(1 — o/r), where c is the constant
in Lemma 6, and to prove that

cc9t2
: % zorRp

forevery z € Ry/r.
By Lemma 5, the function w(¢) = v(z o, 8g(¢)) is a solution of

Low = div(ADw) + Yyow =0, in Ry,

where A(¢) = g(z oy 8g(¢)) satisfies hypothesis [H.2] with the same constant u as
A. Hence, by a change of variables analogous to that in (62), in order to prove (63),
it is sufficient to show that there exists a positive constant ¢y, only depending on the
constant u in hypothesis [H.2] and on the matrix B, such that

supu? < ¢y /u” (64)

R
2 R

for every positive solution u of L, u = 0: in particular, we emphasize that ¢; does not

depend on o = r6 € [0, 1].

We next prove (64). We first consider the case p > 0 which is technically more com-
plicated. Combining Theorems 3 and 4, we obtain the following estimate: if ¢, § >0
verify the condition |g — 1/2| > §, then there exists a positive constant cs =c (3, Q, ),
such that

cs
w2 g,y < m”uqﬂm(m’ (65)
for every o, r, % <o<r<l,ando €0, 1], where k =1+ %
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Fixed a suitable § > 0 as we shall specify later and p > 0, we iterate inequality
(65) by choosing

1 1 k"

We set v = ug.lfp > ( is such that

|pk" — 1] > 28, Vn € NU{0}, (66)
by (65), we obtain
n Cs n
[0 Il 2 <— |V l;2(.y» YneNU{0}. (67)
L Ropyr) (on — Qn+])2 L5 (Rn)

Since

n

n n K"
1"l = (ol st ) and 0" = (ol 2er)”
we can rewrite (67) in the form

1
Il o "l
v +1 <\———— V|7 2%n .
L2" (RQn+1) (Qn — Qn+l)2 L=« (Rgn)

Iterating this inequality, we obtain
1

n =
Cs '
RTINS (—) 1ol 2y

o \(@j —ej+1)?
and letting n go to infinity, we get

sup v = c ||v||L2(R1)a

R
2

where

2

(o]
I

1
(o 2)
Fo\ej—ej4?/)

J

is a finite constant, dependent on §. Thus, we have proved (64) with ¢c; = &2, for every
p > 0 which verifies condition (66).
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We now make a suitable choice of § > 0, only dependent on the homogeneous
dimension Q, in order to show that (64) holds for every positive p. We remark that, if
p is a number of the form

Km

Kk+1
then (66) is satisfied with § = (2Q + 2)~!, for every m € Z. Therefore (64) holds

for such a choice of p, with ¢; only dependent on Q, . On the other hand, if p is an
arbitrary positive number, we consider m € Z such that

Pm = m € 7,

Km

Pm = <P < Pm+1- (68)

Hence, by (64), we have

e
supu < cl/u”’” <c" /u”
R

2

so that, by (68), we obtain

a
supu? <c/™ /u” §c’f/u”.
R

Ry

2 R

Ef
S =

This concludes the proof of (64) for p > 0.

We next consider p < 0. In this case, assuming that u > u( for some positive
constant ug, estimate (10) can be proved as in the case p > 0 or even more easily
since condition (65) is satisfied for every p < 0. On the other hand, if « is a non-
negative solution, it suffices to apply (10) to u + %, n € N, and to let n go to infinity,
by the monotone convergence theorem. O

Proceeding as in the proof of Theorem 1, we obtain the following result

Corollary 2 Let u be a non-negative weak sub-solution of (1) in §2. Let zo € §2 and
r, 0, % <o <r <1, such that R, (z9) C §2. Then we have

1
P

Cc
sup u< | —5 / A7 R (69)
Ro(z0) (r —)2+?
Ry (z0)
1
P
inf u > ¢ / P Vp <0 (70)
it u —— u , <V,
Rozo) | (r —0)2+2 P
Ry (z0)

with ¢ = ¢(Q, ). Estimate (70) is meaningful only when u? € L' (R, (z0)).
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Remark 3 Estimates (69) and (70) are a key point in the Moser’s proof of the Harnack
inequality. As stated in the introduction, we aim to adapt the Moser’s method by
proving a suitable Poincaré estimate in a future study.

We close this section by proving the local boundedness of weak solutions to (1).

Proof of Corollary 1 We consider a sequence (g,),eN in C® (R, [0, +00[) with the
following properties:

gn(s) { max(0,s), seR, asn — oo,

and, for every n € N, g, is a monotone increasing, convex function which is linear
out of a fixed compact set. By Lemma 4, (g,(«)) and (g,(—u)) are sequences of

non-negative sub-solutions of L, which converge to ut = max(0,u) and u~ =
max (0, —u), respectively. Thus, the thesis follows applying (69) of Corollary 2 to
gn(u), gn(—u) and passing at limit as n goes to infinity. O

Proof of Proposition 1 As in [28], we follow the lines of the proof of Theorem 1, by
using the following two estimates:

e/ + ) 2p — 1]
1Dt 2ryy = ==y 1 oy, where & = ===, (7D
and
C
P ey < 7= (147l 2k + 1 Dot 27 ) - (72)

for every negative p and for any g, r with % <o<r=<l

The Sobolev type inequality (72) can be proved exactly as Theorem 4, since the
fundamental solution I"(x, ¢, &, T) vanishes in the set {t > ¢}.

In order to prove the Caccioppoli type inequality (71) we we follow the method
used in the proof of Theorem 3, by using ¢ = u??~ 12 as a test function, where x,, (1)
is defined as

1, if s <0,
xn(s)=131—ns, if0<s<l1/n,
0, if s >1/n,

for every n € N. Then, by letting n — oo, we find

1\ vy
/ (1 - Z) Y (ADv, Dv) + Y/ (ADv, DY) + —— Yy <0.

Ry
After that, we follow the same line used in the proof of Theorem 3 and we obtain (71).

We refer to [28] for a more detailed proof of the analogous result in homogeneous Lie
groups. O
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