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d-variate exponential sums

d ∈ N.

d-variate exponential sum:

f : Zd −→ C

k 7−→
M∑

j=1

fjz
k
j =

M∑

j=1

fj

d∏

ℓ=1

z
kℓ

j,ℓ

f1, . . . , fM ∈ C \ {0}
z1, . . . , zM ∈ (C \ {0})d pairwise distinct.

Further notation:
Ω := {z1, . . . , zM}.



Reconstruction problem

Problem: Reconstruct all fj and zj from samples of f .

Solution for d = 1: de Prony (1795).

Reconstruction from 2M + 1 equidistant samples.

Reconstruction of Ω independently of the coefficients fj .



Prony method for univariate exponential sums

f : Z → C univariate exponential sum, i. e. d = 1.

Classical Prony method:

Given: f (−M), . . . , f (M).

T := (f (k − m))m=0,...,M
k=0,...,M

∈ C
M+1×M+1.

Fact: dim ker T = 1.

(p0, . . . , pM) ∈ ker T \ {0}, pj ∈ C.

zj — Roots of polynomial p :=
∑M

k=0 pkXk ∈ C[X].

(f1, . . . , fM) ∈ C
M — Solution to a regular linear system.



d = 1 revisited

Construct T ∈ C
M+1×M+1 with

ker T = span{p}

and
Ω = {z ∈ C | p(z) = 0}.

Thus

Ω = {z ∈ C | q(z) = 0 for all q ∈ ker T } = V(ker T ).



Multivariate Prony method

Now: d ∈ N arbitrary, so f : Zd → C.

Notation:

Πn := {q ∈ C[X1, . . . , Xd ] | max{‖k‖∞ | k ∈ N, qk 6= 0}
︸ ︷︷ ︸

=:maxdeg q

≤ n},

N := dim Πn = (n + 1)d .

Idea: Identify Πn with C
N and construct a matrix

Tn ∈ C
N×N

with
V(ker Tn) = Ω.

See also Peter-Plonka-Schaback, 2015 (submitted).



Multivariate Prony method

For n ∈ N let

Tn := (f (k − m))‖m‖
∞

,‖k‖
∞

≤n ∈ C
N×N .

(Block Toeplitz with Toeplitz blocks!)

d = n = 2 sampling grid; (2n + 1)
2

= 25 samples



Multivariate Prony method

Let

An : Πn −→ C
M

p 7−→ (p(z1), . . . , p(zM))

be the evaluation homomorphism at Ω = {z1, . . . , zM},

An ∈ C
M×N

the representation matrix of An.

Then
Tn = PnA⊤

n DnAn,

with Dn := diag(z−n
1 f1, . . . , z−n

M fM). Thus

ker Tn ⊇ ker An, so V(ker Tn) ⊆ V(ker An)



Remarks

So far
V(ker Tn) ⊆ V(ker An) ⊇ Ω.

Is V(ker Tn) 6= Ω possible?

Yes, V(ker Tn) can be infinite, e. g. if dim ker Tn = 1.

So, how to choose n?

Multivariate polynomials  algebraic tools!



V(ker Tn) = Ω?

Theorem

Let f be a d-variate exponential sum with parameters z1, . . . , zM .

If n ≥ M, then V(ker Tn) = Ω := {z1, . . . , zM}.

Proof.

Show:

V(ker An) = Ω.

rank An = M.

ker An = ker Tn.



Example 1

f : Z2 −→ C

k 7−→ (1, 1)k + (−1, −1)k .

Choose n = 2. Then

T2 =






T T ′ T

T ′ T T ′

T T ′ T




 , T :=






2 0 2
0 2 0
2 0 2




 , T ′ :=






0 2 0
2 0 2
0 2 0




 ,

dim ker T2 = 7 and 〈ker T2〉 = 〈−1 + X2, −X + Y〉,

hence

V(ker T2) = V(−1 + X2, −X + Y) = {(1, 1), (−1, −1)}.



Example 1

Visually:

p1 = −1 + X2,

p2 = −X + Y,

V(p1, p2) = {(−1, −1), (1, 1)} = Ω,



Example 2

0 1

0

1

Zero loci on T2 ∼= [0, 1[ of real- and imaginary parts of C-basis of ker T2 for

M = 6, zj = exp(πi(1+cos((j −1)π/2), 1+sin((j −1)π/2))), j = 1, . . . , 5,

z5 = (1, 1), fj = 1, and n = 2 < M (computed with Octave resp. Bertini)



Summary

Parameter reconstruction for d-variate exponential sums

Deterministic
Sampling set known a priori

Tn ∈ C
N×N , N = (n + 1)d

ker Tn ⊆ C[X1, . . . , Xd ]

n ≥ M ⇒ V(ker Tn) = Ω



Summary

Parameter reconstruction for d-variate exponential sums

Deterministic
Sampling set known a priori

Tn ∈ C
N×N , N = (n + 1)d

ker Tn ⊆ C[X1, . . . , Xd ]

n ≥ M ⇒ V(ker Tn) = Ω

Thank you for your attention!



Literature on d = 1

G. de Prony.

Essai expérimental et analytique: Sur les lois de la Dilatabilité de fluides élastiques et sur celles de la Force
expansive de la vapeur de l’eau et de la vapeur de l’alkool, à différentes températures.
J. de l’École Polytechnique, 1:24–76, 1795.

F. Filbir, H. N. Mhaskar, and J. Prestin.

On the problem of parameter estimation in exponential sums.
Constr. Approx., 35:323–343, 2012.

G. Plonka and M. Tasche.

Prony methods for recovery of structured functions.
GAMM-Mitteilungen, 37(2):239–258, 2014.

D. Potts and M. Tasche.

Parameter estimation for exponential sums by approximate Prony method.
Signal Process., 90:1631–1642, 2010.

T. Peter and G. Plonka.

A generalized Prony method for reconstruction of sparse sums of eigenfunctions of linear operators.
Inverse Problems, 29, 2013.



Literature on d ≥ 2

F. Andersson, M. Carlsson, and M. V. de Hoop.

Nonlinear approximation of functions in two dimensions by sums of exponential functions.
Appl. Comput. Harmon. Anal., 29:156–181, 2010.

E. J. Candès and C. Fernandez-Granda.

Towards a mathematical theory of super-resolution.
Comm. Pure Appl. Math., 67(6):906–956, 2013.

D. Potts and M. Tasche.

Parameter estimation for multivariate exponential sums.
Electron. Trans. Numer. Anal., 40:204–224, 2013.

G. Plonka and M. Wischerhoff.

How many Fourier samples are needed for real function reconstruction?
J. Appl. Math. Comput., 42:117–137, 2013.

B. Diederichs and A. Iske.

Parameter estimation for bivariate exponential sums.
Hamburger Beiträge zur Angewandten Mathematik, 2015-04, 2015.



References

D. J. Bates, J. D. Hauenstein, A. J. Sommese, and C. W. Wampler.

Numerically Solving Polynomial Systems with Bertini.

Society for Industrial and Applied Mathematics, Philadelphia, 2013.

T. Peter, G. Plonka, and R. Schaback.

Reconstruction of multivariate signals via Prony’s method.

Submitted.

A. J. Sommese and C. W. Wampler.

The Numerical Solution of Systems of Polynomials Arising in Engineering

and Science.

World Scientific Publishing Co. Pte. Ltd., New Jersey, London, Singapore,
Beijing, Shanghai, Hong Kong, Taipei, Chennai, 2005.


	Univariate Prony method
	Multivariate Prony method
	Examples
	Summary

