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Constrained Optimal Control Pbs

The Constrained Optimal Control Problem

min  J(y,u) =1y — yd||%2(9) + %HUH%Q(Q) + Bllul|1(q) < sparsity constr.
over (y,u) € H}(Q) x L3(Q)

s.t. Ly=u inQ < state equation

and a<wu<bae. inf < box constraints

» u and y are the control and state variables

> yg € L2(Q) is the desired state, Q C R? with d = 2,3
» L is a second-order linear elliptic differential operator

» Control box constraints: a,b € L2(Q) and a<0< b

» Parameters: L?-norm term a > 0 and L'-norm term 3 > 0.
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Constrained Optimal Control Pbs

Sparsity constraints in optimal control problems

Optimal control applications: provide information about the optimal location
of control device and actuators [Stadler, COAP 2009] [Costa et al. Comput.
Struct. 2007].

Main references:
» Ll-norm: Casas, Clacson, Kunish, Herzog, Stadler, Wachsmuth, 2009-2012
> Directional Sparsity || - ||1,2 Herzog, Stadler and Wachsmuth SICON 2012.

based on semismooth Newton's approach [Hintermiiller, Ito, Kunish SIOPT 2002].
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Sparsity constraints in optimal control problems

Optimal control applications: provide information about the optimal location
of control device and actuators [Stadler, COAP 2009] [Costa et al. Comput.
Struct. 2007].

Main references:
» Ll-norm: Casas, Clacson, Kunish, Herzog, Stadler, Wachsmuth, 2009-2012
> Directional Sparsity || - ||1,2 Herzog, Stadler and Wachsmuth SICON 2012.

based on semismooth Newton's approach [Hintermiiller, Ito, Kunish SIOPT 2002].

None of these works takes into account discretization/implementation issues for
the linear algebra phase (e.g. preconditioning).

V. Simoncini - Preconditioning Newton methods for Optimal Control Problems with Sparsity Constraints



Constrained Optimal Control Pbs
L Je]
KKT conditions

Active-set interpretation

» Complementarity conditions for box constraints:

Ma,(x—a)—cMNzu=0 J

with
A ={i| (xi — a;) + cui <0} and I=A{1,...,n}\ A,

xi=aforie A, and pu;=0fori el
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Constrained Optimal Control Pbs
L Je]
KKT conditions

Active-set interpretation

» Complementarity conditions for box constraints:

Ma,(x—a)—cMNzu=0 J

with
A ={i| (xi — a;) + cui <0} and I=A{1,...,n}\ A,
xi=aforie A, and pu;=0fori el

» Complementarity conditions for L'-norm sparsity constraints:

Max — c(Nz, (w— B) + Nz_(n+ B)) = 0. J

with
Ao ={i | xi+c(ui+B8) =0} U {i|x+c(ui—B) =<0}
I ={i| x4+ c(pi — 8) > 0} and Z_={i|x+clu+p) <0}

xi=0forie€ Ay and p;=—fBfori€Z_and p;=p foricZ,.

e [1c is an n x n diagonal 0-1 matrix with 1s corresponding to C.
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Constrained Optimal Control Pbs
oe
KKT conditions

Optimality conditions for the optimal control problem with

bound and sparsity constraints

The KKT system [Stadler COAP 2009]

The solution (¥, 1) € HE(Q) x L2(Q) of the optimal control problem is
characterized by the existence of (p, i) € H3(Q) x L2(R) such that

Ly—T=0
L'p+y—ys=0
—p+au+i=0

F(u,p;¢c,8):=0—m : ,+ /
4 max{0, (7 — b) + e(fi — 8)) 4 min(0, (7 — 2)+ (7 + £)) = 0

a.e. in €, with ¢ > 0.

» The complementarity function F is nonlinear and semismooth =
Semismooth Newton's method for the KKT system, i.e. a Newton's method
where the Jacobian of the system is obtained using generalized derivatives.
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Constrained Optimal Control Pbs
@000
The semismooth Newton's method

The semismooth Newton's method as active-set strategy

> Let us define the disjoint sets (defined a.e. in Q)

Ay = {xeQ|clu—p)+(u—b)>0}

A, = {xeQlc(p+8)+(a—u)<0}

Ao = {xeQlu+c(p+p)>20U{xeQ|u+c(n—pB) <0}

T, = {x€Q|utc(u—p)>0)UixeQ|clu—p)+(u—b)<0}
I = {xeQlu+c(p+B)<0tU{xeQ|c(u+pB)+ (u—a)>0}.
Then

A=A,UA,U A

is the set of active constraints and the set of inactive constraints is
IT=7,UZ_.

» The complementarity equation becomes

Xott XA, ( = ) + xa,(u = 3) = c(xz. (0 = B) + xz_(n +8) =0 |

|

where x¢ denotes the characteristic function of a generic C.
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Constrained Optimal Control Pbs
Oe00
The semismooth Newton's method

lllustration of the active set approach

optimal control multiplier

[T e
iy

» u =0 for x € Ao;

u=—pforxel_;

> u=aforxc A . 5 T
u=pforxe,.

> u=bfor x € Ap;
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Constrained Optimal Control Pbs
Oe00
The semismooth Newton's method

lllustration of the active set approach

optimal control multiplier

» u =0 for x € Ao;

> u=—Lforxel_;

> u=aforxc A . 5 T
u=pforxe,.

> u=bfor x € Ap;

XAoU + X, (U — b) + xa,(u—a) —c(xz, (1 — B) + xz_(p+B)) =0

u, A w,T =

Generalized derivative: [0 xa 0 —cxz]
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Constrained Optimal Control Pbs
[ole] lo}
The semismooth Newton's method

kth iteration of the semismooth Newton's method for the KKT

> Assume that the initial point is “feasible” and that the Newton's equation is solved
“exactly” .

> Given the current iterate (y«, Uk, Pk, ttk), a step of the semismooth Newton's
method applied to KKT system is

I LT . Ay 0

al  —1 / Au | 0
L -1 . . Ap | 0
XA T TEXZy Ap —F(uk, pix; ¢, B)
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Constrained Optimal Control Pbs
[ole] lo}
The semismooth Newton's method

kth iteration of the semismooth Newton's method for the KKT

> Assume that the initial point is “feasible” and that the Newton's equation is solved
“exactly” .

> Given the current iterate (y«, Uk, Pk, ttk), a step of the semismooth Newton's
method applied to KKT system is

I LT . Ay 0

al  —1 / Au | 0
L -1 . . Ap | 0
XA T TEXZy Ap —F(uk, pix; ¢, B)

and its symmetrization

[ S Ay 0
<ol —1 Pl Au | _ | —xz(pk+1 — k)
L -l o 5 Ap - 0
< Pa, - (Ap)a, —P.a F(uk, px; ¢, B)
—_———
Jie Ax fi

where P4 is the projection on the subspace defined by the active set A.

> Fast local convergence [Stadler09] — globalization strategy is needed. 1)
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Constrained Optimal Control Pbs
oooe
The semismooth Newton's method

Discretize-then-optimize: discretization by FE

M 0 KT 0 Ay 0

0 oM M MPL|| Au | _ | =Mz, (uer— )

K -M 0 0 Ap 0

0 PsM 0 0 (Ap).a, —Pa, MF (u, p; ¢, B)
* Poisson equation £ = —A

= M(= M) and K are the lumped mass (diagonal) and stiffness matrices.

x Convection-Diffusion equation £ = —eA +w -V
= M and K are the SUPG mass and stiffness matrices (unsym) and M is the
lumped mass matrix (diag).

Since, M is diagonal, componentwise complementarity conditions still hold! )

|
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Preconditioning the Newton's equations

Preconditioning the sequence of Newton equations

JAx = fi (%)

where Jj is a 4x4 blocks saddle point matrix of dimension 3n, + n4,

> Assume that Krylov subspace methods are used to solve the large and sparse
Newton equations = preconditioning is mandatory.

Objective

Solving the Newton's equations using effective optimal and robust preconditioners
such that the number of iterations required to solve (x) is low and (roughly)
independent of the problem parameters «, 8, h.

V. Simoncini - Preconditioning Newton methods for Optimal Control Problems with Sparsity Constraints



Preconditioning the Newton's equations
000000

Active-set preconditioners

Active-set preconditioners

A block diagonal preconditioner PEPF

A 0
BDF _ U
= {0 SJ

An indefinite preconditioner P}FF

e _ [ 1 O[JA 0 [1 ATB]
k BAt I|lo —5.|lo 1

where S, ~ S, — ByA"1B/] (active-set Schur complement)

> Proposed for bound-constrained optimal control problems and M = M in [Porcelli,
Simoncini, Tani, SISC 2015] .

N
o o 2
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Preconditioning the Newton's equations
0O®@0000
Active-set preconditioners

The active-set Schur complement

o L[I —MNaMtPL] IS 0 I 0
a0 / 0 PAMPL| |=PAM7IMT 1]

where S is the Schur complement of S,

S =aKM KT + M(I =N )M U7 J

The active-set Schur complement approximation

S = (VaK + M(I =N )M (VaK + M(I —-TN))" ~ 8

From now on the index k is omitted.
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Preconditioning the Newton's equations
[ele] lelele)

Active-set preconditioners

S=S+va(K(l =Na) + (I —NKT)
IfA:{l""’n}:>§:S=>5=§(exactPLPF!)

~ =

Spectral properties of the approximation S (M
> A€ )\(g’lS) satisfies

5 SASCH+(1+0)?
with ¢ = [|MZ (VaK + M(I —N4)) " akM=3|.
Moreover, if K + KT = 0, then for & — 0, ¢ is bounded by a constant
independent of «;

[Porcelli, Simoncini, Tani, SISC 2015]
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Preconditioning the Newton's equations
[elele] le]e)
Active-set preconditioners

Spectral analysis of the preconditioners (M = M)

Assume that §k is nonsingular. Then
IPF —1
A(Jk, PIPFY € {1} UA ( Sk)

and

A (Ji, PEOF) € { 1i2f} {2 (1i 1+4a2) | o2 e/\(@;lgk)}

using [Fischer et al. BIT 1988]

=5
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Preconditioning the Newton's equations
[e]e]ele] le]
Active-set preconditioners

Reduced KKT system formulations

3 x 3 formulation and preconditioner

M KT 0 Ay fi
K —1MM-tfT  LiapP} Ap | = |6
o ipum  —Lpuwer| [(awa |6
PBDF _ M0 PIPF _ / oj[M 011 M*[KT0|
0 S KoMt 1| |o —3||o i

2 x 2 formulation and preconditioner

X st ] (3] <[

PEDF _ M 0 piPE_ [ 1 of[M o [1 MKT
~lo IS T |KMTt 1|0 -1S
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Preconditioning the Newton's equations
[elelelele] )

Active-set preconditioners

Sparsity constraint

e = 119884 e = 134381 e = 113080

Figure : From left to right: 4 x 4, 3 x 3 and 2 x 2.
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Numerical experiments

Experiments: implementation issues

» Compared Matlab implementations:

AS-GMRES-TPF  Active-set method with linear solver GMRES + PJFF

AS-MINRES-BDF  Active-set method with linear solver MINRES + PEDF

v

Preconditioners via AMG (HSL-MI120)
» PIPF and PEPF: solving with Ly = (v/aK 4+ M(I —N4,)) (and L]) for Sy

» FEM matrices from the open source FE library deal.ll

> Relative residual for inner stopping criterion, tolinper = 10710

> Stopping test for the outer iteration: | F(uk, px; ¢, B)|| <1078

» Semismooth monotone line-search strategy employed [Kanzow, OMS 2014].
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Numerical experiments
@000

Poisson state equation

Poisson state equation with FDs (M = M = /)

desired state lower/upper bounds

Figure : Left: Desired State yg = sin(2mx)sin(27wy) exp(2x)/6
0.5(0.25)* if x < 0.25

Right: nonlinear lower/upper bounds b = { 0.5x2 olse

» 2D: N = 2P with p = 7,8,9 = n = 16384, 65536, 262144:
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Numerical experiments
Oe00
Poisson state equation

Poisson state equation with FDs (2D case)

AS-GMRES-IPF AS-MINRES-BDF

B p e Ll (NLI)  Tcpu | LI (NLI) TCPU || % u =0
1073 7 1072 8.5(2) 5.9 | 17.5(2) 5.8 47.9
10~ 8.7(3) 7.0 | 18.0(3) 6.0 47.9

10-6 7.3(3) 49 | 15.3(3) 5.0 47.9

8 | 1072 9.0(2) 10.0 | 19.0(2) 132 48.6

10~* | 10.0(2) 127 | 21.5(2) 153 48.6

1076 | 6.7(3) 116 | 13.7(3) 17.0 48.6

9 | 1072 9.5(2) 337 | 17.5(2) 459 48.7

10~* 9.6(3) 56.0 | 19.7(3) 820 48.7

107° | 9.3(3) 480 | 19.0(3) 733 48.7

2.1073 | 7 | 1072 | 10.0(2) 6.1 | 21.0(2) 6.8 71.0
104 | 11.0(2) 56 | 23.0(2) 5.8 71.0

1076 5.0(3) 47 | 8.0(3) 3.7 71.0

8 | 1072 | 11.0(2) 141 | 23.0(2) 185 71.4

10~% | 11.0(2) 146 | 25.0(2) 189 71.4

10~6 8.0(3) 15.8 | 18.0(3) 207 71.4

9 [ 1072 ] 11.0(2) 402 | 23.0(2) 60.2 71.5

10~* | 12.0(4) 9855 | 25.0(3) 99.8 71.5

10° | 10.3(4) 749 | 21.5(4) 1138 71.5

> LI: average number of Linear Iters; NLI is the total number of NonLinear Iters
> TCPU: Total elapsed CPU time (sec.)

|
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Numerical experiments
ooeo

Poisson state equation

Poisson state equation with FDs (2D case)

optimal control optimal control

Simoncini - Preconditioning Newton methods for Optimal Control Problems wi ity Constraints



Poisson state equation

Experimental study of parameters

Numerical experiments
[eJele] ]

;C_)_/—ITIZO, »C*I_?+}7_Yd:07 _p+aa+p/:0
F(u,p;¢,8) :=0—max(0,u+ c( — B)) — min(0, 7 + c(n + B))
+max(0, (o — b) + c(i — B)) + min(0, (o — a) + c(z + ) =0

2D problem (GMRES w/indef precond): «a=10"% 8=10"% p=7

c= Cfact/a

Cqact | LI (NLI) | CPU | TCPU
0.001 | 15.8( *) | 4.9 | 487.8
0.1 |15.9( *) | 4.7 | 465.0
0.2 | 15.9( *) | 4.9 | 486.3
05| 162(5) | 41| 209
1|16.0(5) | 41 20.8
21162(7)| 41 29.2

51| 16.6(13) | 4.5 59.1
10 | 16.8(18) | 4.3 | 79.0
100 | 17.1(74) | 4.5 | 337.0
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Numerical experiments
@00

Convection-Diffusion state equation

Convection-Diffusion state equation with FE (1)

—eAy+w-Vy=u
with w = (2y(1 — x?), —2x(1 — y?))
» SUPG discretization for M, K € Rmxn

n = 4225, B=10"*

AS-GMRES-IPF

=1 e=0.5 e=0.1
o ( LI) BT | LI(NLI) BT | LI(NLI) BT
10T 140(1) 0] 150(1) 0] 147(3) 2
1072 | 155(2) 1| 157(3) 2| 17.9(8) 15
1073 | 153(6) 5| 16.9(9) 12 |21.5(26) 69
104 | 16.9(11) 21 | 19.3(15) 34 | 26.7(48) 165
107° | 22.9(20) 50 | 26.5(24) 80 | 36.6(98) 463

> LI: average number of Linear Iterations

» NLI: total number of NonLinear Iterations

|

» BT: total number of Back-Tracking steps in the line-search strategy

V. Simoncini - Preconditioning Newton methods for Optimal Control Problems with Sparsity Constraints



Numerical experiments

(o] le}
Convection-Diffusion state equation

Convection-Diffusion state equation with FE (2)

AS-GMRES-IPF

n=16641,3=10"%¢=1

4 x4 3x3 2x2
a LI (NLI) TCPU | LI (NLI) TCPU | LI (NLI) TCPU
10T 17.3(3 65| 17.3(3 6.0 | 17.3(3 5.9

) ) )
1073 | 22.3(24)  67.1 | 21.6(21) 552 | 22.3(24) 616
105 | 38.1(69) 371.6 | 38.7(73) 3845 | 37.8(69) 3225

n = 66049, 3 =104, =1

4 x4 3x3 2x2
! LI (NLI) TCPU | LI (NLI) TCPU | LI (NLI) TCPU
10T 19.7(3) 305 | 19.7(3) 288 | 19.7(3)  28.0
)
)

1073 | 24.4(21) 281.6 | 24.3(21) 266.6 | 20.9(21)  250.0
1075 | 38.7(58) 1360.3 | 39.3(52) 1099.1 | 38.7(58) 1104.9

|

» LS needed for convergence in 80% of the runs.
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Numerical experiments
ooe

Convection-Diffusion state equation

Conclusions

» Preconditioned semismooth Newton's method satisfactorily handles L norm
sparsity constraints

» Preliminary numerical experiments have showed good performance wrto
different parameters
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Numerical experiments
ooe

Convection-Diffusion state equation

Conclusions

» Preconditioned semismooth Newton's method satisfactorily handles L norm
sparsity constraints

» Preliminary numerical experiments have showed good performance wrto
different parameters

Current work
» Inexact (semi-residual based) semismooth Newton's method for optimal
control with L! term:;
» Spectral properties of the Schur complement approximation for different
state equation (CD, Stokes).
» Different sparsity constraints (see [Herzog et a. SICON 2014])
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lllustration of the L'norm penalty

[l [N

Pictures from Tianyi Zhou's Research Blog
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Sort of “sanity check”

Iterative vs direct (sparse) solution (“backslash™)

10°
= direct
gmres

10

103k

102F

average solution time [s]

10t . . .
10° 10° 10* 10° 10°
state dimension

here « = 1076, B =10"* )
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Sparsity constraint

Figure : From left to right: 4 x 4, 3 x 3 and 2 x 2.
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Poisson state equation with FDs (3D case)

» 3D: N = 2° with p = 4,5,6 = n = 4096, 32768, 262144,

B=10"% u=0=20%

AS-GMRES-IPF 4 X 4

AS-GMRES-IPF 3 X 3

AS-GMRES-IPF 2 X 2

p e LI (NLI) TCPU | LI (NLI) TCPU | LI (NLI) TCPU
471072 | 10.0() 0.5 | 10.0(1) 0.5 | 10.0(1) 0.4
10~* | 13.0(2) 1.1 | 13.0(2) 1.0 | 13.0(2) 0.9
10— 5.0(3) 0.7 5.0(3) 0.7 5.0(3) 0.6
51072 9.0(1) 21| 9.0(1) 1.9 | 9.0(1) 1.8
10~* | 14.02) 7.2 | 14.0(2) 6.3 | 14.0(2) 5.8
10~% | 10.5(2) 5.0 | 10.5(2) 4.4 | 10.5(2) 4.1
6 | 10°2 | 10.0(1) 18.1 | 10.0(1) 16.2 | 10.0(1) 17.1
1074 | 14.0(2) 83.6 | 14.0(2) 75.7 | 14.0(2) 76.1
1075 | 14.7(3) 83.0 | 14.7(3) 73.6 | 14.7(3) 68.2
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