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Abstract

We tie the notion of rearrangement with that of image of a measure; for not necessary
bounded measures, we give necessary and sufficient conditions for the existence
of increasing and decreasing rearrangements, of spherical rearrangements and of
rearrangements according to a real function f.
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Riassunto

Si lega la nozione di riordinamento con quella di immagine di una misura; per
misure non necessariamente limitate, si danno condizioni necessarie e sufficienti
per esistenza di riordinamenti crescenti e decrescenti, di riordinamenti sferici e di
riordinamenti secondo una funzione reale f.

Introduction

Starting from the works of many authors, as A. Alvino, C. Bandle, K. M. Chong,
P. W. Day, P. L. Lions, S. Matarasso, J. Mossino, N. M. Rice, G. Talenti, G. Trom-
betti (mentioning only someone) the notion of rearrangement of a function and related
applications have been developed very much and in many directions.

In spite of the large amount of works, it seems that the elementary tie between rear-
rangements and the image of a measure has not been sufficiently displayed. From this
it follows in particular that the notion of distribution function is significant not for all
measurable functions, but only for someone, which we have called distributional functions.
Really this aspect of existence of the distribution function (or equivalently, as we shall
see, of an increasing or decreasing rearrangement) has been investigated by P. W. Day [5]
and by K. M. Chang-N. M. Rice [3] from a different point of view; in particular P. W. Day
[5] has found the condition for the existence of the distribution function.

In this work we purpose



e to show that the notion of image of a measure is the basis of the notion of rear-
rangement,

e to supply the tools of the development of the theory,

e to study the problem of existence of increasing and decreasing rearrangements and
of increasing and decreasing spherical rearrangements,

e to state precisely the notion of rearrangement according to a real function f,

to study the problem of existence of increasing and decreasing rearrangements ac-
cording to a real function f.

Using the notion of image of a measure, we consider the following general definition
of rearrangement (definitions 2.2.1, 2.2.2).

Let (X,S, ), (Y, T,v) measure spaces; let I a closed interval of R; let v : X — [
and v : Y — I measurable functions; we say that u is a rearrangements of v if

If Y is an interval of R and if v is increasing (resp. decreasing), we obtain the definition
of increasing (resp. decreasing) rearrangement. If Y is a ball of R™ with centre 0 or R”
and if v satisfies |z| < |y| = v(z) < v(y) (resp. |z| < |y| = v(z) > v(y)) we obtain the
definition of increasing (resp. decreasing) spherical rearrangement.

With this process many theorems of the classical expositions of the theory of the
rearrangements get a more true meaning (see [8] chapter 1, theorem 1.1, for instance):
this may be a check of the exactness of the process.

Among the tools of the theory we recall:

e The notion of monotone inverse function (definition 1.2.1).
Let f : [a,b] — [c,d] increasing; let ¢ : [¢,d] — [a, b] increasing; we say that g is
monotone inverse of f if for all x € [a, b] and for all y € [c, d] we have

(f(z) <y=2<g(y)) and (y < f(z) = g(y) < ).

e The notion of distributional derivative of a monotone function (definition 3.1.1).

Let f : [a,b] — ¢, d] increasing; the distributional derivative Dyeas f of f is the only
positive measure on the o-algebra of the borelian, By, ), such that for all z, 2" € [a, ],
x <a,

(Dmea5f>([x>ml]) = f(:L‘/—I—) - f(x_) :

It is interesting the tie between the distributional derivative and the image of a
measure (theorem 3.3.1): the distributional derivative of f is the image of the
Lebesgue measure on [c, d] by a monotone inverse of f, g, i. e.

Dmeasf - g()‘) .



e The notion of exact measure (definition 4.1.1).

We consider a positive measures v : Bj,p — R; we say that v is an exact measure
if there exists a closed interval of R, J, and f : [a,b] — J increasing such that

Dmeasf: v.

e The notion of distributional function (definition 5.1.1).
Let (X, S, 1) a measure space; let a,b € R; let a < b; let v : X — [a, b] measurable;
we say that u is a distributional function if the image measure u(u) is an exact
measure.

e The notion of increasing distribution function (definition 5.2.1).

For a distributional function u : X — [a, b] the increasing distribution function of
u is a function m : [a,b] — [c, d] increasing, such that

Dmeasm = U(M) .

e The notion of left convergent distributional function (definitions 4.4.1, 5.3.1).
We say that u : X — [a,b] is left convergent distributional if there exists an
increasing distribution function of u, m : [a,b] — [c,d], with ¢ € R.

As regards the problem of the existence of rearrangements, if one supposes that
the measure p is bounded, than there always exists (in obvious hypotheses) the viewed re-
arrangements; on the contrary, we do not consider only bounded measures p; so problems
of existence of the rearrangements arise.

e Let us consider the increasing and decreasing rearrangements: we have the follow-
ing result on the tie among increasing rearrangement, distribution function and
monotone inverse (theorem 6.2.1).

Let (X, S, 1) a measure space; let u : X — [a, b] measurable; let m : [a,b] — [c, d]
increasing; let r : [¢,d] — [a, b] a monotone inverse of m; then r is an increasing
rearrangement of u if and only if m is an increasing distribution function of wu.

So there exists an increasing rearrangement of u if and only if u is distributional.
So we find again the condition of P. W. Day [5](theorems 6.2.2, 5.1.1):

Let a; = ess.inf(u) and b; = ess.sup(u); then there exists an increasing rearrange-
ment of v if and only if u satisfies the three conditions

1. (Vz, 2" €lay, b,z < 2') p(u([z,2'])) < +oc;
2. p(u™ ({b1})) = 0 or (Vo €]ar, bi[) p(u™ ([, b1]) < +o0;
3. plu™({ar})) = 0 or (Vo €lay, bi]) p(u=t(Jay, x])) < +oo.



e Let us consider the increasing spherical rearrangements. We find that there ex-
ists an increasing spherical rearrangement of u if and only if u is left convergent
distributional (theorem 7.2.3) .

If b; = ess.sup(u) this means that u satisfies the two conditions (theorem 5.3.1 ):

1. (Vz € [a,b1]) plu=([a,z])) < +oo;
2. p(u™t({b:})) = 0 or p(u™*([a,bi[)) < +o0.

Following G. Talenti (see [12]), we consider also the rearrangements according to a
real function f. Roughly speaking, this means that as for the spherical rearrangements
the rearranged function increases (or decreases) with the hypersurfaces |z| = ¢, so for the
rearrangements according to f the rearranged function increases (or decreases) with the
hypersurfaces f(x) = t.

e Evidently for the consideration of such rearrangements we need some condition on
f; we call these functions f, rearranging functions (definition 8.1.1).

Let (Y,T,v) a measure space; let f : Y — [a, §] measurable; we say that f is a
rearranging function if f is distributional and if

(Vt € [o, ) v(f'({t}) = 0.

e We give the definition of rearrangement according to a rearranging function f (def-
inition 8.1.2):

Let (X,S,u), (Y,T,v) measure spaces; let u : X — [a,b] p-measurable; let v :
Y — [a,b] v-measurable; let f : Y — [a, §] v-measurable; let f a rearranging
function; we say that v is an increasing rearrangement of u according to f if

Vy, ' €Y) (f(y) < f(¥) = v(y) < v(y))

and if v is a rearrangement of wu.

Following [12] a rearrangement v according to f may be obtained as
v=roTgomof;

where m : [a, 3] — [7, 9] is an increasing distribution function of f, r : [a,b] —
[c,d] is an increasing rearrangement of u, and 7k : [y,0] — [¢,d],x — x + K is
bijective (theorem 8.1.1).

Supposing p(X) = v(Y), the existence of an increasing rearrangement of u
according to f is tied to the existence of the bijective translation 7x; if u(X) < 400
there exists T and consequently an increasing rearrangement of u according to f (theorem
8.2.4); if u(X) = p(Y) = 400, [7,0] and [¢, d] must be [—oo, +00] or of the type [M, +o0],
with M € R, of the type [—oo, N|, with N € R; we prove that there exists an increasing
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rearrangement of u according to f if and only if we can choose [, d] and [c, d] of the same
type (theorems 8.2.1, 8.2.2, 8.2.3).

Although in the applications mainly decreasing rearrangements are used, for sake
of logical simplicity we have privileged in the exposition the increasing rearrangements;
however all the results are translated for decreasing rearrangements.

1 Monotone functions on closed intervals of R

1.1 Monotonically equivalent functions

Let us consider monotone functions f : I — J, with I,.J closed intervals of R. The
essential hypothesis is that the intervals are closed; this permits to consider the least
upper bound and the greatest lower bound of every subset A of I or J, even if A = (.
Let a,b,c,d € R; let a < b and ¢ < d; let f : [a,b] — [c,d]; let f increasing; if

x € |a,b], we put

flz+) =inf({f(¢);t € [a,b],t > x})
and

fla=) =sup({f(t);t € [a,b] .t < x}),
where the least upper bound and the greatest lower bound are done respect the ordered
set [c,d]. We observe explicitly that if z = b, we have f(b+) = inf(()) = d and if = a,
we have f(a—) =sup() = ¢; if x < b we have f(z+) = limy_,; ¢~ f(t), while if z > a we

have f(z—) = limy ., 1<, f(2).
It follows at once that f is continuous and surjective if and only if (Vx € [a,?])

flat) = flz—).

Analogically, if f is decreasing, we put

fla+) = sup({f(t);t € [a,b],1 > x})

and

Fla—) = inf({f(D); ¢ € [a, ], < a})

Definition 1.1.1 Let a,b,c,d € R; let a < b and ¢ < d; let f,g: [a,b] — [c,d]; let f, g
increasing (resp. decreasing); we say that f is monotonically equivalent to g if

(Vo € [a,0]) f(z+) = g(z+) and f(z—) = g(z—).

We note by f ~,, g the equivalence relation on the set of the increasing (resp. de-
creasing) functions from |[a, b] to [c,d] so defined; we note by [f],, the equivalent class of
a function f.

[f]m has least element and which is

[CL?b] - [Ca d],l’ - f(l’—)

(resp. [a,b] — [e,d],x — f(z+) ) .
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[f]m has greatest element which is
[a7 b] - [C’ d]v r— f(I+)

(resp. [a,b] — [c,d],z — f(z—) ).

If f is continuous and surjective, then [f],, has an only element f; we identify [f],,

with f.

1.2 Monotone inverse of a monotone function

We introduce! the notion of function that is monotone inverse of another; this relation is
symmetric and is compatible with the equivalence relation of the monotonically equivalent
functions. The hypothesis of closed intervals permits to obtain results of existence and
uniqueness, as easy relations between a function and its monotone inverse.

Definition 1.2.1 Let a,b,c,d € R; let a < b and ¢ < d; let f : [a,b] — [c,d] increasing
(resp. decreasing); let g : [c,d] — [a,b] increasing (resp. decreasing); we say that g is
monotone inverse of f if for all v € [a,b] and for all y € [c,d] we have

(f(z) <y=2<g(y) and (y < f(z) = g(y) < x)
(resp. (f(z) <y=ax2>g(y)) and (y < f(x) = g(y) > z)).

This means that for all y € [c, d]
sup({z € [a,0]; f(2) <y}) < g(y) < nf({z € [a,0]; f(2) > y})

(resp. sup({z € [a,b]; f(x) > y}) < g(y) < inf({z € [a,0]; f(z) < y})),

where the least upper bound and the greatest lower bound are made respect the ordered
set [a, b].
It is easy to see that g is monotone inverse of f if and only if f is monotone inverse of

g.
The definition is equivalent also to

(f(z—) <y=2<g(y)) and (y < f(z+) = g(y) <) (1)

(resp. (f(z—) <y =z =>g(y)) and (y < f(z+) = g(y) > 2)) .
If in the definition of inverse monotone we substitute the strict inequalities f(z) <y
and y < f(x) by f(z) <y and y < f(x), we have
(f(z) Sy =2 <g(y+)) and (y < f(z) = g(y—) < z) (2)

In spite of the simplicity, the author is not acquainted in mathematical texts with the use of the
following topic, at least in the exposed terms.




(resp. (f(7) <y =2 >g(y+)) and (y < f(z) = g(y—) > z)) .

From this it follows at once

9(f(x)=) <z < g(f(x)+) (resp. g(f(2)+) <z <g(f(z)-)), (3)

which substitutes the usual g(f(x)) = x, when ¢ is the inverse of the injective function f.
From elementary proprieties of monotone functions and from from the axiom of choice
if follows at once the theorem on the existence of the monotone inverse.

Theorem 1.2.1 Let a,b,c,d € R; let a < b and c < d; let f : [a,b] — [c,d] increasing
(resp. decreasing); then there exists g : [c,d] — [a,b] increasing (resp. decreasing)
monotone inverse of f.

We observe that for this theorem is necessary the hypothesis of closed intervals: the
increasing function f : [0, 1] — [0,2] + — 1 has as monotone inverse for example

0 if0<z<1
02 —bale—{] (575
while the function f : [0, 1[— [0,2], 2 — 1 has no inverse monotone (extending defini-
tion (1.2.1) to consider not necessary closed intervals).
The bounds g(z+) and g(x—) for a monotone inverse of an increasing (resp. decreas-
ing) function f are given by:

9(y+) = nf({z € [a,b]; f(x) > y}) ,

g(y—) = sup({z € [a,b]; f(z) < y})
(resp. g(y+) = sup({z € [a,b]; f(x) > y}) ,
g(y—) = inf({z € [a,b]; f(z) < y})) .

From this it follows at once that the relation “g is monotone inverse of f” is compatible
with the equivalence relations of monotone equivalent functions on [a, b] and on [c, d]; so
we may consider the relation between classes “[g],, is monotone inverse of [f],,”; moreover,
given a class [f],,, there exists one and only one class [g],, such that ¢ is monotone inverse
of f. We put

1.3 Monotone inverse of a strictly monotone function

In view of the applications there is an important not symmetric case: if g is monotone
inverse of f, then f is strictly monotone if and only if ¢g is continuous and surjective; in
this case g is the only monotone inverse of f and g o f is the identity. Indeed this is the
case in which the notion of monotone inverse is more close to that of inverse of a function.



Theorem 1.3.1 Let a,b,c,d € R; let a < b and c < d; let f : [a,b] — [c,d] increasing
(resp. decreasing); let g : [c,d] — [a,b] increasing (resp. decreasing); let g a monotone
inverse of f; then f is strictly increasing (resp. strictly decreasing) if and only if g is
continuous and surjective.

Proof. Suppose f strictly increasing; let us prove that g is continuous and surjective; this
is equivalent to prove that (Vy € [¢,d]) g(y—) = g(y+); let y € [c, d]; we have

g(y—) = sup({z € [a,b]; f(z) < y})

and
g(y+) = inf({z € [a,b]; f(z) > y}) ;

assume by contradiction that g(y—) < g(y+); let « € [a, b] such that g(y—) < = < g(y+);
as g(y—) < z, from (1) we have y < f(z); as = < g(y+), we have f(z) < y; so we have
f(z) = y; then f & constant on |g(y—), g(y+)[; this is a contradiction.

Suppose g continuous and surjective; let us prove that f is strictly increasing; let z, 2’ €
[a,b] with x < 2'; let us prove that f(z) < f(2'); let us assume by contradiction that

f(x) = f(2'); let y = f(x) = f(a'); we have
gy—) =sup({t € [a,b]; f(t) <y}) <w

and
g(y+) = inf({t € [a,0]; f(t) > y}) > 2";

then we have g(y—) < g(y+); then g is not continuous and surjective; this is a contradic-
tion.

If f is strictly increasing (resp. strictly decreasing), then there exists only a monotone
inverse of f; if g is this function, following the above notations, we have [f] ! = [g],, = g;
we also note this function g by f=™.

Let f : [a,b] — [c, d] strictly increasing (resp. strictly decreasing); from (3) and from
theorem 1.3.1, it follows f~1™ o f = 1,4.

2 Rearrangements and image of a measure

2.1 Image of a measure

When we say (X, S) measurable space, we mean that X is a set and S is a o-algebra
of subsets of X; when we say (X, S, 1) measure space, we mean that X is a set, S is a
o-algebra of subsets of X, and p: S — R a positive measure on X.

The notion of image of a positive measure is a well-known subject that belongs to the
basic topic of the measure theory.

In order to conform the language, we briefly recall the definitions and some proprieties.



Let (X, S, 1) a measure space; let (Y, T) a measurable space; let u : X — Y’; suppose
that for all A € T, u='(A) € S; then the image u(u) is the positive measure on T such
that for all A € T (u(p))(A) = p(u=t(A)).

We have (u(p))(Y) = pu(X). So, u(p) is a bounded measure if and only if x is a
bounded measure.

We have u(p) = 0 if and only if = 0.

Let c € Y and k € R; then we have u(u) = ké, if and only if for almost every z € X
we have u(z) = c and k = p(X).

In particular w is the constant function ¢, then u(u) = pu(X)d..

Let f:Y — R positive and measurable respect the measurable space (Y, T); then

we have in R
[ #) dtwlu)) = [, Fute) dute). o

2.2 Equimeasurable functions and rearrangements

Definition 2.2.1 Let (X,S,u), (Xi,S1, 1) measure spaces; let (Y,T) a measurable
space; let u : X — Y, suppose that for all A € T, u='(A) € S; let uy : X; — Y
suppose that for all A € T, uy'(A) € Sy; we say that u is equimeasurable with u, if
u(p) = wr(p).

Clearly if u is equimeasurable with u; then u(X) = pi(Xy).

If I is an closed interval of R, we consider on I the o-algebra B; of the Borel sets
of I. If (X, S, ) is a measure space and if v : X — [ the condition “for all A € By,
ui*(A) € S” becomes “u p-measurable”.

Definition 2.2.2 Let (X, S, W), (X1,51, 1) measure spaces; let I a closed interval of
R; let w : X — I p-measurable; let uy : X1 — I pi-measurable; we say that u is a
rearrangements of uy if u is equimeasurable with .

The following theorem is immediate consequence of the definitions and of (4).

Theorem 2.2.1 Let (X, S, u), (X1, S, 1) measure spaces; let I a closed interval of R;
let u: X — I measurable; let uy : X1 — I measurable; let u a rearrangements of uy;
let f: 1 — R borelian and positive; then we have in R

J Fu@) du() = [ fln(@) di(a)

1

3 Distributional derivative of a monotone function

3.1 Distributional derivative of a monotone function

In R, besides the usual conventions for operations, we put (+00) + (—o00) = 0.



Let (R, Lg,\) the measure space of Lebesgue on R; let i : R — R, © — z; the
Lebesgue measure space (R, Lﬁ’ )\E) on R is the image by i of (R, Lg,\); we have
A € Ly if and only if i~!'(A) € Ly and, in this case, we have /\E(A) =i "' (A)).

Let J a closed interval of R; we consider on J the measure space induced on J by
(R, LE’ )\E). We note still by A; (or simply by A) the related measure, that we call the
Lebesgue measure on J.

Let f :[a,b] — [c, d] increasing; then there exists one and only one positive measure
v on By that for all z,2’ € [a,b], x < o', v([z,2']) = f(2'+) — f(x—); in fact, although
we work with intervals of R, and with not necessary o-finite measures, the classical topics
can still be used.

Definition 3.1.1 Leta,b,c,d € R; let a < b and ¢ < d; let f : [a,b] — [c, d] increasing;
the distributional derivative Dyeasf of f is the only positive measure on B,y such that
for all x,2' € [a,b], v < o,

(Dmea5f>([xvm/]) = f(xl"i_) - f(x_> .

Let x, 2’ € [a,b], x < 2’; we have

(Dmeasf)([aj’x/[) = f(x/_) - f(x_) )

(Dmean>(]xvx/]> = f(:l?l-i-) - f(:C-l-)

and
(Dmeasf) (2, 2'[) = f(2'=) = fa+) .

If f,g : [a,b] — [c,d] are increasing monotonically equivalent functions, we have
Dineas] = Dmeasg; S0 we may put Dmeas[f]m = Dreasf-

We observe that Dyeasf depends not only on the graphic G of f, but also by [c, d];
in other word in this context we do not identify the function f = (Gy,[a,b], [c,d]) with
its graphic Gy.

For instance if f:[0,1] — [0,2], x — 1, we have Dyeasf = 0o + 1.

So the only functions functions f : [a,b] — [c, d] increasing such that Dye.sf = 0 are
those for which ¢ = d.

AS (Dpeasf)([a,b]) = d — ¢, Dpeasf is bounded if and only if d — ¢ € R; this means
c,cde Rorec=d=+4o0coorc=d= —oo0.

Let zg € [a,b] and k € R; we have Dyeasf = kd,, if and only if k = d — ¢, (Va €
[a,zo]) f(x) = c and (Vz €]z, b]) f(x) = d.

If f is decreasing, we put Dieasf = —Dieas(—f), where

—f:]a,b] — [-d,—c],x — —f(x) .
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3.2 Functions with equal distributional derivative

Let a,b,c,d,d,d € R;let a < b, c<d, d <d;let f:ab] — [c,d] and g : [a,b] —
[, d]; let f,qg increasing. Suppose Dpeasf = Dmeasg- As d — ¢ = (Dmeasf)([a, b]) and
d' — ¢ = (Dmeas9)([a, b)), a fist consequence is d — ¢ = d' — ¢’. But what about the usual
relation ¢ = f + k? Unfortunately, because of the presence of R, this relation is not
always true.

We point out two cases of this situation.

The fist is f : [a,b] — [+00, +0], x — 400, and g : [a,b] — [1,1], x —> 1; we
have Dieasf = Dmeasg = 0, but we have g # f + k, for any k € R.

The second is

0 if —1<2<0
f.[—l,l]—>[0,+00]795—>{ too f0<z<1

and
-0 if—-1<z2<0

g:[—l,l]—>[—oo,1],ac—>{1 0 <w <1 :

we have Dieasf = Dimeasg = +000g, but we have g # f + k, for any k € R.
Fortunately this two examples individualize the only exceptions of the customary rule,
as we shall see later; but firstly we precise what means f + k.

Definition 3.2.1 Let a,b,c,d € R; let a < b; let ¢ < d; let f : [a,b] — [c,d]; let k € R;
we put

fH+k:lab —c+k,d+Ekl,z — flz)+Ek.

We have Dmeasf = Dmeas(f + k)

Let a,b € R, with a < b; let v : B([a, b]) — R a positive measure; the convex support
of v is the least closed interval I C [a,b] such that v([a,b]-1) = 0.

Let ¢ < d; let a; = sup(f~*({c})); let by = inf(f~'({d})); then the convex support of
Dmeasf iS [(11, bl]

Now we see that with some exceptions, if two increasing functions have the same
distributional derivative, one is monotonically equivalence to a left translated of the other.

Theorem 3.2.1 Let a,b,c,d,/,d € R; leta <b, ¢ <b, ¢ <d;letv:B,y — Ra
positive measure; let v # 0; let (Vo € [a,b]) v # +00d,; let [ : [a,b] — [c,d] increasing
(resp. decreasing); let g : [a,b] — [/, d'] increasing (resp. decreasing); suppose Dyeasf =
Diyeasg = v; then there exists k € R such that f is monotonically equivalent a g + k.

Proof. Let us prove at first that there exists xy € [a, b] such that f(xo—), g(zo—) € R.
Let a1, by € [a,b], with a; < by, such that [aq, b;] is the convex support of v.

Suppose a; < by. Let zy € [a,b] such that a; < x¢ < by; we have a; = sup(f~({c})
and by = inf(f~!({d})); from this it follows that ¢ < f(zo—) < d; then f(zo—) € R;
analogously we see that g(zo—) € R.
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Suppose a; = by; let g = a1; as v # +00d,,, there exists k €]0, 400 such that Dyeasf =
kdy,; we have k = (Dpeasf) ([0, o)) = f(zo+) — f(xo—); if f(zo—) = o0, as k € R, we
have f(xo+) = f(xo—) = £oo; then k = 0; this is a contradiction; so we have f(xy—) € R;
analogously we see that g(zo—) € R.

Let z € [a,b]. If © > xy we have (Dueasf)([T0,2]) = (Dmeasg)([To, x]); then we have

f($+)—f($0—) = g(x+)—g(x0—); if z < Lo We have (Dmeasf>(]x7x0[) = (Dmeasg>(]x7x0[>;
then we have still f(z+) — f(xo—) = g(z+) — g(xo—). Then we have

(f(z+) = flzo=)) + fwo—) = (9(z+) — g(x0—)) + f(20—) ;
since f(zo—), g(zo—) € R, we have f(z+) = g(z+) + (—g(zo—) + f(z0—)).

Analogously we prove f(z—) = g(x—) + (—g(xo—) + f(zo—)).
From this, it follows the thesis.

As pointed above, if v = 0, then for every ¢ € R, if
f:la,b) — e ],z — ¢

we have Dyeasf = v = 0; the thesis of theorem 3.2.1 is not true.
Suppose p € [¢,d], and v = 4000,; then for all ¢ € [—o0, +o0] if

c ifx<p

f:a,b] —>[C,+Oo]ax—>{ +oo ifx>p

we have Dieasf = v = +000,; moreover for all d €] — oo, +o0], if

—oo ifx<p

f:[a,b]—>[—oo,d],x—>{d if 2> p

we have still Dyeas [ = v = 4+006,; the thesis of theorem 3.2.1 is not true.

3.3 Distributional derivative and monotone inverse

The distributional derivative of a monotone function f is closely related to the notion of
monotone inverse and of image of a measure, as stated by the following theorem.

Theorem 3.3.1 Let a,b,c,d € R; let a < b and ¢ < d; let f : [a,b] — e, d] increasing

(resp. decreasing); let g : [c,d] — |a,b] increasing (resp. decreasing); let g monotone
inverse of f; then

Dmeasf = g(A[c,d}) (7’6517- _Dmeasf :g()\[c,d] )

Proof. Let z,2’ € [a,b] with < 2’; from (1) and (2) it follows at once

[f(@=), f@'+)[C g ([z,2]) C [f(a—), fa+)] .
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Then we have
(g ([, 2]) = Mg~ ([, 2])) = f(2'+) = f(2=) = (Dieasf) ([, 2]) .

If f is increasing (resp. decreasing) and if h : [a,b] — R is a positive borelian
function, we have in particular in R

[ Po@) @) = [ 1) d(Dyensf)(x)

[a,]

(resp. | h(o() dNw) = [ 1) d(=Dens( £)) () -

[a.]
4 Exact measures

4.1 Exact measures

Now let v a positive measure on [a, b]; the problem that arises is the condition on v for
the existence of an increasing function f such that Dye.sf = v.

Definition 4.1.1 Let a,b € R; let a < b; let v : By — R a positive measure; we say
that v is an exact measure if there exists a closed interval of R, J, and f : [a,b] — J
increasing such that Dye.sf = V.

If v is an exact measure and if Dye.sf = v, then we call f a primitive of v.
If v =0, then v is an exact measure and, if ¢ € R, f : [a,b] — ¢, ¢] is a primitive of
v.

A Dirac measure kd,, with k € R, and p € [a, ], is an exact measure. A primitive of
ko, is

[_ 2 Y 2 ]7
If k =400, (5) and ( 6) give other primitive of kd, = +000,.

k k —Eifr <
[ :la,b] — :c—>{k2 ?fx_p
2

4.2 Integral function
Let a,b € R; let a < b; let v : B, — R a positive measure; let z1, x5 € [a, b]; we put
2 sv{an}) + foy o v+ v({za})  ifan <y
/ dv = 0 if 1 = T2
. —2v({za}) — Sz AV — w({z}) ifa > 2

Definition 4.2.1 Let a,b € R; let a < b; let v : By — R a positive measure; let
o € [a,b]; let ¢ = —v([a, z0]) — sv({x0o}); let d = v(Jwo,b]) + sv({zo}); the function

F,, :la,b] — [¢,d], x —>/ dv
zo
is called integral function of v of initial point x.
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Clearly F, is an increasing function. In general D e.sF,, = v is not verified; however,
the problem of the existence of an increasing function f such that Dye.sf = v is strongly
tied to the existence of a z( € [a, b] such that F,, is a primitive of v.

We call a point z¢ € [a, b] such that F,, is a primitive of v, an initial point for v.

If v = 0 or if v is a Dirac measure kd,, with k € R, and p € [a, b], then every x4 € [a, ]
is an initial point for v.

One easily sees that, if zy in an initial point for v, then a function as

£+ (6] — (=l 20D, v(feo, b)), 2 — { V) X

—v([a, xo[ if x < g

is monotonically equivalent to a left translate k + F,, of F},; so it is still a primitive of v;
in such a way, we can find other primitives of v.

4.3 Characterization of the exact measures

In the following theorem we give the characterization of the exact measures v # 0.

Theorem 4.3.1 Let a,b € R;leta<b; letv: Biay — R a positive measure; let v # 0;
let ay,by € R, with a1 < by such that the convex support of v is [a1,bi]; then v is an ezxact
measure if and only if

1. (Vx, 2’ €lay, bi|,x < 2') v([z,2']) < +o0;
2. v({b1}) =0 or (Vx €]ay, bi]) v([z,b1]) < +o0;
3. v({a1}) =0 or (Vx €lay, bi]) v(Jar, x]) < +o0.
If v is exact, then every xq €|ay, by[ is an initial point for v.

Proof. 1If a; = by, we have v = v([a, b])d,,; so v satisfies the three conditions and v is
exact; the thesis of the theorem is then true; so we may suppose a; < b;.

Suppose that v satisfies the three conditions. Let xg such that a; < xg < by; let ¢ =
—v([a, zo]) — sv({xo}), let d = v(Jzo, b)) + sv({z0}); let F : [a,b] — [c,d] the integral
function of initial point z.

By condition (1) we have v({zo}) = v([xo, z0]) € R. Let us prove that for all x > xy we
have

F(ot) + gu(fao}) = w(fwo, o)) @
For all y > = we have
Ao ol) < vllro,ul) + gr({) = F) + gvlfeod) <lmos) . (8)
Then we have
Jim vl <t (FO) +ool{eoh) < lm vlleos)). )
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If = < by by condition (1), we have v([xg,y], v([zo,y[) € R for all y €]x,b;[; then

lim  v([zo,y]) = lim_ v([zo,y]) = v([zo,]) ;

Yy—x,Yy>T Y—T,Yy>T
then

1
im (F(y)+ 5v({ao))) = vlao. )
then we have (7).

If £ > by, then F is constant and equal to sv({zo}) 4+ v(Jzo, b1]) on by, b]; then we have
F(z+) = tv({zo}) + v(Jzo, b1]); then we have still (7).

In particular we have F(zo+) = sv({zo}).

Let us prove that for all x > xy we have

1
F(z=) + 5v(izo}) = v([zo, 2[) - (10)
Suppose © > xy. For all y, zg < y < 2 we have (8).
Then we have

ti_ v(leo,y) <t (F)+ 5o(ad)) < lim vlleu).

Yy—x,y<zx - y—zy<z - y—zy<z

We have
lim_ v([zo,y[) = lim v([zo,y]) = v([zo, z[) ;

y—x,y<re y—z,y<z
then

lim <F(y) + ;U({l’g})) = v([zo, x]) ;

Yy—x,y<zx

then we have (10).

If = z for symmetry we have F(zg—) = —F(zo+) = —3v({zo}); then we have still
(10).
Let z,2" € [a,b] with zp < 2 < 2'; we have [2o,2'] = [z, z[U[z,2']; then we have

v([xo, 2']) = v([xo, z[) + v([z, 2']). Let us prove that from this it follows in R
v(lz, 2']) = v([wo, 2']) — v([o, x]) - (11)

If v([xg, 2']) € R, then we have v([xg, z]), v([z,2']) € R and (11) is true.

Suppose v([xg, 2']) = 4o00; if v([zo, z[) € R, we have a v([z,2']) = +00; so we have still
(11).

Suppose v([zo, 2']) = 400 and v([zo, z[) = +00; from condition (1), if follow that we have
by < x; if by = x from condition (2), it follows that we have v({b;}) = 0; then we have
v([z,2']) = v([by,2']) = v({b1}) + v(]b1, 2]) = 0; if & > by we have still v([z,2]) = 0; we
have v([zg, 2']) — v([xo, x[) = +00 — 00 = 0 and so (11) is true.

Being the addition commutative and associative in | — oo, +o0], from (11) it follows
v([z,2']) = F(a'+) — F(2—) = (Dmeas ) ([z, 2]).

Analogously we prove that if x < 2’ < xg, we have still v([z,2']) = F(2'4+) — F(z—).
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If # <y < 2/, since the addition is commutative and associative in | — 0o, +00], we have

v(lz, o) = v([z, mol) + v([z0, 2]) — v({zo}) =
F(zot) = Flz=) + F(a'+) = Fwo—) —v({zo}) = F(a'+) — Fla—) .

This proves that F' is a primitive of v.

Vice versa suppose v an exact measure measure; let f : [a,b] — [c,d] a primitive of v.
Let x €]ay, bi[; f can not be equal to the constant +o0o on |z, b], otherwise it would be
v(]x,b]) = 0 and then b; < z; so we have f(z+) € R; analogously we see that f(z—) € R;
from this it follows propriety (1).

Suppose there exists 2 €]ay, b [ such that v([z, bi[) = +00; we have v([z,bi]) = f(b1—) —
f(z—); then we have f(b;—) = 400; then we have f(bj+) = +oo and v({b1}) = f(b1+) —
f(by—) = 0; this proves propriety (2); we prove propriety (3) analogously.

It follows at once from the theorem that the relation v exact does not depend on the
interval [a, b] containing the convex support [a1, b1] of v, but only on [a, b ].
From theorem 4.3.1 it follows at once the following result.

Theorem 4.3.2 Let a,b € R; let a < b; let v : Biay — R a bounded positive measure;
then v is exact.

If v : By is an exact measure and if f : [a,b] — [c,d] is a primitive of v, the care
is on [¢, d]; in fact we have the condition v([a,b]) = d — ¢, while the interval [a, b] may be
equivalently replaced by another closed interval containing the convex support of v.

4.4 Left convergent exact measures

If f: [a,b] — [e,d], the relation Dye.sf = v depends not only by the graphic of f,
but also by the set [¢,d]; now the problem that arises is to find conditions on v for the
existence of increasing functions f : [a,b] — [c¢,d] such that Dye.sf = v, with [¢,d]
satisfying special proprieties, i.e. ¢ € Ror c = —00,d € R or d = +00.

Definition 4.4.1 Let a,b € R; let a < b; let v : By — R a positive measure; let v
exact; we say that v is a left (resp. right) convergent exact measure if these exists ¢ € R
(resp. ¢ € R), there exists d € R (resp. d € R), with ¢ < d, there exists f : [a,b] — [c, d],
such that f is a primitive of v.

We say that v is a left (resp. right) divergent exact measure if these exists d € R (resp.
c € R), there exists f : [a,b] — [—o0,d] (resp. f : [a,b] — [c,+00]) such that f is a
primitive of v.

We say that v is a left-right divergent distributional measure if these exists f : |a,b] —
[—00, +00] such that f is a primitive of v.

If v =0, v is left convergent, right convergent, left divergent, right divergent.
If p € [a,b], +000, is left convergent, right convergent, left divergent, right divergent,
left-right divergent.
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From theorem 3.2.1, if v # 0 and if v # 4006, for any p € [a,b], v is left (resp right)
divergent if and only if v is not left (resp. right) convergent; more precisely let [ay, b;] the
convex support of v; let xy €]ay, b1[; then we have:

v is left convergent if and only if [/ € R,

v is left divergent if and only if [ = 400,

v is right convergent if and only if ffo eR,

v is left divergent if and only if f:fo = +00,

v is left-right divergent if and only if [ = ffo = +4-00.

If v is bounded, then v is a left convergent and a right convergente exact measure.

From theorem 4.3.1 it follows the characterization of the left (resp. right) convergent
exact measures v # 0.

Theorem 4.4.1 Let a,b € R; let a < b; let v : Blay) — R a positive measure; let v # 0;
let a1,by € R with a; < by such that [a1,b1] is the convex support of v; then v is a left
(resp. right) convergent exact measure if and only if

1. (Vx € [a,b1]) v([a,z]) < +oo (resp. (Vx €]ay, b)) v([x,b]) < +00);
2. v({b1}) =0 or v([a,b1]) < +oo (resp. v({a1}) =0 or v(Jay, b)) < +00).

If v is a left (resp. right) convergent measure, then every xo € [a,bi[ (resp. xo €]ay,b]) is
an initial point for v.

For a left (resp. right)convergent exact measure we can consider the primitive of v as
an equivalence class of monotone functions, according to the following theorem.

Theorem 4.4.2 Let a,b € R; let a < b; let v : Bl — R a positive measure; let v a
left (resp. right) convergent exact measure; we have

1. there exists f : [a,b] — [0,v([a,b])] (resp. f:[a,b] — [—v([a,b]),0]) primitive of

)

2.4f f : la,b] — [0,v([a,b])] (resp. f :[a,b] — [—v(|a,b]),0]) is a primitive of v,
then g : [a,b] — [0,v([a,b])] (resp. g : [a,b] — [—v([a,b]),0]) is a primitive of v
if and only if g 1s monotonically equivalent to f.

Proof. If v = 0 or if v = +00d, for some p € [a, b] the thesis is proved directly; otherwise
if follows from theorems 4.4.1, 3.2.1.

So for left (resp. right) convergent exact measure, we can consider the primitive of v
as the equivalent class [f],,, where f in an increasing function f : [a,b] — [0, v(]a, b])]
(resp. f:[a,b] — [—v([a,b]),0]) such that Dyeasf = v.

We can choose as element of this class the function f : [a,b] — [0,v([a,b])],z —
v([a,z]), (resp. f : [a,b] — [—v([a,b]),0]) such that f(z) = F,(z) or f(z) = v([a,z]) or
F(z) = w(la,2]) (resp. f(z) = Fyfa) or () = —w([z, B]) or f(z) = —w(Jz, B]).
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5 Distributional Functions

5.1 Distributional functions

The distributional functions of the following definition will be the functions for which we
can (significantly) define the distribution function or equivalently the function for which
increasing and decreasing rearrangements exist.

Definition 5.1.1 Let (X, S, 1) a measure space; let a,b € R; leta < b; letu: X — [a,b]
measurable; we say that u is a distributional function (as regards to p) if u(p) is an exact
measure.

A point zg, initial point for u(u), is called an initial point for the distributional function

If 4 = 0, then every measurable function is distributional.

If u(X) < +oo, u(p) is bounded; then wu(u) is exact; so every measurable function u
is distributional.

We have seen that a Dirac measure ko, is exact; from this it follows that an almost
every constant function is distributional.

In the following theorem we give the characterization of the distributional functions
with p # 0.

Theorem 5.1.1 Let (X, S, ) a measure space; let p # 0; let a,b € R with a < b; let
u: X — [a,b] measurable; let ay = ess.inf(u); let by = ess.sup(u); then u is distributional
if and only if

1. (Vz,2' €lay, by, < 2') plu=([z,2'])) < +oo;
2. p(u ({01})) = 0 or (Vo €]a, bi[) plu=([x, bi[)) < +o0;
3. plu({ar})) =0 or (Vx €ay, bi]) plu='(Jay, z])) < +oo.

Proof. It follows from theorem 4.3.1.

From theorem 5.1.1 it follows that the propriety “u distributional” does not depend
on the closed interval [a, b] such that f(X) C [a,b].

Considering on R and [0, +o0o[, the Lebesgue measure, from theorem 5.1.1 it follows
that the function R — [—o00, +o0], ¥ — 2? is distributional, while R — [—00, +00],
x — sin x is not distributional; the function

1jx ifx>1

f:[O,+OO[—>[—OO,+OO]7x—>{O fo<z<l1

is not distributional (see [3] pag.10 for a comparison).
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5.2 Distribution function

Definition 5.2.1 Let (X, S, 1) a measure space; let a,b € R, leta < b; letu: X — [a, ]
measurable; let c,d € R, let ¢ < d; let m : [a,b] — [c,d] increasing (resp. decreasing); we
say that m is an increasing (resp. decreasing) distribution function of w if Dyeasm = u(ft)
(resp Dimeas = —u(p) ).

If m is an increasing distribution function of wu, then the left translated m + ¢ (c
constant) is an increasing distribution function of w. If m is an increasing distribution
function and if my : [a,b] — [c¢,d] is an increasing function that is monotone equivalent
to m, then m; is an increasing distribution function of w.

From definitions it follows that there exists an increasing (resp. decreasing) distribu-
tion function of u if and only is u is distributional.

Evidently, if m is an increasing distribution function, then —m is a decreasing distri-
bution function.

The following theorem explains what happens when we have two distribution functions
of the same distributional function w.

Theorem 5.2.1 Let (X, S, 1) a measure space; let pn # 0; if p(X) = 400 let u not almost
every constant; let a,b € R, let a < b; letu : X — [a,b] measurable; let u a distributional
function; let m : [a,b] — |c,d] increasing (resp. decreasing); let my : [a,b] — [c1,di]
increasing (resp. decreasing); let m and my increasing (resp. decreasing) distribution
functions of u; then exists k € R such that my is monotonically equivalente to m + k.

Proof. Tt follows at once from theorem 3.2.1.
The thesis of the theorem is not true if p = 0 or if w is constant, with p(X) = +o0.
Theorem 5.2.2 Let (X, S, 1) a measure space; let a,b € R; let a < b; let u: X — [a,b]

measurable; let u distributional; let m : [a,b] — [c,d] an increasing (resp. decreasing)
distribution function of u; then m is continuous and surjective if and only if

(Vy € [a, b)) n(u™({y})) = 0.

Proof. We have p(u™({y}) = (u(p))({y}) = (Dmeasn)([y, y]) = m(y+) — m(y—); then
we have p(u™'({y})) = 0 if and only if m(y+) = m(y—).

5.3 Left convergent distributional functions

Definition 5.3.1 Let (X, S, ) a measure space; let a,b € R, with a < b; let u: X —
[a, b] measurable; we say that u is a left (resp. right) convergent distributional function if
u(p) is a left (resp. right) convergent exact measure.

We say that u is a left (resp. right, resp. left-right) divergent distributional function if
u(p) is a left (resp. right, resp. left-right) divergent exact measure.
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If 4 = 0, then every measurable function u is left convergent, right convergent, left
divergent, right divergent.

If 4(X) = 400 and if u is almost every constant, then u is left convergent, right
convergent, left divergent, right divergent, left-right divergent.

If v # 0 and if, for pu(X) = 400, u in not almost every equal to a constant, u is left
(resp right) divergent if and only if v is not left (resp. right) convergent and vice versa;
more precisely: let a; = ess.inf(u), let by = inf.ess(u); let zq €]ay, b1[; then we have:

w is left convergent if and only if u(u~'[a, z¢]) € R,

w is left divergent if and only if u(u='[a, z¢]) = +oo,

u is right convergent if and only if pu(u=*[zo,b]) € R,

u is left divergent if and only if pu(u='[xg,b]) = +oo,

v is left-right divergent if and only if p(u='[a, zo]) = p(u='[zg, b]) = +o0.

If 1 is bounded then every measurable function w is left ad right convergent distribu-
tional.

From theorem 4.4.1, we have the following characterization of left (resp. right) distri-
butional convergent measures.

Theorem 5.3.1 Let (X, S, 1) a measure space; let a,b € R, with a < b; let u : X —
[a, b] measurable; let by = ess.sup(u) (resp. a3 = ess.sup(u)); then u is a left (resp. right)
convergent exact measure if and only if

1. (Vz € [a,b1]) p(u=([a,z])) < +oo (resp. (Vo €]ay,b]) p(u=([x,b])) < +o00);

2 p(u™t({ba}) = 0 or p(ul([a,bi])) < +oo (resp. p(u'({ar})) = 0 or
p(u=" (Jax, b])) < 400).

From theorem 4.4.2 it follows that for a left (resp. right) convergent distributional
function we can consider the increasing distribution function as an equivalence class,
according to the following theorem.

Theorem 5.3.2 Let (X, S, 1) a measure space; let a,b € R, with a < b; let u: X —
[a, b] measurable; let u a left (resp. right) convergent distributional function; we have

1. there exists m : [a,b] — [0, u(X)] (resp. m : [a,b] — [—u(X),0]) increasing
distribution function of u;

2. if m: [a,b] — [0, u(X)] (resp. m : [a,b] — [—u(X),0]) is an increasing distribu-
tion function of u, then my : [a,b] — [0, u(X)] (resp. my : [a,b] — [—p(X),0]) is
an increasing distribution function of u if and only if my is monotonically equivalent
to m.

So for left (resp. right) convergent distributional functions, we can consider the in-

creasing distribution function of u as the equivalent class [m],,, where m in an increasing
distribution function m : [a,b] — [0, u(X)] (resp. m : [a,b] — [—p(X),0]).

20



We can choose as m a function m : [a, b] — [0, u(X)] (resp. m : [a,
such that m(z) = p(u=([a,z])) or m(z) = p(u=([a,z[)) (resp. m(x)
or m(z) = —p(u='(]x,b]))) which are monotonically equivalent.

Analogously for decreasing distributional function we have:

0,00

Theorem 5.3.3 Let (X, S, ) a measure space; let a,b € R, with a < b; let u : X —
[a, b] measurable; let u a left (resp. right) convergent distributional function; we have

1. there exists m : [a,b] — [—u(X),0] (resp. m : [a,b] — [0, u(X)]) decreasing
distribution function of u;

2. ifm : [a,b] — [—p(X),0] (resp. m : [a,b] — [0, u(X)]) is a decreasing distribution
function of u, then my : [a,b] — [—u(X),0] (resp. mq : [a,b] — [0, u(X)]) is a
decreasing distribution function of w if and only if my is monotonically equivalent
to m.

So for left (resp. right) convergent distributional functions, we can consider the de-
creasing distribution function of u as the equivalent class [m],,, where m in a decreasing
distribution function m : [a,b] — [—u(X),0] (resp. m : [a,b] — [0, u(X)]).

We can choose as m the function m : [a,b] — [—p(X),0] (resp. m : [a,b] —
[0, u(X)]) such that m(z) = —p(u="([a, 2])) or m(z) = —p(u~"([a,z[)) (resp. m(z) =
p(u=([z,0])) or m(z) = p(u=*(Jz,b]))), which are monotonically equivalent.

If p € [1,+00] and if u € LP(X;R), then |u| : X — [0, 400] is right convergent
distributional; as decreasing distributional function of |u| we can consider the monotone
class of

m.: [0, +00] — [0, (X)), t — A(Ju| 7 ([t +oq]))
(see [11]).

If n(X) < 400, than every measurable function is both left and right convergent
distributional. As w is left convergent we can define the increasing distribution function
as a monotone class [m],,, where m : [a,b] — [0, u(X)]. As w is right convergent we
can define the decreasing distribution function as a monotone class [m],,, where is still

m : [a,b] — [0, p(X)].

6 Increasing and decreasing rearrangements

6.1 Increasing and decreasing rearrangements

Once defined the general notion of rearrangement (definition 2.2.2), it follows the problem
of the existence of rearrangements with specific proprieties. We begin with the increasing
and decreasing rearrangements.

Definition 6.1.1 Let (X, S, 1) a measure space; let a,b € R, with a < b; let u : X —
[a,b] measurable; let c,d € R; let ¢ < d; let r : [c,d] — [a, b] measurable; we say that r is
an increasing (resp. decreasing) rearrangement of w if r is increasing (resp. decreasing)
and if v is a rearrangement of u.
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Evidently if r is an increasing (resp. decreasing) rearrangement of u, then we have
d—c=puX).

If r: [e,d] — Ja,b] is an increasing (resp. decreasing) rearrangement of u and if
k € R, then the right translated

[c—k,d—k] — [a,b],x — r(x + k)

is an increasing (resp. decreasing) rearrangement of u.

6.2 Existence of increasing rearrangements

Theorem 6.2.1 Let (X, S, ) a measure space; let a,b € R with a < b; let u : X —
[a,b] measurable; let c,d € R, with ¢ < d; let m : [a,b] — [c,d] increasing (risp.
decreasing); let v : [c,d] — [a,b] a monotone inverse of m; then r is an increasing
(resp. decreasing) rearrangement of u if and only if m is an increasing (resp. decreasing)

distribution function of u.
Proof. It follows from 3.3.1

So we find as simple corollary the result of P. W. Day [5].
Theorem 6.2.2 Let (X, S, 1) a measure space; let a,b € R witha < b; letu: X — [a, ]
measurable; then there erists c,d € R with ¢ < d and r : [c,d] — [a,b], increasing (Tisp.
decreasing) rearrangement of w if and only if u distributional.
Proof. It follows from theorems 6.2.1.

Let (X, S, 1) a measure space; let a,b € R with a < b; let u : X — [a, b] measurable;
let ¢,d € R, with ¢ < d; let r : [¢,d] — [a,]] increasing (resp. decreasing); since r is
a rearrangement of u if and only if the restrictions r|]a, b, r|[a,b[, r|]a,b] are increasing
(resp. decreasing) rearrangement of u, theorem 6.2.2 gives also a necessary and sufficient
condition for the existence of an increasing rearrangement on a not closed interval of R.

6.3 Increasing rearrangements of the same function

Theorem 6.3.1 Let (X, S, ) a measure space; let p # 0; let a,b € R with a < b;
let u: X — [a,b] measurable; if n(X) = +oo let u not almost every constant; let u
distributional; let ¢,d,c/,d € R with ¢ < d and ¢ < d'; let r : [c,d] — [a,b] and
s |d,d] — la,b] increasing (resp. decreasing) rearrangements of u; then there ezists
k € R such that ¢ =c—k, d =d—k and s is monotonically equivalent to

lc—k,d— k| — |a,b],z — r(z+ k) .

Proof. It follows at once from 3.2.1.
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6.4 Left finite increasing rearrangements

Definition 6.4.1 LeﬁX, S, 1) a measure space; let a,b € R; leta < b; letu: X — [a, ]
measurable; let c,d € R with ¢ < d; let r : [¢,d] — |a,b] an increasing (resp. decreasing)
rearrangement of u; we say that r is left finite if c € R; we say that r is right finite if
d € R.

Theorem 6.4.1 Let (X, S, 1) a measure space; let a,b € R; let a < b; let u: X — [a,b]
measurable; then

1. there exists c,d € R with ¢ < d and r : [c,d] — [a,b] left finite increasing (resp.
decreasing) rearrangement of u if and only if u is left (resp. right) convergent dis-
tributional

2. there exists c,d € R with ¢ < d and r : [c,d] — [a,b] right finite increasing
(resp. decreasing) rearrangement of u if and only if u is right (resp. left) convergent
distributional

Proof. If follows at once from theorem 3.3.1.

If u is left (resp. right) convergent distributional, we can consider the increasing
distribution function as a monotone class M = [m/],, of function m : [a,b] — [0, u(X)]
(resp. m : [a,b] — [—u(X),0]); let M~! the inverse monotone class of M; then the
increasing rearrangement of u defined on [0, u(X)] are the elements of M~!. In this case
we can define the increasing rearrangement of v as the monotone class M~1. If M~! has
only one element (for instance if m is strictly increasing), we can call it the increasing
rearrangement of u and denote it by u*; otherwise we can denote (by abuse) by u* a
generic element of M~! or an element chosen with some criterion for instance to be the
least of the class M ~!; in the second case, then it arises the problem of which proprieties
of u* depend on this choice or on the class M.

We have analogous considerations if u is left (resp. right) convergent distributional
and we consider the decreasing distribution function as a monotone class M = [m],, of
function m : [a,b] — [—u(X),0] (resp. m : [a,b] — [0, u(X)]).

7 Spherical rearrangements

7.1 Spherical rearrangements
We put S,, = R" U{o0} and |oo| = +o0.

Let (R", Lrn, A) the measure space of Lebesgue on R™; let i : R* — S,,, * — x;
the Lebesgue measure space (S, Lg, , As,) on S, is the image by ¢ of (R", Lgn, A).
Definition 7.1.1 Let n € N; let R € [0,400|; then we put

By ={r € Sy;|z| < R}.
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We also note Bf with Bp.

Definition 7.1.2 Let (X, S, 1) a measure space; let a,b € R; leta < b; letu: X — [a,b]
measurable; let n € N; let R € [0, +00]; let v : B — [a,b]; we say that v is a spherical
increasing (resp. decreasing) rearrangement of u if

(Va,y € Bg) (Jx] < [yl = v(z) < v(y))

(resp. (Va,y € Bg) (lx] < [yl = v(z) = v(y)))
and if v is a rearrangement of u.

A spherical increasing (resp. decreasing) rearrangement of u is a radial function, i.e.
we have ((Vz,y € Bg) (|z| = ly]) = v(z) = v(y).

7.2 Existence of spherical rearrangements

’;7% the measure of the unit ball of R™.
r(2+1)

Let V,, =
2

The following statements follows at once from the definitions.

Theorem 7.2.1 Let (X, S, 1) a measure space; let a,b € R; let a < b; let u: X — [a, ]
measurable; let d € [0,+o0]; let r : [0,d] — la,b] an increasing (resp. decreasing)

1

rearrangement of u ; if d = +o0, let R = +oo; if d € R, let R =V, "d%; let
v: Br — [a,b],x — r(V,|z|") ;

then v is a spherical increasing (resp. decreasing) rearrangement of w.

Theorem 7.2.2 Let (X, S, 1) a measure space; let a,b € R; let a < b; let u: X — [a, ]
measurable; let R € [0,4+00]; let v: B — [a,b] a spherical increasing (resp. decreasing)
rearrangement of u; if R = +oo, let d = +oo; if R€ R, let d =V, R"; let

t

r:[0,d — [a,b],—>v(("vn,0,...,0))

then r is an increasing (resp. decreasing) rearrangement of w.

From theorems 7.2.1, 7.2.2, 6.4.1 it follows at once the condition for the existence of
spherical rearrangements.

Theorem 7.2.3 Let (X, S, 1) a measure space; let a,b € R; let a < b; let u: X — [a, ]
measurable; there exists R € [0,4+00] and v : B — [a,b] increasing (resp. decreasing)
spherical rearrangement of w if and only if u left (risp. right) convergent distributional.

Let (X, S, 1) a measure space; let a,b € R; let a < b; let v : X — [a, b] measurable;
let R € [0,400] and v : B — [a,b]; since v is a rearrangement of u if and only if the
restriction v|(Br—{x € Bg; |x| = R}) is a rearrangement of u, theorem 7.2.1 gives also
a necessary and sufficient condition for the existence of “increasing (resp. decreasing)
rearrangements on {x € Bg;|z| < R}”.

24



8 Rearrangement according to a real function f

8.1 Rearrangement according to a real function f

Definition 8.1.1 Let (Y,T,v) a measure space; let a, 3 € R; let a < B; let f 1Y —
[, B] measurable; we say that f is a rearranging function if f is distributional and if

(vt € [o, B v(f({t}) = 0.

The function f : R" — [0,400], # — |z| is rearranging function respect the
Lebesgue measure space.

Let m : [a, f] — [c,d] an increasing distribution function of a rearranging function
f; by theorem 5.2.2 it follows that m is continuous and surjective.

Definition 8.1.2 Let (X, S, ), (Y,T,v) measure spaces; let a,b € R; let a < b; let
u: X — [a,b] u-measurable; let v: Y — [a,b] v-measurable; let o, 3 € R; let o < f3;
let f:Y — [a,0] v-measurable; let f a rearranging function; we say that v is an
increasing (resp. decreasing) rearrangement of u according to f if

Vy, v € Y) (f(y) < f(y) = v(y) <o)
(resp. (Yy,y' €Y) (f(y) < f(¥) = v(y) > v(y)))

and if v is a rearrangement of u.

If f:R" — [0,4+00], = — |z] or f: R" — [0, +00], x — |z|* is the rearranging
function (respect the Lebesgue measure space), then the rearrangements of u according
to f are the spherical rearrangements of v on R".

We can also define the elliptic rearrangements.

Let a € R"; let a; > 0 for all i = 1,2,...,n; let f: R* — [0, +00], x — Z?’le—z;
let us refer to the Lebesgue measure space (R", Lgn, \); then the rearrangements of u
according to f are called the elliptic rearrangements of u of coefficient a.

In the following theorem we construct an increasing rearrangement according to a
function f; we follow an idea of [12].

Theorem 8.1.1 Let (X, S, p), (Y,T,v) measure spaces; let a,b € R; let a < b; let u :
X — la,b] p-measurable; let o, 3 € R; let o < B; let f 1Y — |a, 3] v-measurable; let
[ a rearranging function; let 7,8 € R; let v < §; let m : [o, 3] — [7,0] an increasing
distribution function of f; let c,d € Ry let ¢ < d; let r : [c,d] — [a,b] an increasing
(resp. decreasing) rearrangement of u; suppose there exists K € R such that the function

Tk 1 [7,0] — [e,d],x — x4+ K

18 bijective; let
v=roTtgomof;

then v is an increasing (resp. decreasing) rearrangement of u according to f.
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Proof. If y,y € Y and if f(y) < f(y') we have v(y) < v(y').

Let us prove that v is a rearrangement of f.

Let s : [7,6] — [a, #] a monotone inverse of m; as m is continuous and surjective, s is a
strictly increasing rearrangement of f; so we have mo s = 1. 4.

Let A a Borel set of [a, b]; we have

v(v(A) =v((roTx omo f)7(A)) = v(fH(m ™ (r (r'(A))) =

AMs™Hm ™ (r (rH (A)))) = Mmoo s) ™ 7g (r71(A))) =
Mg (r7H(A))) = A (A) = p(u™'(4)) ;
then we have u(u) = v(v).

8.2 Existence of rearrangements according to a real function

From theorem 8.1.1 it follows that the existence of a rearrangement of u according to f is
tied to the existence of an increasing rearrangement of u defined on a translated of [, d];
we observe that the condition v(Y) = p(X) is a necessary condition for the existence of
such a rearrangement; the example of spherical rearrangements shows that this condition
is not sufficient.

For the question of the existence of rearrangements according to a function f we make
four cases.

Theorem 8.2.1 Let (X, S, p), (Y,T,v) measure spaces; let a,b € R; let a < b; let u :
X — [a,b] p-measurable; let v(Y) = u(X); let o, 8 € Ry let a < B let f:Y — [, ]
v-measurable; let f a rearranging function; let f left-right divergent distributional; then
there ezists v : Y — |a,b] v-measurable, v increasing (resp. decreasing) rearrangement
of u according to f if and only if u is left-right divergent distributional.

Proof. Since f is left-right divergent distributional, we have v(Y) = pu(X) = +oo. In
particular we have v # 0. Suppose there exists v : Y — [a, b] v-measurable, v increasing
rearrangement of u according to f. Let a;,b; € R with a; < by such that [ay,b] is
the convex support of v(v). If a; = by then v(v) = +00d,,; then u is left-right divergent
distributional. Suppose a; < by; let a; < y < by and let us prove that p(v="([a, y])) = +oo.
We have a; = ess.inf(v); then we have v(v=1([a,y])) # 0; let oy, 81 € R with a; < 3; such
that [aq, £1] is the convex support of f(v); as ( *{a1})) = 0, we have v(f~([a, a1])) =
0; we have also v(v=!([a, y]) — f ([, 21])) # 0; then there exists zg € v ([a, y]) such that
f(a:’o) > aq; since v(xg) < y, we have v_l([a v(:co)]) ~Y(la, y]); from the definition of
rearrangement according to f, it follows f~!([a, f(x )]) C v~ ([a,v(zo)]); then we have
£ (e, F(x)]) € v ([a, y]); then we have v(f~ (o, flzo)])) < v(v~ ([a,y])); as Flao) >
a1, we have v(f~([a, f(x0)])) = +o0; then we have u(v='([a,y])) = v(v"'([a, y])) = +oo.
Analogously we prove that pu(v='([y,b])) = +o00. This proves that u is left-right divergent
distributional.
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Suppose u left-right divergent distributional; there exists m : [a, 3] — [—00, +00] in-
creasing distribution function of f; there exists s : [a,b] — [—00,+00] increasing dis-
tribution function of u; let r : [—o0, +00] — [a,b] an monotone inverse of s; then the
existence of a rearrangement v of u according to f follows from theorem 8.1.1.

Theorem 8.2.2 Let (X, S, pn), (Y,T,v) measure spaces; let a,b € R; let a < b; let u :
X — [a,b] p-measurable; let v(Y) = u(X); let a, 8 € Ry let a < B let f:Y — [a, (]
v-measurable; let f a rearranging function; let f left convergent distributional; then there
exists v : Y — [a,b] v-measurable, v increasing (resp. decreasing) rearrangement of u
according to f if and only if u is left (resp. right) convergent distributional.

Proof. Suppose there exists v : Y — [a,b] v-measurable, v increasing rearrangement
of u according to f. If v = 0, then u is u is left convergent distributional. Suppose
v # 0. Let a;,b; € R with a; < by such that [ay,b] is the convex support of v(v).
If a1 = by then u(p) = v(v) = u(X)dy,; then w is left convergent distributional. Sup-
pose a; < by; let y < by; we have by = ess.sup(v); then we have v(v='(Jy,b])) # 0;
let a1, € R with a; < 3 such that [aq, 3] is the convex support of f(v); since
v(F~ ({1})) = 0, we have »(£~1([61, 3])) = 0 then we have (o= (Jy, b))~ £~ ([, A])) #
0; then there exists zg € v~!(Jy,b]) such that f(zg) < fi; since y < v(wg), we have
v 1([a,y]) C v™([a, v(xo)[); from the definition of rearrangement according to f, it follows
v ([a,v(zo)]) € fF (e, f(20)]); then we have v~ ([a,y]) C f~ ([, f(x0)]); then we have
v~ ([a,y])) < v(fH([a, f(@0)])); since f(zo) < 1, we have v(f~*([a, f(z0)])) < +o00;
then we have v(v™!([a,y])) < +oo. This proves that u is left convergent distributional.
Suppose u left convergent distributional; there exist v € R and 6 € R with v < § and there
exists m : [, 5] — [v,d] increasing distribution function of f; we have 6 — v = v(Y);
there exists ¢ € R and d € R with ¢ < d and exists s : [a,b] — [c,d] increasing
distribution function of u; we have d — ¢ = p(X); so we have d —c = § — ; let k = ¢ —7;
we have ¢ = v+ k and d = § + k; so the function

Tk:[’yaé] - [C,d],l‘—>ﬂf—|—k’

is bijective; let 7 : [¢,d] — |a, b] an inverse monotone of s; as r is an increasing rearrange-
ment of u, the existence or a rearrangement v of u according to f follows from theorem
8.1.1.

Analogously:

Theorem 8.2.3 Let (X, S, ), (Y,T,v) measure spaces; let a,b € R; let a < b; let u :
X — [a,b] p-measurable; let v(Y) = u(X); let a, 8 € Ry let a < B let f:Y — [, (]
v-measurable; let f a rearranging function; let f right convergent distributional; then there
exists v : Y — |a,b] v-measurable, v increasing (resp. decreasing) rearrangement of u
according to f if and only if u is right (resp. left) convergent distributional.

Theorem 8.2.4 Let X a set; let S a o-algebra on X; let p a positive measure on X ; let
w(X) < +oo; let a,b € R; let a < b; let u : X — [a,b] p-measurable; let Y a set; let
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T a o-algebra on Y; let v a positive measure on Y; let v(Y) = u(X); let a, 3 € R; let
a < G let f Y — [, 8] v-measurable; let f a rearranging function; then there exists
v:Y — [a,b] v-measurable, v rearrangement of w according to f.

Proof. There exist 7,0 € R with 7 < ¢ and there exists m : [, ] — [7, ] increasing
distribution function of f; we have 6 — v = v(Y'); there exists ¢,d € R with ¢ < d and
exists s : [a,b] — [, d] increasing distribution function of u; we have d — ¢ = u(X); so
we have d —c =0 — ; let k = c— ; we have c = v+ k and d = 6 + k; so the function

Tk [, 0] — [e,d],r — z+ k

is bijective; let r : [¢,d] — [a, b] an inverse monotone of s; as r is an increasing rearrange-
ment of u, the existence of a rearrangement v of v according to f follows from theorem
8.1.1.
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