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Fractional Diffusion Equations (FDEs)

We are interested in the following space-fractional diffusion equation (FDE)

Bupx , tq

Bt
� d

�

px , tq
B

αupx , tq

B

�

xα
� d

�

px , tq
B

αupx , tq

B

�

xα
� f px , tq,

where

px , tq P pL,Rq � p0,T s,

α P p1, 2q is the fractional derivative order,

f px , tq is the source term,

d
�

px , tq ¥ 0 are the diffusion coefficients,

B

αupx,tq
B

�

xα
are the left-handed (+) and the right-handed (–) fractional

derivatives,

and with the following initial-boundary conditions
"

upL, tq � upR, tq � 0, t P r0,T s,
upx , 0q � u0pxq, x P rL,Rs.
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Fractional Diffusion Equations (FDEs)

B

αupx , tq

B

�

xα
are defined by the shifted Grünwald formula as follows

B

αupx , tq

B

�

xα
� lim

∆xÑ0�

1

∆xα

tpx�Lq{∆xu
¸

k�0

g
pαq

k upx � pk � 1q∆x , tq,

B

αupx , tq

B

�

xα
� lim

∆xÑ0�

1

∆xα

tpR�xq{∆xu
¸

k�0

g
pαq

k upx � pk � 1q∆x , tq,
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k�0

g
pαq

k upx � pk � 1q∆x , tq,

where g
pαq

k are the alternating fractional binomial coefficients defined as

g
pαq

k � p�1qk
�

α

k




�

p�1qk

k!
αpα� 1q � � � pα� k � 1q k � 0, 1, . . .

with the formal notation

�

α

0




� 1.

4 / 24 M. Donatelli � M. Mazza � S. Serra-Capizzano mariarosa.mazza@uninsubria.it



Problem setting Spectral analysis Solvers for FDEs Numerical results Conclusions

A discretization

Fix two positive integers N,M, and define the following partition of
rL,Rs � r0,T s,

xi � L� i∆t, ∆x �
pR�Lq
N�1

, i � 0, . . . ,N � 1,

tm � m∆t, ∆t � T
M
, m � 0, . . . ,M,
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=

consistent and unconditionally stable methodr1,2s.

[1] Meerschaert, Tadjeran, J. Comput. Appl. Math., 2004
[2] Meerschaert, Tadjeran, Appl. Numer. Math., 2006
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Matrix form of the discretized problem

�

νM,N I �D
pmq
�

Tα,N � D
pmq
�

T
T
α,N

	

u
pmq

� νM,Nu
pm�1q

�∆x
α
f
pmq

,

where

,
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T with u
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Constant coefficients case

Preliminaries: symbol

Def1 Let f P L1
p�π, πs and let tfjujPZ the sequence of its Fourier coefficients

defined as

fj �
1

2π

» π

�π

f pθqe
�ijθ

dθ, j P Z.

Then the Toeplitz sequence tTnpf qunPN with Tnpf q � rfi�j s
n
i,j�1 is called

the family of Toeplitz matrices generated by f , which in turn is called the
symbol tTnpf qunPN.
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Constant coefficients case

Preliminaries: spectral distribution

Def2 Let f : G Ñ C be a measurable function, defined on a measurable set
G � R

k with k ¥ 1, 0   mkpGq   8. Let tANu be a sequence of
matrices of size N with eigenvalues λjpANq, j � 1, . . . ,N

tANu is distributed as the pair pf ,Gq in the sense of the eigenvalues, in
symbols tANu �λ pf ,Gq, if the following limit relation holds for all
F P C0pCq:

lim
NÑ8

1

N

Ņ

j�1

F pλjpANqq �
1

mkpGq

»

G

F pf ptqqdt.

The definition of distribution in the sense of the singular values is
obtained replacing λj Ñ σj , f ptq Ñ |f ptq|, C0pCq Ñ C0pR

�

0 q.
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Constant coefficients case

Symbol and spectral distribution of
!

M
pmq

α,N

)

NPN

Recall the coefficient matrix

M
pmq
α,N � νM,N I � D

pmq
�

Tα,N � D
pmq
�

T
T
α,N

Note: In the constant coefficient case D
pmq
�

� d
�

� I , d
�

¡ 0, then
!

M
pmq
α,N

)

NPN
is a sequence of Toeplitz matrices.

Res1 The symbol associated to the matrix-sequence tTα,NuNPN is given by

fαpθq � �

8

¸

k��1

g
pαq

k�1e
ikθ

� �e
�iθ
�

1� e
iθ
	α

.
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T
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Note: In the constant and equal coefficient case D
pmq
�

� d � I , d ¡ 0, then
!

M
pmq
α,N

)

NPN
is a sequence of symmetric Toeplitz matrices.

Res2 Let us assume that νM,N � op1q. Given the matrix-sequence
!

M
pmq
α,N

)

NPN
, we have

!

M
pmq
α,N

)

�λ pd � pαpθq, r�π, πsq,

where pαpθq � fαpθq � fαp�θq � fαpθq � fαpθq is a real-valued continuous
function.
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Nonconstant coefficients case

Preliminaries: GLT sequences

There are three main features of the GLT class that we shortly mention here.

GLT1 Each GLT sequence has a symbol f in the sense of the singular values
over a domain G � r0, 1sd � r�π, πsd with d ¥ 1: if the sequence is Hermitian,
then the distribution also holds in the eigenvalue sense.

GLT2 The GLT class is a �-algebra. The symbol of linear combinations,
products, inversions, conjugations of GLT sequences is obtained by following the
same algebraic manipulations on the symbols of the involved GLT sequences.
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Nonconstant coefficients case
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Let us assume that νM,N � op1q and that, fixed tm, d�pxq :� d
�

px , tmq are
Riemann integrable over rL,Rs.

Res3 The matrix sequence
!

M
pmq
α,N

)

NPN
is a GLT sequence with symbol

hαpx , θq � d
�

pxqfαpθq � d
�

pxqfαp�θq, px , θq P rL,Rs � r�π, πs,

and
!

M
pmq
α,N

)

�σ phαpx , θq, rL,Rs � r�π, πsq.

If d
�

pxq � d
�

pxq, we also have

!

M
pmq
α,N

)

�λ phαpx , θq, rL,Rs � r�π, πsq.
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Nonconstant coefficients case

Zero of the symbols pαpθq and hαpx , θq

Res4 The function pαpθq has a zero of order α P p1, 2q at 0.

−0.2 −0.15 −0.1 −0.05 0 0.05 0.1 0.15 0.2
0

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.008

0.009

0.01

α=1.2

α=1.5

α=1.8

Comparison between the
symbol of the Laplacian
operator ℓpθq � 2� 2 cospθq
(blue bullet line) with pαpθq

for α � 1.2 (red solid line),
α � 1.5 (black dotted line)
and α � 1.8 (green dashed
line) in a neighborhood of 0.

Res5 If both diffusion coefficients are bounded and positive, the symbol
hαpx , θq has always a zero at θ � 0 of order α   2.
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Literature

CGNR with circulant preconditioner and MGM method

Meth1 Conjugate Gradient for Normal Residual (CGNR) with the
circulant preconditioner

S
pmq
N � νM,N I � d̄

pmq
�

spTα,Nq � d̄
pmq
�

spTα,N q
T
,

with d̄
pmq
�

�

1
N

°N
i�1 d

pmq
�,i and spTα,Nq the Strang circulant preconditoner.

Superlinearly convergence in the constant coefficients caser3s.

Meth2 Multigrid method (MGM) with damped-Jacobi as smoother and classical
linear interpolation. Optimal convergence of the two-grid in the constant
and equal coefficients caser4s.

[3] Lei, Sun, J. Comput. Phys., 2013
[4] Pang, Sun, J. Comput. Phys., 2012
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What’s new?

Bad news for the circulant preconditioner

When νM,N � op1q,
!

pS
pmq
N q

�1
M

pmq
α,N

)

is a GLT sequence such that

!

pS
pmq
N q

�1
M

pmq
α,N

)

�σ

�

hαpx , θq

gαpθq
, rL,Rs � r�π, πs




where gαpθq � d̄
pmq
�

fαpθq � d̄
pmq
�

fαp�θq. Whenever the diffusion
coefficients are nonconstant functions, the preconditioned sequence
CANNOT be clustered at one, since the function hαpx , θq{gpθq is a
nontrivial function depending on the variable x .

Circulant preconditioner CANNOT give a good clustering in the
multidimensional problems also in the constant coefficient setting due to
the negative results in [5].

[5] Serra-Capizzano, Tyrtyshnikov, SIAM J. Matrix Anal. Appl., 1999
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What’s new?

MGM as a valid alternative

Constant case Given a sequence of Toeplitz matrices tANuNPN with a
nonnegative symbol f , if the grid transfer operator is the classical linear
interpolation, for the convergence analysis of the V-cycle it has to hold

lim
θÑ0

sup
2� 2 cospθ � πq

f pθq
� c   8.

Under the assumption νM,N � op1q and d
�

px , tq � d ¡ 0, the symbol of

the Toeplitz sequence
!

M
pmq
α,N

)

NPN
is f pθq � d � pαpθq and it satisfies this

condition with c � 0.

Nonconstant case When d
�

and d
�

are uniformly bounded and positive
the optimality of the MGM is preserved.

Theoretical results contained in [6,7] allow to expect the same behaviour of the
MGM also in the multidimensional case.

[6] Aricò, Donatelli, Numer. Math., 2007
[7] Serra-Capizzano, Numer. Math., 2002
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[6] Aricò, Donatelli, Numer. Math., 2007
[7] Serra-Capizzano, Numer. Math., 2002

16 / 24 M. Donatelli � M. Mazza � S. Serra-Capizzano mariarosa.mazza@uninsubria.it



Problem setting Spectral analysis Solvers for FDEs Numerical results Conclusions

What’s new?

Structure preserving preconditioners for CGNR and GMRES

Why preserving the structure?

overcome negative results in the multidimensional case;

have a preconditioned linear system with a well-conditioned matrix of the
eigenvectors.

1 First preconditioner

P
pmq
1,N � νM,N I � D

pmq
�

BN �D
pmq
�

B
T
N ,

where BN � tridiagNp0, 1,�1q is an approximation of the first derivative
operator.

2 Second preconditioner

P
pmq
2,N � νM,N I � D

pmq
�

LN �D
pmq
�

L
T
N ,

where LN � tridiagNp�1, 2,�1q is the Laplacian matrix.
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What’s new?

Structure preserving preconditioners for CGNR and GMRES

P
pmq
1,N � νM,N I �D

pmq
�

BN � D
pmq
�

B
T
N

P
pmq
2,N � νM,N I � D

pmq
�

LN � D
pmq
�

L
T
N

Computational cost: P
pmq
1,N , P

pmq
2,N tridiagonal Ñ OpNq operations for the

associated system Ñ OpN logNq operations for preconditioned Krylov method.

Spectral properties: Both P
pmq
1,N and P

pmq
2,N cannot provide a clustering of the

singular values or of the eigenvalues of the preconditioned linear system just as
the circulant preconditioner S pmqN .
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Numerical Example: nonconstant coefficient case

The following example consists in an anomalous diffusive process of a Gaussian
pulse
$

'

&

'

%

Bupx,tq
Bt

� d
�

px , tq
B

αupx,tq
B

�

xα
� d

�

px , tq
B

αupx,tq
B

�

xα
� f px , tq, px , tq P p0, 2q � p0, 1s,

up0, tq � up2, tq � 0, t P r0, 1s,
upx , 0q � u0pxq, x P r0, 2s.

diffusion coefficients:

d
�

px , tq � 0.1p1� x
2
� t

2
q, d

�

px , tq � 0.1p1 � p2� xq
2
� t

2
q

source term:
f px , tq � 0

initial condition

u0pxq � e
�

px�xc q
2

2σ2

with xc � 1.2 and σ � 0.08

∆x � ∆t, νM,N �

∆xα

∆t
� ∆xα�1 which, being 0   α� 1   1, tends to

zero as N tends to 8.
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Numerical Example: nonconstant coefficient case

The number of iterations is computed as 1
M

°M
m�1 Iterpmq, where Iterpmq is the

number of required iterations at time tm, m � 0, . . .M. (tolerance � 10�7)

α N � 1
P1 P2 S

CGNR GMRES CGNR GMRES CGNR GMRES

1.2

26 5.1 5.0 7.3 6.6 6.8 7.6
27 5.0 5.0 7.0 5.1 6.1 7.0
28 5.0 4.8 6.1 4.1 6.0 7.0
29 4.0 4.0 6.0 3.4 6.0 6.9

1.5

26 7.1 8.8 7.0 5.6 7.2 8.4
27 6.8 9.2 7.0 5.1 7.1 8.8
28 6.2 9.2 7.0 5.0 7.0 8.8
29 6.0 9.4 6.5 5.0 7.0 8.7

1.8

26 9.9 14.6 5.1 4.9 8.4 8.0
27 10.7 18.7 5.1 5.0 9.2 8.0
28 11.8 23.3 5.0 5.0 9.4 7.9
29 13.8 29.0 4.9 5.0 9.0 7.8

20 / 24 M. Donatelli � M. Mazza � S. Serra-Capizzano mariarosa.mazza@uninsubria.it



Problem setting Spectral analysis Solvers for FDEs Numerical results Conclusions

Structure preserving preconditioners for CGNR
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Structure preserving preconditioners for GMRES
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Conclusions

Asymptotic eigenvalue/singular value distribution for nonconstant
coefficient FDEs.

Analysis of known methods of preconditioned Krylov and multigrid type,
with both positive and negative results.

Two new tridiagonal structure preserving preconditioners.

Future works
A future work will concern a detailed analysis of the problem in the
multidimensional setting where a promising technique seems to be the use of
appropriate multigrid strategies.
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