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Abstract

We consider an asset whose risk-neutral dynamics are described by a general local-stochastic volatility
model. In this setting, we derive a family of asymptotic expansions for the transition density of the
underlying as well as for European-style option prices and for implied volatilities. Our expansions are
numerically efficient. Approximate transition densities and implied volatilities are explicit; they do not
require any special functions nor do they require numerical integration. Approximate option prices
require only a Normal CDF (as is the case of the Black-Scholes setting). Additionally, we establish
rigorous error bounds for our transition density expansion. To illustrate the accuracy and versatility of
our implied volatility expansion, we implement this expansion under five different model dynamics: CEV
local volatility, quadratic local volatility, Heston stochastic volatility, 3/2 stochastic volatility, and SABR
local-stochastic volatility. Our implied volatility expansion is found to perform favorably compared to

other well-known expansions for these models.

Keywords: implied volatility, local-stochastic volatility, CEV, Heston, SABR.

1 Introduction

Neither local volatility (LV) nor stochastic volatility (SV) models are able to fit empirically observed implied
volatility levels over the full range of strikes an maturities. This has led to the development of local-
stochastic volatility (LSV) models, which combine the features of LV and SV models by describing the
instantaneous volatility of an underlying S by a function f(S¢, Z;) where Z is some auxiliary, possibly
multidimensional, stochastic process (see, for instance, [Lipton (2002),|Alexander and Nogueira (2004), [Ewald
(2005), Henry-Labordere (2009) and |Clark (2010)). Compared to their LV and SV counterparts, LSV models
produce implied volatility surfaces that more closely match those observed in the market. However, LSV
models rarely allow for exact formulas for option prices. Thus, LSV models present two challenges. First,
given an LSV model, can one find accurate closed-form approximations for option prices? Second, given

approximate option prices, can one find accurate closed-form approximations for implied volatilities?
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In the area of pricing, there have been a number or recent developments. An exhaustive review of LSV
pricing approximations would be prohibitive. However, we mention the following: ) adds multi-
scale stochastic volatility to general scalar diffusions, and thus obtains analytically tractable eigenfunction

approximations for options prices. |P@gl]_aLa.111_a.n_d_Rasg]_c&l (|2D_13l) add general local volatility to the Heston

model and obtain a Fourier-like representation for approximate option prices.

Typically, unobservable LSV (or SV or LV) model parameters are obtained by calibrating these models
to implied volatilities that are observed on the market. To do this, one must find model-induced implied
volatilities over a range of strikes and maturities. Computing model-induced implied volatilities from option
prices by inverting the Black-Scholes formula numerically is a computationally intensive task, and therefore,
not suitable for the purposes of calibration. For this reason closed-form approximations for model-induced
implied volatilities are needed. A number of different approach have been taken for computing approximate
implied volatilities in LV, SV and LSV models. We review some of these approaches below.

Concerning LV models, perhaps the earliest and most well-known implied volatility result is due to

H 1999), who use singular perturbation methods to obtain an implied volatility ex-
pansion for general LV models. For certain models (e.g., CEV) they obtain closed-form approximations.

More recently, (IE) uses regular perturbation methods to obtain an implied volatility expansion

when a LV model can be written as a regular perturbation around Black-Scholes. i i )
extend and refine the results of Lori; M) to find closed-form approximations of implied volatility for local

Lévy-type models with jumps. heral, Hsu, Lauren ng, an ng (2012) examines the small-time

asymptotics of implied volatility for LV models using heat kernel methods.

There is no shortage of 1mplied volatility results for SV models either. |E(nLq1]_e_,_Lng,_and_&m_a1| (lZQ]_é

(see alsolf

)) derive an asymptotic expansion for general multi-

scale stochastic volatility models using combined singular and regular perturbation theory. [For n i
) use the Freidlin-Wentzell theory of large deviations for SDEs to obtain the small-time behavior of im-
plied volatility for general stochastic volatility models with zero correlation. Their work adds mathematical
rigor to previous work by |LEAMA (lZD_Oj) Mum_hmmﬂl (lZDQd) use large deviation techniques to obtain
the small-time behavior of implied volatility in the Heston model (with correlation). They further refine
these results in [Forde, Jacquier, and LQA (IM)
Concerning LSV models, perhaps the most well-known implied volatility result is due tolﬂaganm_Lﬂanmski,_andﬂ

), who use WKB approximation methods to obtain implied volatility asymptotics in a LSV model with
a CEV-like factor of local volatility and a GBM-like factor of non-local volatility (i.e., the SABR model).

More recently, [Henry-Laborde ré (IMEJ) uses a heat kernel expansion on a Riemann manifold to derive first
order asymptotics for implied volatility for any LSV model. As an example, he introduces the A-SABR

model, which is a LSV model with a mean reverting non-local factor of volatility, and obtains closed form

asymptotic formulas for implied volatility in this setting. See also [Henry-Laborde rgl (Il)i)_d)
There are also some model-free results concerning the extreme-strike behavior of implied volatility. Most

notably, we mention the work of@ (lZD_OAI) and |G_ap_a.nd_]_@ﬁ| (|2QJ_].|)

In this paper, we consider general LSV models. For these models, we derive a family of closed-form

asymptotic expansions for transition densities, option prices and implied volatilities. Our method most



closely follows that of Mwun_d_]ﬂammd (IZ_O_lj) who derive a family of density and option

price expansions for scalar Lévy-type processes. [Lorig, Pagliarani, and Pasguggi 2013) use a ver i ieneral

technique, the so-called Adjoint Expansion method, first introduced by |Pa9haran1 and Pascucci and

(|20L4) (see also mm_an_d_]zaﬁm_cd (|2Q_I_d) for previous related re-

sults). The major contributions of this manuscript are as follows:

o Whereas [Pagliarani and Pasguggi 12!!15) expand the coefficients of a scalar diffusion as a Taylor series

about an arbitrary point, i.e. f(x) = )", an(x — Z)", in order to achieve their approximation result,

we expand the diffusion coefficients of a multi-dimensional diffusion in an arbitrary basis, i.e. f(z,y) =

Yo 2on CnhBron(z,y). Thus, we not only extend the results of [Pagliarani and Pasgnggi (21!15) from

one to multiple dimensions, but we also consider more general expansions.

e We provide an explicit formula for the nth term in our transition density and option-price expansions.

The terms in the density expansion appear as Hermite polynomials multiplied by Gaussian kernels and

thus, can be computed extremely quickly. In i ) the nth term of the transition density

is given as a Fourier transform, which is computationally more intensive. In i i (lZ_O_l_d),

no general formula for the nth term appears.

e We provide closed-form approximations for implied volatility in a general local-stochastic volatil-
ity setting. We show (through a series of numerical experiments) that our implied volatility ap-
proximation performs favorably when compared to other well-known implied volatility approxima-

tions (e.g., |H.ag&n_a.nd_MMma.rd (|1&9_d) for CEV, méhgqum_am (IZQ].A) for Heston, and

) for SABR).

e Many of the above-mentioned implied volatility approximations rely on some special structure for the
underlying diffusion (e.g., fast- or slow-varying volatility, or some particular Riemannian geometry
which allows for closed-form computation of geodesics). When these structures are absent, the asso-
ciated implied volatility expansions will not work. By contrast, our implied volatility approximation
works for any LSV model (actually, by the Adjoint Expansion method, jumps can be added as well).
Thus, in addition to being highly accurate, our approach is quite general and includes several models
of great interest for the financial industry. For instance, to the best of our knowledge, we give the
first approximation formula for implied volatilities in the 3/2 stochastic volatility model. Of late, the

3/2 model has attracted much interest due to its ability match market prices for both European-style

options as well as variance and volatility derivatives |Baldmm_ami_]§ﬁ,dmd (IZQ]_d)

e We provide a general result showing how to pass in a model-free way from a price expansion to an

implied volatility expansion.

The rest of this paper proceeds as follows: In Section [2] we present the general class of local-stochastic
volatility models. We also list some technical model assumptions. Next, in Section [B] we derive the option-
pricing PDE. In Section [l we derive a formal asymptotic expansion (in fact, a family of asymptotic expan-
sions) for the function that solves the option-pricing PDE. The main result of this Section is Theorem [0

which shows that every term in our price (density) expansion can be written as a differential operator acting



on a Black-Scholes price (Gaussian density). We also establish error bounds for our asymptotic price and
density expansions in Section[dl In Section[Blwe derive our implied volatility results. We do this in two steps.
First, in Section [5.1] we show how one can pass in a model-free way from a price expansion to an implied
volatility expansion. Next, in Section we show that, when the price expansion is as given in Theorem [
the implied volatility expansion is explicit. That is, the expansion does not require any integration or special
functions. In Section [0l we implement our implied volatility expansion under five different model dynamics:
CEV local volatility, quadratic local volatility, Heston stochastic volatility, 3/2 stochastic volatility, and
SABR local-stochastic volatility. Section [7] reviews our results and suggests directions for future research.

Long proofs are given in the Appendix.

2 General local-stochastic volatility models

For simplicity, we assume a frictionless market, no arbitrage, zero interest rates and no dividends. We take,
as given, an equivalent martingale measure P, chosen by the market on a complete filtered probability space
(Q,F,{F,t > 0},P). The filtration {F;,¢ > 0} represents the history of the market. All stochastic processes
defined below live on this probability space and all expectations are taken with respect to P. We consider a

strictly positive asset S whose risk-neutral dynamics are given by
St = exp(Xt),
1
dX; = —502(Xt,Yt)dt +0o(Xy, V) dWy, Xo=1x €R,

d}/;f :a(XtaK)dt+6(Xt,Y;ﬁ)dBta YO :yeRa
(W, B)y = p(X:, Yy) dt, lp| <1.

We assume that SDE ([I]) has a unique strong solution, that o and S are strictly positive functions and that
o, B, p and « are smooth. Sufficient conditions for the existence of a unique strong solution can be found,
for example, in [Ikeda and Watanabd (1989). We also assume that the coefficients are such that ES; < oo
for all t € [0,00). The class of models described by () enjoys the following features:

e Local-stochastic volatility. The diffusion coefficient of X depends both locally on X and non-locally

on an auxiliary driving process Y through the function o(x,y).

e Martingale property. The drift —%0’2()(, Y) of X is chosen so as to ensure that S = eX is a

martingale (as it must be to rule out arbitrage).

e Arbitrary Y dynamics. Both the drift o(X,Y") and diffusion coefficient S(X,Y") of the auxiliary
driving process Y are allowed to depend on both X and Y.

e Arbitrary correlation. The correlation p(X,Y’) between the Brownian motions W and B is allowed
to depend on both X and Y.

Equation ([l includes virtually all one-factor stochastic volatility models, all local stochastic volatility models,

and all one-factor local-stochastic volatility models.



Remark 1 (Multi-factor local-stochastic volatility models and time-dependent coefficients). The results
of this paper can be extended in a straightforward fashion to include models with n non-local factors of

volatility and time-dependent drift and diffusion coefficients:

S = exp(Xy),
1
dXx, = —502(t,Xt,Yt)dt +o(t, Xy, Y )dWs, Xo=z€R,
dy;(l) = a(i) (t7 Xtht)dt + Zﬂ(i7j)(t7Xt7Yt)dBt(j)a YO S an
i=1
d(W, B9y, = pO (¢, X, Y,) dt, 1P| < 1.

Though, for simplicity, we restrict our analysis to the case of time-homogenous coefficients and n = 1.

3 Transition density and option pricing PDE

Let V; be the time ¢ value of a European derivative, expiring at time T' > ¢ with payoff H(Xr,Yr). Using
risk-neutral pricing, the value V; of the derivative at time ¢ is given by the conditional expectation of the

option payoff
Vi = E[H (X7, Y7)|F] = E[H (X7, Y7)|X¢, V3.

Note that we have used the Markov property of the process (X,Y) to replace the filtration F; by the sigma-
algebra generated by (X, Y;). Thus, to value a European-style option we must compute functions of the

form
U(t,l‘,y) = ]E[H(XTaYT”Xt :‘T7)/t :y] = / dwdzp(t,x,y,T,w,z)H(w,z) (2)
R2
Here, p(t,z,y; T, w, z) is the transition density of the process (X,Y). Note that, by setting H = d,, . (the

Dirac mass at (w, z)) the function v(¢, z,y) becomes the transition density p(t,z,y; T, w, z) since
/ dw'dz" p(t, , y; T, w', 2")dy (W', 2") = p(t, 2, y; T, w, 2).
R2
If the function v, defined by @), is C12([0,T),R?), then v satisfies the Kolmogorov Backward equation
(0 + Ajv =0, o(T,z,y) = H(z,y),
where the operator A is the infinitesimal generator of the process (X,Y), given explicitly by
A = a(z,y) (0% — 9,) + a(z,y)d, + b(x, y)@j + c(x,y)0:0y, (3)

and where the functions a, b and ¢ are defined as

awy)= 30wy May) = 3Py, o) = pleg)olen)By)



At this stage, it is convenient to define
t(s):=T —s, u(t(s),z,y) == v(s,z,y).
Then, a simple application of the chain rule shows
(=0 +A)u=0, w(0,z,y) = H(x,y). (4)

In what follows, it will be convenient to characterize the differential operator A by its action on oscillating

exponential functions ¥y . (z,y) = 5-e***T3¥_ Indeed, observe that

1 . )
wa,w (x7 y) = ¢($, Y, )‘7 w)lﬁ)\,w (.13, y)? ¢/\,w (Jf, Zl) = %el)\m_‘—lwy

where ¢(z,y, \,w), referred to as the symbol of A, is given by
¢((E, Y, )\,OJ) = a((E, y)(_>‘2 - 1)‘) + Oé(.’E, y)lw - b(.’E, y)w2 - C(.’E, y))‘w

The symbol of A appears naturally in connection with the Fourier transform as follows. For any f € §(R?),

the Schwartz space or space of rapidly decreasing functions on R?, we define

Fourier Transform : [FfIAw) = A()\,w) = % /R? dady e A7 (1 q)),
Inverse Transform : [F1 f] (x,y) = f(z,y) = % /}R2 dAdw ei”““’yf()\,w).
Note that
Af(z,y) = % /R2 ddw ¢(z,y, A, w) ATV F(X W), (5)

4 Density and option price expansions

Our goal is to construct an approximate solution of Cauchy problem (d)). Extending the approach of
Pagliarani and Pascucci (2012) and [Lorig, Pagliarani, and Pascucci (2013) for scalar Markov processes to

the present multi-dimensional setting, we assume that the symbol of A admits an expansion of the form
o0 n
S,y \w) = D> Bann(@,y)dn_nn(Aw), (6)
n=0 h=0

where (B; ;) is a sequence of analytic basis functions satisfying By o = 1 and where each ¢; ;(A,w) is of the

form
(j)@j()\,b.)) = am-(—)\z — l)\) =+ Cki_j iw — bi,j (JJ2 — Ci,j Aw.
Observe that each ¢; ;(\, w) is the symbol of a differential operator A; ; where

Ai7j = (bi,j('DwaDy)z Dm = —i@m, 'Dy = —iay,



which is the infinitesimal generator of a constant coefficient diffusion in R2. Noting that

Ai,j'l/)A,w (1’7 y) = ¢i,j()‘v w)wk,w (xa y)v

we see that, formally, the generator A can be written as follows

A= iﬂn,
n=0

Note that the basis functions (B; ;) can be seen as symbols of the differential operators B

since

Bl,j (—ia,\, _iaw)ww,y()‘a W) =

= Z Bn7h7h($7 y)¢n7h,h(®aj7 Dy)

h=0

Bij(@,y)Ys (A, w).

Remark 2. More generally, one could consider a decomposition of ¢ as follows

o(z,y, \w) = ZZZBn o (T:Y) nhh(l)\)( w)?.

n=0 h=01i+j=1

(7)

( 18>\, —16 )

However, because this generalization brings with it a significant notational cost (i.e., it introduces two new

indices, which one must keep track of), we restrict our analysis to the case where ¢ is given by (@l).

Below, we illustrate a few useful choices for basis functions.

Example 3 (Taylor series). In [Pagliarani, Pascucci, and Riga (2013), the authors expand the drift and

diffusion coefficients of a scalar diffusion as a power series about an arbitrary point. Extending this idea to

the multiple dimensions, we fix a point (Z,%) € R? and we expand

o0 n

a(z,y) =Y ompnlz—2)" "y - 9"

n=0 h=0

- Z Z anfh,h(x - fi)n_h(y - g)hv

n=0 h=0

=5 bannla — 2y - ),

n=0 h=0

= Z Z Cn—h,h(x — i)"fh(y - g)h,

n=0 h=0

1

— n—h ah —
O[nfh)h = m&I 8 ( ),
. 1 an hah ( 7)
An—hh = ( h)' B
A pp—— YR
n—h,h +— ( h)'h' r,Y),
1 3” hah ( —)

Cn—h,h ‘= m

Setting By—pn(z,y) = (x — )"~ "(y — )" we observe that () and (7)) become, respectively

o(x,y, \,w) = iZaz—x"
n=0 h=0
A=Y Y
n=0 h=0

"y —9) " n-nn(\,w),

— )" i (D, Dy).

where the coeficients a—p.h, Gn—h.h, bn—p,n a0d cp—pp of Gp_p,pn are given in ().




Example 4 (Two-Point Taylor Series). Consider a local volatility model dX; = —10%(X,)dt + o(X;)dW,;
with generator A and symbol ¢ given by

A = a(x)(0? - 0,), B, N) = a(x) (=A% — i), a(z) = %O’Q((E). 9)

For fixed Zg, Z1,%2 € R, the function a can be expanded as a two-point Taylor series as follows

o)

a(x) = a(zo) + Z (an(ZTo, 21, T2)(x — T1) + an(Zo, T2, T1) (2 — T2)) (x — T1)" (. — T2)", (10)

n=0
where

ao(Zo, T1,Ta) = a(Z2) — a(Zo)

)

= (=) (=D)"ROE M a(@)) — al@o)] + (=1)" T ndg, "a(Z2) — a(@o)]
a/n,(xo; xlaxQ) - h'n' n— h | T1 — 7T h+n+1 :
F= hinl(n — h) (71 — T2)

For the derivation of this result we refer the reader toEstes and Lancaster (1972); Lopez and Temme (2002).
Note that truncating the two-point Taylor series expansion [I0l) at n = m results in an expansion for a which
is of order O(z?™*+1). The advantage of using a two-point Taylor series is that, by considering the first n
derivatives of a function a at two points Z; and Z2, one can achieve a more accurate approximation of a over
a wider range of values than if one were to approximate a using 2n derivatives at a single point (i.e., the
usual Taylor series approximation).

Using (@) and ([0, we can formally express the symbol ¢ as

¢, A) =D Ba(x)dn(N),
n=0
where Bo(x) = 1, ¢o = —a(Zo)(\? + i)) and
By(2) = (an—1(Zo, 71, T2) (& — T1) + an_1(Zo, T2, 71) (2 — o)) (x — 71)" (& = T2)" "}, n>1,
dn(A) = —(A* +1X), n>1.

Example 5 (Non-local approximation in a weighted L2-space). Let (B; ;) be an orthonormal basis in the
weighted space L?(R? m(z,y)dzdy). Then ¢; (A, w) is given by

¢i7j(A? w) = <¢)(7 K >‘7 W), Bz,](a )>m
For instance, one could choose the Hermite polynomials H,, centered at (Z, %) as basis functions

H,(z—7) Hily—9) n O exp(—2?)

Bun(x,y) = , H,(z) = (-1 11
Such basis functions are orthonormal under a Gaussian weighting
(Bij> Bni)m = 06i30n1, m(z,y) = exp (—(z —2)* - (y — §)*) .



Having discussed some useful basis functions, we now return to Cauchy problem (). We re-write the operator
A in (1) as

A=) e"Ap, e=1, (12)

where we have introduced e, which serves merely as an accounting feature. Next, we suppose that the

solution © can be written as a sum of the form

u=u’ ZE Up, e=1 (13)

n=0

We insert expansions (I2) and ([I3]) into PDE {) and collect terms of like order in e. We find
O(l) : (781‘/ +‘A0)u0 :0 U()(O,l’,y) - H(‘T,y)v (14)

O(e™) - (=0 + Ap)u Zﬂhun Ry un (0, z,y) = 0. (15)

Having served its purpose, we set € to the side. Our goal is to solve Cauchy problems (4] and (IH). Observe
that ug, the solution of (I4]) is well-known

wo(t, ) = / dwdz po(0, 2, y; b, w, =) H (w, 2), (16)
]RQ

where pg is the fundamental solution of PDE ([I4)), which is simply the density f, s(z,y) of a two-dimensional

Gaussian random vector with mean vector p and covariance matrix 3 given by

w + ao,ot 20407015 C0,0t
p= ; Y= .
zZ — OZ()’()t C()’ot Qbo’ot
Remark 6. In the case of Examples [B] 4] and [B] the matrix ¥ is positive definite for any ¢ > 0. For instance,

consider the Taylor series expansion (Example[). Using (8) we have det(X) = to?(Z,9)5%(z,9)(1—p(Z, 7)) >

0 by the assumptions on the coefficients o, 8 and p.

In order to find an explicit expression for the sequence of higher order terms (u;) we shall first derive an
explicit expression for @;, the Fourier transform wu;. We will then use the Fourier representation u; to show

that each u; can be expressed as a differential operator acting on wug.

Proposition 7. Suppose H € L'(R?,dzdy) and let H denote its Fourier transform. Suppose further that

u, and u, exist. Then Ugy is given by

To(t, A, w) = 00N F (N w), (17)
and U, (n > 1) is given by
n h t
n(t, A w) ZZ/ dselt=)20.0@) B, 110y, 18,)bn—1,1(A, W)Tn—n (s, A, w), n>1. (18)
h=11=0

Note that the operator By_;;(10x,10,,) acts on everything to the right of it.



Proof. See Appendix [Al O

Remark 8. Proposition[dis the two-dimensional extension of Corollary 10 from[Lorig, Pagliarani, and Pascucci
(2013). In that paper, the authors focus on scalar Lévy-type processes. In fact, although we have only con-
sidered two-dimensional diffusions in this paper, Proposition [7] remains valid if ¢(z,y, A\,w) is the symbol of
the generator of a two-dimensional Lévy-type process. In the Lévy-type case, due to the complications that
arise from jumps, u, must be expressed as an inverse Fourier transform of ,,; it is not possible to find u,
directly. However, because we limit the analysis in this paper to models without jumps, as the following

Theorem shows, we are able to find an explicit expression for u,, as a differential operator acting on ug.

Theorem 9. For every n > 1, define
n t th_1
Ln(t7x7y7)‘7w) = Z/ dtl / dth Z (I)ﬂ'(h)(thvt) "'(I)W(l)(tlvt)a (19)
h=1"70 0 w€lly (n)

where Iy (n) is the set of permutations ™ such that
h
Oy(n) ={7n:N—=Z*" . Zﬂ'(l) =n},
1=1

and ®,(s,t) is an abbreviation for the operator

Dp(s,t) = Pp(s,t,z,y, \,w,—i0x, —10,)

BhflAl(_ia)\v _iaw)ei/\w+iwy+(t—s)¢'o,o()x,w)

h
= 2%4,10»‘”) cirz+iwy+(t—s)bo,0(Aw) ) k=1 (20)

Then un(t,z,y), the solution of (IH), is given by
Un(taxvy) :Ln(t,l’,y,wa,Dy)Uo(t,ZE,y), n Z 13 (21)

where ug is the solution of Cauchy problem ([I4)). Note that the operators (®y)p>1 act on everything to the
right of them. If nothing appears to the right of the operators (®p)n>1, then they are assumed to act on the

constant function: f =1.
Proof. See Appendix [Bl O

Remark 10. Note that p,,, the n-th order term in the transition density expansion p = Zflozo Pn, 18 expressed
as a differential operator acting on pg, which is simply a two-dimensional Gaussian density. Thus, from (I]),

we see that p, can be written as a sum of Hermite polynomials multiplied by a Gaussian density.

We now state an asymptotic convergence theorem which extends the results in|Pagliarani, Pascucci, and Riga

(2013). Define our n-th order approximation for the prices as

v (t3,y) = un(T - t,,y),
h=0

10



where the sequence of (uy) is as given in Theorem [l The n-th order approximation of the transition density
p(”)(t, z,y; T, z,w) is defined as the special case where H = §,, ..

The following theorem provides an asymptotic pointwise estimate as ¢ — 7'~ for the error encountered
by replacing the exact transition density p with the n-th order approximation p(™), when expanding the

operator A through the Taylor basis functions described in Example Bl

Theorem 11. Assume that the functions a = a(z,y), a = a(z,y), b = b(z,y) and ¢ = c(z,y) are differen-
tiable up to order n with bounded and Lipschitz continuous derivatives. Assume that the covariance matriz

is bounded and uniformly positive definite. That is,

C(l‘, y) 2b(£7 y) 62

where M is a positive constant. If (Z,9) = (z,y) or (Z,y) = (z,w) in @), then we have

ek < (6 &) (2“(””’” C(”C’y>><&><MW, () €R, €= (€,6) € B2\ {(0,0)}

‘p(t7x7y;TaZ7w) _p(n)(t7x7y7TaZ7w)’ < gTL(T - t)FM(t7x7y;Tasz)a

for any x,y,z,w € R and t € [0,T), where T denotes the Gaussian fundamental solution of the heat
operator M(Oypy + Oyy) + O and g, (s) = O (SHTH) as s — 0.

We omit the proof of Theorem [II] which is based on the parametriz method (see, for instance, [Pascucci
(2011)) and is analogous to the estimates obtained in [Pagliarani, Pascucci, and Riga (2013), Theorem 2.3,
for the one-dimensional case. We obtain the same order of convergence for short maturities in the two-
dimensional case as was previously obtained in the one-dimensional case. As a direct corollary, we also have

the following asymptotic estimate for option prices.
Corollary 12. Under the assumptions of Theorem [T, for any n € N we have

o(t,z,y) —v™ (2, y)| < g (T —1) /R2 dwdz H(w, ) TM (t, z,y; T, w, z)
forxz,y e R and t €[0,T).

5 Implied volatility expansions

European call and put prices are commonly quoted in units of implied volatility rather than in units of
currency. In fact, in the financial industry, model parameters for the risk-neutral dynamics of a security are
routinely obtained by calibrating to the market’s implied volatility surface. Because calibration requires com-
puting implied volatilities across a range of strikes and maturities and over a large set of model parameters,
it is extremely useful to have a method of computing implied volatilities quickly.

We shall break this Section into two parts. First, in Section (. we show how to pass in a general and
model-independent way from an expansion of option prices to an expansion of implied volatilities. Then,
in Section [5.2] we show that when call option prices can be computed as a series whose terms are as given
in Theorem [0 the terms in the corresponding implied volatility expansion can be computed explicitly (i.e.,
without special functions or integrals). As such, approzimate implied volatilities can be computed even faster

than approzimate option prices, which require the special function N, the standard normal CDF.
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5.1 Implied volatility expansions from price expansions — the general case

To begin our analysis, we assume that one has a model for the log of the underlying X = logS. We fix
a time to maturity ¢+ > 0, an initial value Xy = 2 and a call option payoff H(X;) = (eXt — ek)*. Our
goal is to find the implied volatility for this particular call option. To ease notation, we will suppress much
of the dependence on (¢,z,k). However, the reader should keep in mind that the implied volatility of
the option under consideration does depend on (¢, z, k), even if this is not explicitly indicated. Below, we
provide definitions of the Black-Scholes price and implied volatility, which will be fundamental throughout

this Section.

Definition 13. For a fixed (t,, k), the Black-Scholes price uPS : RT — RT is given by

uP3(0) := " N(dy () — " N(d_(0)), dy(o) = —= (x —k+ U;t) , (22)

Where N is the CDF of a standard normal random variable.

Definition 14. For fixed (¢, x, k), the implied volatility corresponding to a call price u € ((e* — )t e?) is

defined as the unique strictly positive real solution ¢ of the equation
uBS(0) = u. (23)

Notice that [uB%]7! is an analytic function on its domain ((e® — e¥)T, e®). For any u € ((e® — )T, e”), we

denote by p, the radius of convergence of the Taylor series of [uP%]~! about u.
The main result of the Section is the following Theorem:

Theorem 15. Assume that the call price u admits an expansion of the form

u=u(00) + > un, (24)

n=1
for some positive oy and some sequence (up)n>1 where u, € R for all n. If

|u - U’BS(UO)| < puBS(Uo)7 (25)

then the implied volatility o := [uPS]~1(u) is given by
UZOO—I—ZO‘TL, (26)
n=1
where the sequence (op)n>1 15 defined recursively by
= U,( )fiiA( )B ( 2lgq, 3! (n—h+1)! ) (27)
On = Un(00 ol h\00)Dn,n\01,4:02,9:01,...,(N *On—h+1)-
h=2

In 27), By, 1, denotes the (n, h)-th partial Bell polynomia and

Un

U = n>1 28
n(UO) 8<7U,BS(O'0)’ = 4 ( )
anuBS (0.0)
A =g _— < > 2. 29
n(OO) ag’LLBS (00) ) n=z ( )
!Partial Bell polynomials are already implemented in Mathematica as BellY[n, h, {x1,...,Xn_ni1}]-

12



Proof. We define u(e) an analytic function of € by

o0
u(e) = uPS(00) + Y ™, eel0,1]. (30)
n=1
Note that o(e) := [uB%]71(u(¢)) is the composition of two analytic functions; it is therefore an analytic

function of ¢ and admits an expansion about € = 0 of the form

- 1
0(5) =00+ Z e"op, On = 58?0(5”6207 (31)
n=1
which by (25)) is convergent for any € € [0, 1]. By B0) we also have
1
ty, = —"uPS(0(€))|em0. (32)

onlf
We compute the n-th derivative of the composition of the two functions in ([32]) by applying the Bell poly-

nomial version of the Faa di Bruno’s formula, which can be found in [Riordan (1946) and |Johnson (2002).
We have

1 n
Un = — > 0B (00) By (0-0(2), 20 (e), ..., 00 "o (e)) |e=o. (33)
" h=1

Theorem [Tl follows by inserting ([B1]) into B3] and solving for o,. O

In the following Proposition, we will show that the coefficients 4,, in (29) can be computed explicitly using
an iterative algorithm. In particular, each A, (o) is a rational function of o and no special functions appear

in its expression.

Proposition 16. Define the differential operator

J:= (9% — 9,). (34)
Then
uBS g
An(o) = Im (35)

where P, is a polynomial function of order n defined recursively by

(@) =1,
P (J) = o4,
Po(d) = 0dPp—1(3) + (n — 1) P, _2(3), n>2.

Moreover, the coefficients A, (o) can be expressed explicitly in terms of Hermz'te@ polynomials.

20ur thanks to Peter Carr for pointing out the connection to Hermite polynomials.

13



Proof. First, we recall the classical relation between the Delta, Gamma and Vega for European options in
the Black-Scholes setting

DeuB3(0) = 0 JuP5(0). (36)

Next, using the product rule for derivatives we compute
op S = 0y (0,uPS) = 0y (0du™%) =) (Z) (020) (3027 "uBS) = (0407 +non—'d) uPS. (37
h=0
Equation (33) follows from 23] and 7). Now, to show that each of the A, (o) can be expressed as a sum

of Hermite polynomials, we observe that

9y exp (_ (Lga)z) _ (—1)"H (m —a
" b

exp (_ (x;a)Q) T

where H,, is the n-th Hermite polynomial, defined in (IIl). Moreover using the Black-Scholes formula for

), a€c€R,b>0, (38)

call options ([22) a direct computation shows

JuBS (o) = e/t exp (_ (z_i_\/;t/z)z) ) (39)

oV2rT

Thus, using [B6) and (39) we obtain

n _ w—k—o’Qt/Q 2 on—~h . m—k—o2t/2 2
B (o) _ grguPS(a) O eXp( (=& )> :tni(n)(—ma”” eXp( (=& )>
0ouBS (o) oduPS(o) o exp ( (zkazt/2>2) o exp < (mk\/zﬁt/2)2>

oV2t

T h=0
where, in the last equality, we have used the binomial expansion of (9., — d,)". Finally, using ([B8) with
a=Fk+ "72’5 and b= cn/27, we obtain

JuBS(o) _~ (n-1 th ¢ —k— %2
= _— >
o0~ 2 ( n ) e (T ) e (40)

Combining [B3)) with {0), we conclude that A, (o) can be expressed as a sum of Hermite polynomials. In

particular, computing A, (o) does not involve any special functions or integration. O

Below, using ([27)) and Proposition [[6 we provide explicit expressions for o, for n < 3. For simplicity, we

remove the argument o from U, (cg). We have

01 = U17
o 1 (k—x)2 tO’O 2
“2U22<wg4 vt
1
03 =Us+ 12 (2tU} + 203U} + 12tao Uy Us)
1 3 2773 2 1 3 4
+ Waé (83U} — togU} — 600U Us) (k — ) + WO’SUI (k—x)%,

where the (U,) are as given in (28]).
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5.2 Implied volatility when option prices are given by Theorem [9L

We now consider the specific case where the sequence of (u,) is as given in Theorem We will show
that, in this particular setting, the expansion (20]) is convergent and approximate implied volatilities can be

computed without any numerical integration or special functions. We begin with the following observation:

Remark 17. From (), one can easily show that ug = uB5(,/2ag ). Then, our expansion for the price of

a European call option ([I3]) in the general local-stochastic volatility setting () becomes
o0
u = uBS(JO) —+ Z Up, og = 2@0,0. (41)

From (), it is clear that our option price expansion is of the form (24)). Therefore, we can use Theorem

to find approximate implied volatilities.

Note that, in general, computing approximate implied volatilities using Theorem requires numerical
integration, as U,, appearing on the right-hand side of (27 contains u,,, which usually must be computed as
a numerical integral. However, as the following Proposition shows, when the sequence of (u,,) are as given in
Theorem [d] the sequence of (U,,) appearing in (27) can be computed explicitly, with no numerical integration

and no special functions.
Proposition 18. Let the sequence of (uy,) be as given in Theorem[d. Then U, defined in 28)), are given by
N ()

(n) I—k‘—U%t/Q)
hzzo h h( ov2t

where o9 = \/2a0,0, the sequence of coefficients (D,(Ln)) are (t,x,y)-dependent constants, and each N

(n € N) is a finite positive integer.
Proof. From Theorem [ one can deduce that every u, is of the form

N

= Z Mol (92 — 8,) uPS(00), o0 = +/2a0,0, (42)
h=0

where the sequence of (C’,(Ln)) are (t,z,y)-dependent constants and N (™ is a finite positive integer for every
n. Both the sequence of coefficients (C;L”)) and the limit of the sum N depend on the choice of basis
functions (B; (x,y)) and can be computed explicitly using (2I). However (and we shall emphasize the
following) independent of the choice of basis function, the general form ([#Z2) always holds; this is due to the
fact that By o(z,y) = 1. Now, using ([@2)) we compute

N 8h 0,) uBS (o
=2 o == UBSEUO) o) (by (ER))
N( n)

n a HUBS
Z C’h )tcr 3UBS(( )) (by (BZD)
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2
N eXp( (m k— Uot/Q) )
(n)
- Z Gy fo?1/2
h=0 too exp( (x Uot/ ) )

N 2¢
(n) —k—=
_E D Hh< p—oT ) (by B3))

where we have absorbed some powers of ¢ and o into D;Ln). O

To review, when the sequence of (u,,) is as given in Theorem [ then using Theorem [I5] and Propositions
and [I8 approximate implied volatilities can be computed as a sum of Hermite polynomials in log-moneyness:
(k — ). We emphasize: No numerical integration or special functions are required. Approximate implied

volatilities can therefore be computed even more quickly than approximate option prices (which require a
normal CDF).

Remark 19. Proposition [I8 holds for any choice of the basis functions B; j(x,y). However, for the Taylor
expansion basis of Example Bl Corollary [[2] ensures that condition (23] is satisfied for any ¢ small enough.

Therefore the expansion (26) is convergent for short maturities.

We define the n-th order approximation of implied volatility as

= Z Op. (43)
h=0

For a given sequence of basis functions (B; ;) explicit expressions for each oy in the sequence (op)p>1 can
be computed using a using a computer algebra program such as Wolfram’s Mathematica. In Appendix
[Cl we provide explicit expressions for oj, for h < 2 when the basis functions are given by By, ,,(z,y) =
(x —2)™"(y — )™ (as in Example B]). On the authors’ websites, we also provide a Mathematica notebook

which contains the expressions for oj, for A < 3.

6 Implied volatility examples

In this Section we use the results of Section to compute approximate model-induced implied volatilities

@3)) under five different model dynamics in which European option prices can be computed explicitly.

Section CEV local volatility model

Section Quadratic local volatility model
Section Heston stochastic volatility model
Section 3/2 stochastic volatility model

Section SABR local-stochastic volatility model

Assumption 20. In all of the examples that follow we assume basis functions B, ,(z,y) = (x — )" (y — )"
(as in Example B) with (z,7) = (Xo, Yy). Thus, approximate implied volatilities can be computed using the

formulas given in Appendix [Cl as well as the Mathematica notebook available on the authors’ websites.
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6.1 CEV local volatility model

In the Constant Elasticity of Variance (CEV) local volatility model of |Cox (1975), the dynamics of the
underlying S are given by

ds, = 68771 5,aw,, So=15>0.

The parameter 5 controls the relationship between volatility and price. When § < 1, volatility increases as
S — 0%. This feature, referred to as the leverage effect, is commonly observed in equity markets. When
B < 1, one also observes a negative at-the-money skew in the model-induced implied volatility surface. Like
the leverage effect, a negative at-the-money skew is commonly observed in equity options markets. The
origin is attainable when 8 < 1. In order to prevent the process S from taking negative values, one typically
specifies zero as an absorbing boundary. Hence, the state space of S is [0,00). In log notation X := log S,

we have the following dynamics
dX, = —%5%2(/3—1))“& +6elP=DXeqmy,, X =z := log s. (44)
The generator of X is given by
A= %§2e2(ﬁ_1)1(8§ — 0y).
Thus, from (@) we identify
a(z,y) = %(52e2(5—1)‘”, b(xz,y) =0, c(z,y) =0, a(z,y) = 0.

We fix a time to maturity ¢ and log-strike k. Using the formulas from Appendix[Cas well as the Mathematica

notebook provided on the authors’ websites, we compute explicitly

00 = (;e(ﬂfl)ﬂﬁ7

01 = 3k~ 2)(5 ~ 1)oo,

1 (45)
o9 = %(ﬁ — 1)200 (8(k - x)2 + tog’o (4 - tog)) ,
o3 = —FIZt(k —2)(B— 1) (—12 + 5to]) .

In the CEV setting the exact price of a call option is derived in [Cox (1975):

u(t,z) = e"Q(k,2 + ﬁ, 2x) — e” (1 - Q(2x, ﬁ, 2/{)) :
= ((,LL/Q)”e_”/2 I'(v/2+ n,w/Z))

Q(w’ v, ﬁ') = Z

— n! ['(v/2+n)
96(2—B)a (46)
XTee-per
26(275)k
R= S0 oo
6%(2 - B)%t

3Here and in Section we define log 0 := limg\ o log z = —oo.
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where I'(a) and T'(a,b) denote the complete and incomplete Gamma functions respectively. Thus, the exact
implied volatility o can be obtained by solving (23]) numerically. In Figure [Il we plot our third order implied
volatility approximation o3 and the exact implied volatility ¢. For comparison, we also plot the implied

volatility expansion of [Hagan and Woodward (1999)

5 1-8)(2 v_eh\? (1-p)2 & 1,

Relative errors of the two approximations are given in Figure Bl From the Figures, it is clear that our
third order expansion o(® gives a better approximation of the true implied volatility than does the implied

HW is most

volatility expansion o™V of [Hagan and Woodward (1999). The difference between ¢ and o
noticeable at strikes for which |k — z| > 0.5.

We are interested in finding the range of strikes and maturities over which our implied volatility expansion
accurately approximates the exact implied volatility. Thus, in Figure Bl we provide a contour plot of the
absolute value of the relative error |0(®) — o|/o of our third order implied volatility approximation as a
function of time to maturity ¢ and log-moneyness (k — z). From the Figure, we observe that the absolute
value of the relative error of less than 0.3% for most options satisfying (k —z) € (—2.0,2.0) and ¢ € (0.0, 5.0)

years.

6.2 Quadratic local volatility model

In the Quadratic local volatility model, the dynamics of the underlying S are given by

R _ L _
ds; = i (e Se)(e St) Sy dWy, So=s5>0, s < el <eft,
Sy efl — el

Note that volatility increases as S — 0T, which is consistent with the leverage effect and which results in
a negative at-the-money skew in the model-induced implied volatility surface. The left-hand root e of the
polynomial (eft — s)(el — s) is an unattainable boundary for S. The origin, however, is attainable. In order
to prevent the process S from taking negative values,one typically specifies zero as an absorbing boundary.
Hence, the state space of S is [0,e”). In log notation X :=log S, we have the following dynamics

- L (SR e N 8 (e e¥(eh et
2 \ eXt ell —el eXt el —el

dW, Xo =x:=logs. (48)

The generator of X is given by

e eR _ eL z

A:;(éwtwm&—&viy_¢)

Thus, from (@) we identify

2

1 (6(eR—eC"’)(eL—e”3)> ’

a(ﬂf,y) =35 ot eR _ eL b(l‘,y) = Oa C(Jf,y) = 07 O((Z‘,y) =0.

2
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We fix a time to maturity ¢ and log-strike k. Using the formulas from Appendix[C] as well as the Mathematica

notebook provided on the authors’ websites we compute explicitly

5 (eF = e)(eh —e7)

g0 = et el _ el ’
ai,o
(2RO (. —
a1 (20’0 ) ( x)’
t (12 + ta%) at, 1 —3aiy + 40dasy
S (R S /At S R : =) (k—x)? 49
72 ( 960 600 )T 1203 (k=) (49)
o3 = 19903 ((—12 + tag) a‘;”o + 408 (8 + tag) a1,0a2,0 — 480§a3,0) (k—x)
0
+ —— (3a} g — 5ogaipaz,0 + 30gasp) (k — )%,
1203
where
o 82 (—sinh(L + R — 2z) + sinh(L — z) + sinh(R — 7))
Lo cosh(L—R)—1 ’
1, ,(L—R
as,o = E(S (2cosh(L + R — 2x) — cosh(L — z) — cosh(R — x)) csch —5 )
u elTR52 (—4sinh(L + R — 2z) + sinh(L — x) + sinh(R — z))
3,0 = .

3 (el — eR)?
The exact price of a call option is computed in |IAndersen (2011) Lemma 3.1. Assuming k < L we have:

wlt.2) = FN(dD) e NED) — N(dD) + FoN(d®), ) = TRt 0%
’ - + + - D + m ’

_(eh (e o)

(50)

o (=R — )

eR_eL ’ - eR—eL )
okz _ (eft —ek)(eft —ev) e (el — o) (el — ek)
a eft —el ’ - eft —el

Thus, the exact implied volatility o can be obtained by solving (23]) numerically.

In Figure @ we plot our third order implied volatility approximation ¢(®) and the exact implied volatility
o. Relative error of the approximation is given in Figure In order to visualize the range of strikes and
maturities over which our implied volatility expansion accurately approximates the exact implied volatility,
we provide in Figure [f a contour plot of the absolute value of the relative error | — ¢|/o of our third
order implied volatility approximation as a function of time to maturity ¢ and log-moneyness (k — ).
From Figure [6] we observe a relative error of less than 1% for nearly all strikes k maturities ¢ such that
(k—2z) € (—1.5,1.5) and t < 4. A relative error of less than 3% is observed for nearly all strikes k& maturities
t such that (k —x) € (—1.5,1.5) and ¢ < 10.

6.3 Heston stochastic volatility model

Perhaps the most well-known stochastic volatility model is that of [Heston (1993). In the Heston model, the

dynamics of the underlying S are given by

dS; = /2,5, dWy, So=s>0,
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dz; = :‘i(g — Zt)dt + 6/ Zd By, Zy=2>0,
(W, B), = pdt.

Although it is not required, one typically sets p < 0 in order to capture the leverage effect. In log notation

(X,Y) := (log S,log Z) we have the following dynamics

1 1
dXt:_§eYtdt+e2Ytth, Xo =z :=logs,
152\,—Y, —3Y, (51)
dY; = ((k0 — 56%)e™ " — k) dt +de 27'dBy, Yy =1y :=logz,
d(W, B), = pdt.

The generator of (X,Y) is given by
A= %ey (02— 0,) + ((k0 — 36%)e™¥ — k) Oy + %526_3/85 + 0 060,0,.
Thus, using ([B)), we identify
a(z,y) = %ey» b(z,y) = %5%—% c(z,y) = pé, a(z,y) = ((k0 — 16%)e ¥ — k).
We fix a time to maturity ¢ and log-strike k. Using the formulas from Appendix[C]as well as the Mathematica

notebook provided on the authors’ websites, we compute explicitly

gg = ey/2,

o1 = %e—y/% (0% +2(—eY+0) K+ eYp) + ie_y/%p(lﬂ —x),

_e—3y/2 ) ey/2
02 = ( 198 2 (52—295) +%t2 (552_555P+52 (_1+2p2))

+ g*y/%gzt (—4t0K> — t8° p + 2t60kp + 26 (8 + tr + p?)) )

1 1
+ %e_gy/ztép (56% +2 (e —50) k — e¥0p) (k — x) + &e_3y/2(52 (2 -5p%) (k —z)?,

( e o/2¢3 (6% — 29/@)3 e¥/2t3(—2k + 0p) (6K% — 65Kp + 6% (—6 + 5p?))
03 = —

1024 1536 (52)
e73Y/242 (62 — 20k) (4t0K2 + t63p — 2t60kp + 62 (16 — 2tk + 20p?))
- 3072
+ %e_y/QtQ (36%p*(—2k + 6p) + tr (0% — 20K) (—k + p)) )
Tt25pe0Y/2 | 2 t25peY/? 9 9

(5 (62 = 20m)" + £ (=3x% + 6 (3 + 3rp — 26p°))

—3y/2
- 6y8 t6p (20t0k° + 5t6°p — 10t60kp + 26 (8 — 5tk + 9p?)) ) (k — )
e~oV/2152
38 (e¥(=2k 4 6p) (=2 + 7p*) — (6° — 20K) (-8 + 23p%)) (k — x)?
e—5y/283

p 2 3
—5+8 k—x)°.

g5 (B 80%) (k—2)

The characteristic function of X; is computed explicitly in [Heston (1993)

n(t,z,y,\) :=logE, e = iXx + C(t,\) + D(t, \)eY,
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1- f(A)eWD |

Ot 2) = *(;Lf <(/{ — pSiA+ A\ — 2log [ ey

k= pdid+d(A) 1 —edt

Die,3) = 52 L= f(Ned
K= pdid+d(N)
F) = K — pdid —d(N\)’

d(A) = /82(A2 + 1)) + (k — pird)2.

Thus, the price of a European call option can be computed using standard Fourier methods
_ok—1kA

1 ~
ult,z,9) = 5- /R ah, eIV (),

s

Note, since the call option payoff h(z) = (e® — e*)T is not in L'(R), its Fourier transform E()\) must be
computed in a generalized sense by fixing an imaginary component of the Fourier variable \; < —1. Using
B3] the exact implied volatility o can be computed to solving [23) numerically. In Figure [{l we plot our
third order implied volatility approximation ¢(3) and the exact implied volatility . For comparison, we
also plot the small-time near-the-money implied volatility expansion of [Forde, Jacquier, and Lee (2012) (see
Theorem 3.2 and Corollary 4.3)

oI = (g5 + it + o), (54)
= y/2 1 — -y i — % 2 _ 2 —2y . 3
go = e {1 gpo(k —a)e 4 o7 (1= = 07 (k —a)"e™ ) + O((k —2)%),
82 P evpd K 1
= —— (1= — (h — oY i —y (522 9 y y _
o 12( 4)+ (0 =€)+ opp0e TV (0°9% — 26(0 + ¢) + pde’) (k — x)
2.2y
* 672‘80 (1766% — 4800 — T12p*6” 4 521p"6% + 40pde? + 1040k0p> — 80kp°e¥) (k — x)?
+O((]€—£C)3), p= 1—p2

Relative errors of the two approximations are given in Figure Bl It is clear from the Figures that our third
order implied volatility expansions o®) provides a better approximation of the true implied volatility ¢ than

FIJL  The improvement marked by ¢ is particularly noticeable at

does the implied volatility expansion o
the largest strikes and at longer maturities.

We are interested in learning the range of strikes and maturities over which our implied volatility expan-
sion accurately approximates the exact implied volatility. Thus, in Figure [@ we provide a contour plot of
the absolute value of the relative error |0‘(3) — o|/o of our third order implied volatility approximation as a
function of time to maturity ¢ and log-moneyness (k — x). From the Figure, we observe an absolute relative

error of less than 2% for most options satisfying (k — z) € (—0.75,0.75) and ¢t € (0.0,2.7) years.

6.4 3/2 stochastic volatility model

We consider now the 3/2 stochastic volatility model. The risk-neutral dynamics of the underlying S in this

setting are given by

dS; = /2S5 dWy, So=s5>0,
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A7, = 7, (n(a ~ Z)dt + 5\/ZdBt) , Zo=2>0,

(W, B); = pdt.

As in all stochastic volatility models, one typically sets p < 0 in order to capture the leverage effect. The 3/2
model is noteworthy in that it does not fall into the affine class of [Duffie, Pan, and Singleton (2000), and yet
it still allows for European option prices to be computed in semi-closed form (as a Fourier integral). Notice
however that the characteristic function (given in (&7]) below) involves special functions such as the Gamma
and the confluent hypergeometric functions. Therefore, Fourier pricing methods are not an efficient means
of computed prices. The importance of the 3/2 model in the pricing of options on realized variance is well
documented by [Drimus (2012). In particular, the 3/2 model allows for upward-sloping implied volatility of
variance smiles while Heston’s model leads to downward-sloping volatility of variance smiles, in disagreement
with observed skews in variance markets.

In log notation (X,Y") := (log S, log Z) we have the following dynamics

1 1
dX; = —§eYtdt + eZYtth, Xo=x:=logs,
1 1
dYy; = (/{(6) —e¥) — 252eYt> dt +6e2"dB,, Y, =vy:=logz, (55)
(W, B); = pdt.

The generator of (X,Y) is given by
.A—ly62 9) 0 —eY 152@; 0 152y82 5¢eY9,0
_§e(w— m)—&— K( —e)—§ e y—|—§ e’0, + pde’0,0,.
Thus, using (@), we identify

1 1 1
alwy) = ¢ bay) =50 cmy)=pbel,  aley) = k(0 —e') — o,

We fix a time to maturity ¢ and log-strike k. Using the formulas from Appendix[Cas well as the Mathematica

notebook provided on the authors’ websites, we compute explicitly

oo = ey/2’

o1 = —éeyﬂt (—20k + ¥ (6% + 2k — 6p)) + iey/%p(k —x),

oy = e¥/? (95615292/%2) + e%v/2 (_916t (18759/@2 — 9t60kp + 62 (—8+ 9tOk + 7,02))>
+ /2 (3814152 (136" + 52k% — 266%p — 520kp + 46% (—1 + 13k + 4p2>)>

+ %ey/%&p (60 — Te¥ (6% + 2k — dp)) (k — ) — %eyﬂy (=2+p%) (k —2)?, (56)

o5 (/2 (24176%%) + €9/ (<1200 (22105% — 114001p + 6 (16 + 11465 + 14%)))

T 3072
+ /2 (— 24026 — 4801262k — 40t35%0k + 13063540k + 520t36%0k% + 520t°0x° + 240t%6°p

— 260t°0%0kp — 520t°60K7 p + 180t%5* p* + 360t>6°kp® + 160t°5%0rp” — 180t25%p?)
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+e™/2 (—t% (8% + 26 — 0p) (356" + 140K* — 708°p — 1406kp + 26° (—16 + 70k + 29p°))) )
+ ﬁ (ey/2 (20t%66°K%p) + 3v/? (—12t5p (14250/{2 — Tt80kp + 62 (—4+ Ttor + 3p2)))
+e™/2 (25p (450" + 180K% — 906°p — 1800k p + 46 (—4 + 45k + 14p%))) ) (k —x)

+ §14ey/2t52 (e (52 + 2k —6p) (-8 + p2) — 20k (-2 + p2)) (k — )2,

To the best of our knowledge, the above formula is the first explicit implied volatility expansion for the 3/2
model. The characteristic function of X; is given, for example, in Proposition 3.2 of [Baldeaux and Badran
(2012). We have

N oLy —a) (2 \° -2 e¥ p
B = S () W (amg) = e a=2 (e f) o0

1/2
_ (1 p 1 p\°, . q B . 1,
a= (2 62>+<(2 52) +262 , p=—K+1dpA, q—2(1)\+)\),

where I' is a Gamma function and M is a confluent hypergeometric function. Thus, the price of a European

call option can be computed using standard Fourier methods

1 ~ .
u(t,z,y) = %/Rd)\r h(\)Eq e X, A=A+ 1A, A < —1, (58)

where ?L()\) is given in (B3). Using (B8) the exact implied volatility o can be computed to solving (23])
numerically.

In Figure [0 we plot our third order implied volatility approximation ¢(® and the exact implied volatility
o. Relative error of the approximation is given in Figure [[Il In order to visualize the range of strikes and
maturities over which our implied volatility expansion accurately approximates the exact implied volatility,
we provide in Figure [2a contour plot of the absolute value of the relative error |o(®) — | /o of our third order
implied volatility approximation as a function of time to maturity ¢ and log-moneyness (k—x). From Figures
2] we observe a relative error of less than 1% for nearly all strikes k maturities ¢ such that (k—x) € (—1.0,0.8)
and t < 1.5 years. A relative error of less than 3% is observed for nearly all strikes k& maturities ¢ such that
(k—x) € (—1.0,0.8) and ¢ < 2.5 years.

6.5 SABR local-stochastic volatility

The SABR model of Hagan, Kumar, Lesniewski, and Woodward (2002) is a local-stochastic volatility model

in which the risk-neutral dynamics of S are given by

48, = Z,SPdw, So=s>0,
dZt = 5thBt, ZO =z > 0,
d(W, B): = pdt.

Modeling the non-local component of volatility Z as a geometric Brownian motion results in a true implied

volatility smile (i.e., upward sloping implied volatility for high strikes); this is in contrast to the CEV
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model, for which the model-induced implied volatility is monotone decreasing (for 8 < 1). In log notation

(X,Y) := (log S,log Z) we have, we have the following dynamics:
dx,; = —%em“(ﬁ*l)xtdt + e HEDX g, X =2 = logs,
ay, = —%52& +6dB,, Yo =y :=logz, (59)
d(W, B); = pdt.
The generator of (X,Y) is given by
A= SRR 0,) 50,4 S804 psert P00,

Thus, using @), we identify

1 . 1 1
a(z,y) = 562”2(5_1)1, b(x,y) = 562, c(x,y) = pdevtB-bz, alz,y) = —562.

We fix a time to maturity ¢ and log-strike k. Using the formulas from Appendix[Cas well as the Mathematica

notebook provided on the authors’ websites, we compute explicitly

_ Y+ (B-1)x _ _ _
op = evtB-Dz, o1 =010+ 0071, 02 = 020+ 01,1 + 00,1, 03 = 03,0+ 021+ 01,2+ 09,3, (60)

where
1
01,0 = é(k — .’L')(_]. + ﬂ)JO,
1
0'0’1 = 16 (2(k - fL')p + tUO (_6 + pUO)) ?

020 = i(_l + B)%00 (8(k — x)* 4 tog (4 - tag)) ,

96
o110 = —%t(—l + B)doo (6(k — x)d — 2(6 + 5k — 5z)pog + tpoy)
0o = %w?ao (32 + 5t6% — 12p* + 2too (—76p + (=2 + 6p°) 00))
- i%z/) (0 = 3poo) (k — ) + 52(?2_05/)2)(16 - )%,
030 = —lg%t(k —z)(=1+ B)%cf (—12 4 5tag) ,
021 = @141?2(—1 + B)%6a (=126 + 28poo + tod (56 — 7pog))
— Jont(=1 4 B)%6p08 (~4 4 t03) (k — ) — Jot(~1+ B0 (5 — 3poo) (k — 2)”
012 = F}2t2(_1 + B)8?pas (—285 + 52pag + tog (50 — 7pao))
+ ﬁt(—l + B)8%a (32 + 5t6° + 12p — 22t6pog + 4t (=3 + 5p°) o) (k — x)
+ it(—l + B8Rk — a)? + T 5)2150_2 30
00,3 = —0051875254 (16 + t6* — 4p*) + U%ﬁt%?’p (104 + 19t6* — 36p%)
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1 1
+ 03@t354 (8 - 21p2) + 03@75353/) (711 + 15p2)

- ita% (8 4+ 12z + t6% — 12p® + 6tog (5p + (1 — 2p%) 09)) (k — z)

192
L3 2 2, 0°p(=5+6p%) 3
16155 p(—=1+p°) (k—2)*+ 2102 (k—x)°.

There is no formula for European option prices in the general SABR setting. However, for the special

zero-correlation case p = 0 the exact price of a European call is computed in |Antonov and Specton (2012):
—62%t/8 00 ™ -1/2 . . 2
w(tz) = eteti2 0L / qv / gk (V) singsin(e) Lo
Vorszt | T Jo 0 VW b—cos¢ 252t

: oo oo —1/2 3 2
s1n(|1/|7r)/ / 1 /v ! sinhy 3 k
4+ — d dy—= | — e IVI¥ o + (" — €M)t
T o v o v V \ Vs b— coshwe P\ 952 (e" —eh)7,

2 2 V2 V2 "
& = arccos (qh + qQJQ;VO TV ?;L‘Q/O cos ¢) , (61)
2 2 V2 V2 "
&y = arccos (qh a %2;‘/0 % + ?}L‘qfo cosh lb) )
2 2 (1-p)k (1-p)e 1 v
b:wa qh:eia q$:L7 V=70 ‘/Ozei
2qnqs 1-5 1-5 2(1-5) 0

Thus, in the zero-correlation setting, the exact implied volatility ¢ can be obtained by using the above formula
and then by solving ([23) numerically. In Figure [[3] we plot our third order implied volatility approximation
o) and the exact implied volatility o. For comparison, we also plot the implied volatility expansion of
Hagan, Kumar, Lesniewski, and Woodward (2002)

2
HKLW _ L —F o | 272 =7 +1/f% (e pre?thl 2 -3p°
o 5D(<){ 16 o ) st : (62)
1
f:§(ex+ek),
de Y
_ =Bk _ (1-B)x
¢ ﬁ—l(e ¢ )
7 = B/f,

72 25(5—1)/f27
D<<>—1og<“2p§f@+<p>-

p

Note that we use the “corrected” SABR formula, which appears in|Obloj (2008). Relative errors of the two
approximations are given in Figure [4l From the Figures we observe that both expansions ¢ and ¢"KIW
provide excellent approximations of the true implied volatility o for options with maturities of ~ 1.5 years
or less. However, for longer maturities t > 2.0, it is clear that ¢(®) more closely approximates o than does
SHKLW

We are interested in learning the range of strikes and maturities over which our implied volatility expan-

sion accurately approximates the exact implied volatility. Thus, in Figure [[3] we provide a contour plot of
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the absolute value of the relative error |a(3) — o|/o of our third order implied volatility approximation as a
function of time to maturity ¢ and log-moneyness (k — x). From the Figure, we observe an absolute relative

error of less than 2% for most options satisfying (k — z) € (—1.5,1.4) and ¢t < 5.0 years.

7 Conclusions and future work

In this paper we consider general local-stochastic volatility models. In this setting, we provide a family of
approximations — one for each choice of the basis functions (i.e. Taylor series, Two-point Taylor series, L?
basis, etc.) — for (i) the transition density of the underlying (ii) European-style option prices and (iii) implied
volatilities. Our density expansions require no integration; every term can be written as a sum of Hermite
polynomials multiplied by a Gaussian density. The terms in our option price expansions are expressed as a
differential operator acting on the Black-Scholes price. Thus, to compute approximate prices, one requires
only a normal CDF. Our implied volatility expansion is explicit; it requires no special functions nor does it
require any numerical integration. Thus, approximate implied volatilities can be computed even faster than
option prices.

We carry out extensive computations using the Taylor series basis functions. In particular, we establish
the rigorous error bounds of our transition density expansion. We also implement our implied volatility
approximation under five separate model dynamics: CEV local volatility, Quadratic local volatility, Hes-
ton stochastic volatility, 3/2 stochastic volatility, and SABR local-stochastic volatility. In each setting we
demonstrate that our implied volatility expansion provides an excellent approximation of the true implied
volatility over a large range of strikes and maturities.

Looking forward, we are currently working to extend our density, pricing and implied volatility approx-
imations to Lévy-type local-stochastic volatility models. We are also examining how our approximation
techniques can be applied to a variety of exotic options. Finally, we are investigating how different basis

functions can be used advantageously in different settings.

A Proof of Proposition [7]

The formal adjoint of an operator A in L?(R?,dzdy) is the operator A' such that

(. Ag) = (AT f.g). (o) i= [ dndyuleghota.n) w0 € S(R?).
Observe that
h
A,Tl = Z Sh—1,1(Dazs Dy)Br—r,(x,y),
=0

which can be deduced by integrating by parts. Now, we note that

<¢)\,wa Ahu(t7 y >> = <‘AL’(/)/\,W7 ’LL>
h

(Dh-1,1(Da, Dy) Br_t,19xw, u(t, -, -))
=0
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[
E

Bp—1,1(i0x,10,)Ph—1,1(A, w) (¥ 0, ult, -, )

N
I
<

[
E

Bp—1,1(10x,10w)on—1,1 (A, w)u(t, A, w).

N
I
=

We Fourier transform equation ([I5]). Focusing first on the left-hand side, and using the above result we have

<'(/)A,w7 (—875 + ‘AO)un(ta ) )> = _at<w>\,wa un(ta ) )> + <-AJ(r)'(/}/\,wz un(t7 X )> = (_815 + ¢0,O(A7 W)) an(ta /\; W)~

Next, for the right-hand side of (&) we compute

h

Z Vs Antin_n(t, - ZZBh 1,1(10, 10L) On—1,1 (A, w)Up—p(t, A, w).
h=1

h=11=0

Thus, we have the following ODE (in ¢) for @ (¢, A, w)
(=0 + b0,0(\,w)) To(t, A, w) =0, o (0,\,w) = H(\w).

)

Likewise, for @, (¢, \,w) we have the following ODE in ¢

n h
(=0 + Go.0(A,w)) Tn(t, A w) = = > > Bu_1(i0x, 10,)dn-1.1(N, w)Tin_n(t, A, w),

h=11=0 n>1.

Un (0, \,w) =0

The solutions of (63) and (64]) are given by (7)) and (8] respectively.

B Proof of Theorem

Throughout this Appendix, we shall use the following identity repeatedly:

1

-~ _ Jidrtiwys
Uo(s, \,w) =e Uo(t, A\, w) Sy TEEpER e

We begin by computing u; (¢, x,y). We have

Ui (ta Z, y)
1

21
1

o7 s d)\dw/ ds; A tiwyt(t=s)90Aw) B (10, 10,)d1—i.:(A, w)To (s, A, w)

[~

d)\dw AT T (1N, w)

JIS

1 t 1 ) .
% - d/\dw/ dS Z ao(s, )\,w)qbl_i7i()\, W)Bl_i,i(—ia,\, —iaw)el)\z-i—lwy-i_(t_s)qﬁg'o(A’w)

[[eo

1

IS

Bl*i 1-(—18)\, _iaw)ei/\z+iwy+(tfs)¢o,0()\,w)

t 1
2 - idztiwy o
T2 e dAdwe Uo(t, )"w)_/o dsz $1-ii(Aw) eirz+iwy+(t—5)$0.0(Aw)
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1 N ¢
3 - dAdw el)‘m““’yuo(t,/\,w)/ ds @4 (s, t, 2,9y, \,w, —10x, —10,,)
T JRr2 0
1 ; PN
5= ddw e HIYG (t N W) L1 (¢, 2, y, A, w)
2T R2

z L1(t,z,y, Dy, Dy)uo(t, z, y),

where L1 (¢, x,y, \,w) is given in ([J). Because we shall repeat the above steps for higher order terms, we
describe the above computation in detail. In the first equality we have expressed u; as an inverse Fourier
transform of 7;. In the second equality we have used Proposition [ to write out #@; explicitly. In the third
equality we have used integration by parts to replace B1_; ;(10x,10,,) acting on ¢1_; ;(A, w)up(s, A, w) by its
adjoint By_; ;(—i0y, —1d,,) acting on etA?+iwy+(t=5)¢0.0(0w)  Tp the fourth equality we have used (B5). In
the fifth equality we have used (20) to recognize the inner-most integrand as @4 (s, t, x,y, \,w, —i0x, —10,).
In the sixth step we have used () to recognize the inner-most integral as £i(s,t,z,y,A\,w). Lastly, in
the seventh equality, we have used (B)) and the fact that £i(s,t,x,y, A,w) is the symbol of the differential
operator £10(s,t,z,y, Dy, Dy).

Now, we move on to us(t,z,y). We have

u2(t7 z, y)
-1 [ adw AT (1 X\ w)
271' R2 o
1 tE L
= —/ d)\dw/ dsz et tiwy+(t=s)do.0(Aw) g, i(10x,100)P2—i (A, w)lo(s, A, w) } = uf
2 R2 0 i—0 ’ ’
1 ! - idz+iwy+(t—s)po,0(A,w) . . ~ B
+ — d\dw dsz e v 20,0l By (10, 10,)d1—i i (A, w)Ur (s, A, w) } =: uj
2’/T R2 0 i—o ’ ’
Comparing with the expression for u;, we see that u' is given by
ué4 = L124(t7 x,Y, ‘Dwa Dy)UQ(t, x, y)a
t
L?(t? z,Y, )\,W) = / dS (b2(87 ta x,Y, )‘7wa _i8>\7 _iaw)'
0
For u¥, we compute
5_ 1 L SN (t=5)60.0(\w)
_ idr+iwy+(t—s)do, w) .
uy = 5o R2d)\dw/0 ds/o erZe Y 0,0
1=0 j=0
Bl_m-(iB,\, iaw)¢1_i7i(/\, w)e(s*’”)d’w()"”)Bl_j’j(i@,\, i@w)qﬁl_m ()\, w)ﬂo (’I“7 A, w)
1 t S 1 1
=5 . d)\dw/o ds/o dT;JZ::O Uo(r, A, w)p1—j (A w) - -
By_jj(—idh, _iaw)e(S—TWo.o()vw)¢17i’i()\’ w)B1_i.i(—10x, _iaw)eiAw+iwy+(t—s)¢o,o(Mw)
1 . . t S
= — [ didw e Hieug (¢, )\,w)/ ds/ dr -
27 Jg2 0 0
1 ) )
Bl—j,j(*ia)\a 7iaw)el)\x+1wy+(t7r)¢0,0()\,w)
Z() d)l_jvj(/\’w) eirz+iwy+(t—r)do,0(A,w)
J:
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where

Bl*i i(—ia)\, _iaw)ei)\;v+iwy+(tfs)¢0,o(/\,w)

1
Z ¢14,z‘(>\»w) eirz+iwy+(t—s)do,0(Aw)
i=0

- 1

o 27T R2

t s
/ ds/ dr @y (r,t, 2, y, \,w, —i0x, —10,)P1 (s, t, , y, \,w, —10x, —10y)
0 0

dAdw AT TG (8 A, w) - - -

= Lg(t’mvy’ Dy, Dy>u0(ta x,y)7

t s
LBt 2,9, )\ w) ::/ ds/ dr @1(r,t,x,y, \,w, —i0x, —10,)P1(s,t, 2, y, \,w, —10x, —10y).
0 0

Pulling both terms u4 and uZ together, we have

wa(t,w,y) = uf +uff = (L8625, Da, Dy) + L5 (12, y, D, Dy) o, 2,)

= LQ(tvxaya Qxa Dy)uo(tvgjvy)a

Next, we examine us. We have

U3(t,1',y)
1 . )
= — [ didwe VTS o (¢ A\, w)
21 R2
1 b2
= — d)\dw/ dsz ety =) 0000 @) By ;4 (10), 10, h3—i,i (A, w)To (s, A, w) } = uj
2 R2 0 i—0
1 L
+ — d)\dw/ dsz eretioytt=s)000@) By (10, 10y, ) Pasi( N, )T (s, A, w) } = uy
T JRr2 0

=0

——
I
<

“QqQ

1 oA
+5- [ dAdw / ds Y ereriertlt=a)dooNI By ;o (10y,10,)¢1-i: (A, w) T2 (s, A, w)
R 0 =0

Comparing with u3' and u we recognize

u134 = LQO(tvxayanany)UO(taxvy)a
t
L?(t7x7yaw7>\) ::/ d5©3(57t7x7ya)\7w77i8>\77j-aw)
0
ulBB = LSB(t7x,y7Dszy)UO(taxay)v

t s
Lgo(t,x,y,)\,w) = / ds/ dr @1 (r,t,x,y, \,w, —10x, =10, ) P2 (s, t, x, y, A,w, —10x, —10).
0 0

For u3c, we compute

1 t s 1 2 } )
u§ = — d/\dw/O ds/o drzz eirrtiwy+(t=s)¢o0(Aw)

2
R? i=0 j=0

Bl_m(i@A, i8w)q$1_i,i(/\, w)e(sfr)%v“()"“’)Bg_j’j (i@)\, iaw)gbg_jJ ()\, w)ﬂo(s, /\, CU)
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1 N
— dXd d d d 2121 piratiwy+(t—s)do.0(Aw)
+ . w / s / r / q

1=0 j=0 h=
B1,i(10x,10,)$1-ii(A, w)e(s_r)(bO’O(/\’w)Blfj’j(iax\v 10,)¢1-5,5 (A w)
e D900 By 1 (108, 10,)d1—n (N, w)To (s, A, w)
== Lg(ﬂ x,Y, 917 j)y)UO’

where
t s
LS (t,x,y,\ w) ::/ ds/ dr Oy(rt,x,y, \,w, —i0x, —10,)P1 (s, t, , y, A, w, —10x, —10,,)
/ ds/ dr/ dg®q(q,t,x,y, \,w, —i0x, —10,,)P1 (1, t, 2, y, \,w, —10x, —10,,)
(I)l(svtaxay,)‘awv_18>\7_1aw)~
Pulling all three terms u4', uf and u§ together, we see that

uz = u? + uf + ug
= (Lg‘(trxvvavay) +L§(t?xay7®vay) + L3C(t7x7yagwaDy))UO(tvzyy)v

= LS(ta z,Y, D.’IH iDy)Uo(t,fE, y)7

Now, we compare (below, for simplicity, we remove the arguments z, y, A, w, —idy and —id,,)

L1(t) = / dt1 @1 (t1, 1),

t1
L () / dty (1)2 tl, / dtl/ diy @ tg, (tl,t),

Lg(t) / dtq (I>3 tl, / dtl/ dtz tQ, ) (tl, )—l—q)l(tg,t)q)l(tl,t))

/dm/ dtQ/ s @ (1, )1 (1, ), (11, 1).

From the above pattern, one guesses
t t t1
= / déy (1)4(t1, t) + / dtq / dio (@3(752, t)q)l(tl, t) + @1@2, t)(bg,(tl, t) + (I)Q(tQ, t)q)g(tl, t))
0 0 0

+/ dtl/ldtg/zdtg (B (t5, 1)1 (ta, 1)y (11, 1) + By (£, 1) Bo(ta, 1)y (1, 1)
Dy (t3,t) D1 (t2, 1) Po(t1, 1))

t1 to ts
/ dt1/ dt2/ dt3/ dty @1 (ts, t)P1(ts, 1) P1(ts, t)P1(t1,1).

And, indeed, one can easily check that this is correct. The general expression for £,, is that given in Theorem

[ Indeed, one can check that the expression given for w, in Theorem [ satisfies Cauchy problem (IH]).
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C Implied volatility expressions

Assuming basis functions B, ;(2',y") = (z' — 2)"(y' — )" with (Z,9) = (Xo,Ys) := (2,9) we compute,

explicitly
00 = +/2a0,0, 01 =010+ 00,1, 02 = 02,0+ 01,1 + 00,2,
where
a1,0 tao,1 (co,0 + 200,0) a0,1Co,0
oro=|=—)(k—2x), 001 = : : : + | —=—== ) (k —x),
Lo (200> ( ) 01 ( 409 203 ( )
and

t(12—|—ta§) aty, 1 —3a} 4+ 40gasp
S I S Vi L R ) ’ k—1)?
720 < 960 600 1203 (k= 2)

t (80(2)0,1716070 + ap,1 ((4 — tU%) a1,0C0,0 — 80(2)01’0))
711 = 1803

T <t (40'(2)(1171 (0070 -+ 20&070) + a071 (75@170 (0070 -+ 20&070) + 20’8 (Cl,O -+ 20[170))) ) (k _ ;[;)
2408’

203a1,1¢0,0 + ao,1 (—5ai,0c0,0 + 05¢1,0) 9
+ 602 (k—2)%,
0

70,2 =

)

2 2 2 2 2 2
(_ tao,lb0,0 3 ao,lb0,0 tap 20,0 n 375%,1%,0 lao,2¢5,0
308’ 1209 o 808 308’

2 2 2 2,2 2
17a0,2¢5,0  tap,1c0.0C01  t°ap,1c00c01  17G5,1C0,00,0  tap,2C0,000.0

120 608’ 240 808’ 300
2 t?a? ;a2 t2ag 202 t2 2
a9,1€0,1%0,0 0,190,0 0,200,0 ap,1€0,0000,1 Go,lao,ooéo,l)
120 808 300 1209 6o
2 2 2 2
( 3ta0,1co,0 tao,2¢5,0  tap,1¢0,0C0,1 375@0,100,0040,0
- 5 3 3 - 5
803 30} 6o 4o
2tag,2c0,000,0 . t@op,1€0,10,0 . tap,1C0,000,1 ) (k— )
3 3 3
Blop ($ops 60
2 2 2 2 2
—9(10716070 + 20’0 (20,0711)070 + 2a0720070 + aovlcovocovl) 2
+ = (k—x)~.
120

Higher order terms are too long to reasonably include in this text. However, o3 and (for local volatility
models) o4 can be computed easily using the Mathematica code provided free of charge on the authors’

websites.

http://explicitsolutions.wordpress.com
www.princeton.edu/ mlorig
www.math.unipd.it/"stefanop

www.dm.unibo.it/ pascucci
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t =0.625

t=1.25

Figure 1: Implied volatility in the CEV model [#4]) is plotted as a function of log-moneyness (k — ) for
four different maturities t. The solid line corresponds to the exact implied volatility o, which we obtain by
computing the exact price u using {#@) and then by solving (23] numerically. The dashed line (which is
nearly indistinguishable from the solid line) corresponds to our third order implied volatility approximation

o3, which we compute by summing the terms in {@5). The dotted line corresponds to the implied volatility

expansion ¢BW

following parameters: § = 0.5, § = 0.4, = 0.0. Relative errors for the two approximations ¢(®) and &

are given in Figure 2
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of Hagan and Woodward (1999), which is computed using (@7). In all four plots we use the
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Figure 2: Relative error (64PP™* — ) /o is plotted as a function of log-moneyness (k — x) for four different
maturities ¢ using two implied volatility approximations in the CEV model ([@]). The dashed line corresponds
to the relative error of our third order implied volatility approximation: oAPP** = 53 The dotted line
corresponds to the relative error of the implied volatility approximation of [Hagan and Woodward (1999):
ohrProx — GHW  The exact implied volatility o is obtained by computing the exact price u using (@8]
and then by solving (23) numerically. Our third order implied volatility approximation o®) is computed
by summing the terms in (@H). The implied volatility expansion oW of [Hagan and Woodward (1999) is
computed using [T). In all four plots we use the following parameters: 8 = 0.5, 6 = 0.4, = 0.0. Observe
that our third order implied volatility expansion o) provides a better approximation of the true implied
volatility o than does the implied volatility expansion o'W of [Hagan and Woodward (1999) for nearly all

strikes and maturities.
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Figure 3: For the CEV model (@), we plot the absolute value of the relative error |0(3) — /o of our third
order implied volatility approximation as a function of log-moneyness (k — ) and maturity ¢. The horizontal
axis represents log-moneyness (k — x) and the vertical axis represents maturity ¢. Ranging from darkest to
lightest, the regions above represent relative errors of < 0.1%, 0.1% to 0.2%, 0.2% to 0.3% and > 0.3%. The
exact implied volatility o is obtained by computing the exact price v using (@f) and then by solving (23)
numerically. Our third order implied volatility approximation ¢ is computed by summing the terms in
H3). We use the following parameters: 8 = 0.5, § = 0.4, z = 0.0.
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Figure 4: Implied volatility in the Quadratic local volatility model (8] is plotted as a function of log-
moneyness (k — z) for four different maturities ¢t. The solid line corresponds to the exact implied volatility
o, which we obtain by computing the exact price u using (B0) and then by solving (23]) numerically. The
dashed line (which is nearly indistinguishable from the solid line) corresponds to our third order implied
volatility approximation ¢(®), which we compute by summing the terms in #9). In all four plots we use the
following parameters: L = 2.0, R = 15.0, § = 0.02, = 0.0. The relative error of the approximation ¢(®) is

given in Figure [l
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Figure 5:

Relative error (0(3) — 0)/o of our third order implied volatility approximation is plotted as a

function of log-moneyness (k — z) for four different maturities ¢ in the Quadratic local volatility model [@S]).

The exact implied volatility o is obtained by computing the exact price v using (B0) and then by solving

(23) numerically. Our third order implied volatility approximation ¢ is computed by summing the terms
in (@9). In all four plots we use the following parameters: L = 2.0, R =15.0, 6 = 0.02, = 0.0.
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Figure 6: For the Quadratic local volatility model @8] we plot the absolute value of the relative error
|o®) — &|/o of our third order implied volatility approximation as a function of log-moneyness (k — =) and
maturity ¢. The horizontal axis represents log-moneyness (k — ) and the vertical axis represents maturity ¢.
Ranging from darkest to lightest, the regions above represent relative errors of < 1%, 1% to 2%, 2% to 3%
and > 3%. The exact implied volatility o is obtained by computing the exact price u using (B0) and then
by solving ([23) numerically. Our third order implied volatility approximation o®) is computed by summing
the terms in ([@9). We use the following parameters: L = 2.0, R = 15.0, § = 0.02, z = 0.0.
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Figure 7: Implied volatility the Heston model (&) is plotted as a function of log-moneyness (k — z) for
four different maturities ¢. The solid line corresponds to the exact implied volatility o, which we obtain by
computing the exact price u using (B3]) and then by solving (23]) numerically. The dashed line corresponds to
our third order implied volatility approximation ¢(®), which we compute by summing the terms in (B2). The
dotted line corresponds to the implied volatility expansion o/ of [Forde, Jacquier, and Lee (2012), which
is computed using (B4)). In all four plots we use the following parameters: x = 0.33, 8 = 0.3, § = 0.44,
p=—045 2 = 0.0, y = logh. Note that our third order approximation of implied volatility ¢(3) captures
the at-the-money level and slope of the true implied volatility, as well as the smile effect, which is seen at

large strikes. Relative errors for the two approximations o(®) and ¢F'" are given in Figure B
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Figure 8: Relative error (¢APP™* — ) /¢ is plotted as a function of log-moneyness (k — x) for four different
maturities ¢ using two implied volatility approximations in the Heston model (5I). The dashed line corre-
sponds to the relative error of our third order implied volatility approximation: o4PPr* = 5(3) The dotted
line corresponds to the relative error of the implied volatility approximation of [Forde, Jacquier, and Le¢
(2012): ohrrrox = oFIL The exact implied volatility o is obtained by computing the exact price u using
([B3) and then by solving (23) numerically. Our third order implied volatility approximation o®) is computed
by summing the terms in (52)). The implied volatility expansion o¥" of [Forde, Jacquier, and Lee (2012)
is computed using (B4)). In all four plots we use the following parameters: x = 0.33, 8 = 0.3, § = 0.44,
p=—045 x = 0.0, y = log 6. Independent of the strike an maturity, the plots demonstrate that our third
order implied volatility expansion o) provides a better approximation to the true implied volatility ¢ than

FJL

does the implied volatility expansion o of [Forde, Jacquier, and Led (2012). This difference in quality

between the two implied volatility expansions is most notable at higher strikes and longer maturities.
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Figure 9: For the Heston model (5II), we plot the absolute value of the relative error |0(3) — o|/o of our
third order implied volatility approximation as a function of log-moneyness (k — z) and maturity ¢. The
horizontal axis represents log-moneyness (k — ) and the vertical axis represents maturity ¢. Ranging from
darkest to lightest, the regions above represent relative errors of < 1%, 1% to 2%, 2% to 3% and > 3%. The
exact implied volatility o is obtained by computing the exact price v using (B3) and then by solving (23)
numerically. Our third order implied volatility approximation ¢ is computed by summing the terms in
[B2). We use the following parameters: x = 0.33, § = 0.3, 6 = 0.44, p = —0.45 2 = 0.0, y = log 6.
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Figure 10: Implied volatility in the 3/2 stochastic volatility model (BH) is plotted as a function of log-

moneyness (k—x) for four different maturities ¢t. The solid line corresponds to the exact implied volatility o,

which we obtain by computing the exact price u using (B8) and then by solving [23]) numerically. The dashed

line corresponds to our third order implied volatility approximation ¢, which we compute by summing

the terms in (B6). In all four plots we use the following parameters: x = 0.5, § = 0.2, 6 = 1.00, p = —0.8

z = 0.0, y = log 6. Relative error for the approximation ¢(®) is given in Figure [l

44




t =0.3125 t = 0.625
| . . . . [ . . . . . . . | . . - i
-10 05 " TT---__ | 05 Tee
~ L ~ L L L
I -1.0 TIe5 - - 05
\\ = ~<
-0.0002| N [~
N -00005F >~
L . .
A N
A\ ~
\ L N
r AN -0.0010 AN
-0.0004 - \ [ .
\ [ N
L \ r \
AY F \
\ -0.0015 | \
\ L \
L . N
I \
~0.0006 - \ 3 \
3 N ~0.0020 %
\ [ \
\ \
\ A\
\ .
~0.0008 |- -0.0025 -
t=1.25 t=2.5
L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L L
-0 -05 | 05 -10 -05 L 05
~ <002} T —001f
F S N N S~ ~ -
-0.004+ AN b
| N -002F .
N N
N N
N \\
r \\ r AN
-0.006 - AN b AN
t AN -003F AN
\ L AN
\ A
F \\ L \\
-0.008 \ [ AN
AY N\
r \ -0.04 |
\ L \~

Figure 11: Relative error (0(3) — o) /o of our third order implied volatility approximation is plotted as a
function of log-moneyness (k — z) for four different maturities ¢ in the 3/2 stochastic volatility model (B5]).
The exact implied volatility ¢ is obtained by computing the exact price u using (B8) and then by solving
23) numerically. Our third order implied volatility approximation o®) is computed by summing the terms
in (B6). In all four plots we use the following parameters: x = 0.5, § = 0.2, § = 1.00, p = —0.8 = = 0.0,
y = logé.
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Figure 12: For the 3/2 stochastic volatility model (BHl), we plot the absolute value of the relative error
|o®) — &|/o of our third order implied volatility approximation as a function of log-moneyness (k — =) and
maturity ¢. The horizontal axis represents log-moneyness (k — ) and the vertical axis represents maturity ¢.
Ranging from darkest to lightest, the regions above represent relative errors of < 1%, 1% to 2%, 2% to 3%
and > 3%. The exact implied volatility o is obtained by computing the exact price u using (B3)) and then
by solving ([23) numerically. Our third order implied volatility approximation o®) is computed by summing
the terms in (B2]). We use the following parameters:x = 0.5, § = 0.2, 6 = 1.00, p = —0.8 z = 0.0, y = log 6.
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Figure 13: Implied volatility the SABR model (B3] is plotted as a function of log-moneyness (k — z) for
four different maturities t. The solid line corresponds to the exact implied volatility o, which we obtain by
computing the exact price u using (6Il) and then by solving (23] numerically. The dashed line corresponds
to our third order implied volatility approximation ¢®), which we compute using [@0). The dotted line
corresponds to the implied volatility expansion o"¥W of Hagan, Kumar, Lesniewski, and Woodward (2002),
which is computed using (62]). In all four plots we use the following parameters: 8 = 0.4, 6 = 0.25, p = 0.0,
z = 0.0, y = —0.8. For the two shortest maturities, both implied volatility expansions ¢(® and ¢"KLW
provide an excellent approximation of the true implied volatility o. However, for the two longest maturities,
it is clear that our third order expansion o(® provides a better approximation to the true implied volatility
o than does the implied volatility expansion oW of [Hagan, Kumar, Lesniewski, and Woodward (2002).

HKLW

Relative errors for the two approximations ¢® and o are given in Figure [[4
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Figure 14: Relative error (04PP™% — 5)/o is plotted as a function of log-moneyness (k — x) for four dif-

ferent maturities ¢ using two implied volatility approximations in the SABR model (B9).
line corresponds to the relative error of our third order implied volatility approximation:

The dotted line corresponds to the relative error of the implied volatility approximation of

a®,

Hagan, Kumar, Lesniewski, and Woodward (2002): o2PProx = oHKIW = The exact implied volatility o is

obtained by computing the exact price v using (61I]) and then by solving (23)) numerically. Our third order

implied volatility approximation o) is computed using (0). The implied volatility expansion o

Hagan, Kumar, Lesniewski, and Woodward (2002) is computed using (62]). In all four plots we use the fol-
lowing parameters: § = 0.4, § = 0.25, p = 0.0, x = 0.0, y = —0.8. For the two shortest maturities, both

implied volatility approximations o3 and oW have a relative error of less than 1% for all (k—z) € (—1,1).

However, for t = 2.5, the relative error of o(3) remains less than 1% for all (k — x) € (—1,1) whereas the

relative error of HKLW

at t = 5.0.
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ranges from 1% to 4%. The improvement marked by () is even more pronounced

The dashed

O.Approx —

HKLW of
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Figure 15: For the SABR model (5J), we plot the absolute value of the relative error |¢®®) — o|/o of our
third order implied volatility approximation as a function of log-moneyness (k — z) and maturity ¢. The
horizontal axis represents log-moneyness (k — ) and the vertical axis represents maturity ¢. Ranging from
darkest to lightest, the regions above represent relative errors of < 1%, 1% to 2%, 2% to 3% and > 3%. The
exact implied volatility o is obtained by computing the exact price u using (€1]) and then by solving (23)
numerically. Our third order implied volatility approximation ¢ is computed by summing the terms in
[60). We use the following parameters: 8 = 0.4, § = 0.25, p = 0.0, z = 0.0, y = —0.8.
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