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Linear (vector) systems and linear matrix equations

Problem: solve the linear problem

Ax =D or T1X—|—XT2:B




Linear (vector) systems and linear matrix equations

Problem: solve the linear problem

Ax =D or T1X—|—XT2:B

Remark: In discretizing PDEs with tensor bases, the two problems may
be mathematically equivalent !



The Poisson equation
—Ugy — Uyy = f, In Q= (0, 1)

+ Dirichlet b.c. (zero b.c. for simplicity)
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The Poisson equation

—Ugg — Uyy = f, in Q= (0, 1)?>  + Dirichlet zero b.c.

FD Discretization: U; ; ~ u(z;,y;), with (x;,y;) interior nodes, so that
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The Poisson equation

—Ugg — Uyy = f, in Q= (0, 1)?>  + Dirichlet zero b.c.

FD Discretization: U; ; ~ u(z;,y;), with (x;,y;) interior nodes, so that

U o6, + U 1 Vic1;

L —2U, _y

uxx(ajz'ayj) = h;,J ansy - B2 [17_271] Ui,j
Uit1,5

Uij—1 —2Uij +Uij+1 _ 1
h2 T h2?

Uyy (T4, Yj) R Ui, j—1, Us.j, Us j+1]

TWU+UTy =F, Fi=f(zi,yj), Ti= ;ztridiag(l,—2,1)
Lexicographic ordering: U—u=[Ui1,U,1,U12,...,Us2,...]"

Au=f A=1I1QT +T1 ® I, f=vec(F),

((M ® N) Kronecker product, (M ® N) = (M; jN))
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Numerical considerations
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Discretization of more complex domains (with Y. Hao)

polar grid

(x,y) €Q, x=rcosf, y=rsind

(r,0) € [ro, 1] x [0, Z]

& Transformed equation in polar coordinates:

—7“2’117“7" — Tﬁr — ’&99 — f: (T7 9) = [TO’ Tl] x [07 %]

Matrix equation after mapping to the rectangle:

27U +UT —®BU = F| < |(®2T—-®BWU +UT =F




& Transformed equation in log-polar coordinates (r = e”):

. R A i
—Upp — UG — f7 (rv 0) < [To, Tl] X [07 Z]

Matrix equation after mapping to the rectangle:

TU + +UT = F




Poisson equation in a polygon with more than 4 edges (with Y. Hao)

& Schwarz-Christoffel conformal mappings between polygon and rectangle

_Umx_uyy:fa (Zl?,y)EQ

~Tge — Unn = J f, (§,m) €1l

With finite diff. discretization:

~ ~

TWU+UTy, = F |, F+4bec, and F;j=(Z0(,n), 1<i<ni, 1<j<ng

(_# Jacobian determinant of SC mapping)

Poisson equation is the ideal setting for SC mappings!
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Convection-diffusion eqns in a rectangle (with D. Palitta)

—eAu + ¢1(x)Y1 (Y)ue + d2(z)Y2(y)uy + v1(2)y2(y)u = f

(z,y) € Q CR?, ¢;,vi,7i, i = 1,2 sufficiently regular func’'s + b.c.

Problem discretization by means of a tensor basis

Multiterm linear matrix equation:

—eT1U —eUTy + &1 B1 UV + &UB) Wy + Uy = F

Finite Diff.: U; ; = U(x;,y;) approximate solution at the nodes

but also Isogeometric Analysis (IGA), certain spectral methods, etc.

... A classical approach, Bickley & McNamee, 1960, Wachspress, 1963
(Early literature on difference equations)
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Numerical solution of the Sylvester equation

AU +UB =

Various settings:

e Small A and small B: Bartels-Stewart algorithm

1. Compute the Schur forms:
A* =URU*, B=VSV* with R, S upper triangular;

2. Solve R*Y +YS =U*GYV for Y;
3. Compute U =UY V™.
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Numerical solution of the Sylvester equation

AU +UB =

Various settings:

e Small A and small B: Bartels-Stewart algorithm

1. Compute the Schur forms:
A* =URU™*, B=VSV* with R, S upper triangular;

2. Solve R*Y +YS =U*GYV for Y;
3. Compute U =UY V™.

e Large A and small B: Column decoupling

1. Compute the decomposition B = WSW 1, S = diag(s1,...,5m)
2. Set G =GW

3. Fori=1,...,m solve (A+ s, 1)(U); = (G);

4. Compute U = Uw—1
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Numerical solution of the Sylvester equation

AU +UB =

Various settings:

e Small A and small B: Bartels-Stewart algorithm

1. Compute the Schur forms:
A* =URU™*, B=VSV* with R, S upper triangular;

2. Solve R*Y +YS =U*GYV for Y;
3. Compute U =UY V™.

e Large A and small B: Column decoupling

1. Compute the decomposition B = WSW 1, S = diag(s1,...,5m)
2. Set G =GW

3. Fori=1,...,m solve (A+ s, 1)(U); = (G);

4. Compute U = Uw—1

e Large A and large B: lterative solution (G low rank)
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Numerical solution of large scale Sylvester equations
AU+ UB =G

with G low rank

e Projection methods
e ADI (Alternating Direction Iteration)

e Data sparse approaches (structure-dependent)

Projection methods

Seek U, ~ U of low rank:

U, = UM | [0 ]

with UMY U tall

Index k “related” to the approximation rank
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Two applications

e Time stepping systems of Reaction-diffusion PDEs:

uy = L1 (u) + fi(u,v),
v = lo(v) + fo(u,v), with (z,y) € QCR? t€]0,7]

;. diffusion operator linear in u fi: nonlinear reaction terms
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Two applications

e Time stepping systems of Reaction-diffusion PDEs:

uy = L1 (u) + fi(u,v),
v = lo(v) + fo(u,v), with (z,y) € QCR? t€]0,7]

;. diffusion operator linear in u fi: nonlinear reaction terms

e All-at-once Heat equation:
ur + Au = f, u=u(r,y,z,t) € QxIL,

with Q@ € R3, Z = (0,7) and zero Dirichlet b.c.
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Systems of Reaction-diffusion PDEs

uy = £1(u) + fi(u,v),
vy = lo(v) + fo(u,v), with (x,y) € QCR? t¢€|0,T]

with u(x,y,0) = uo(z,y), v(z,y,0) = vo(x,y), and appropriate b.c.
on ()

¢;: diffusion operator linear in u fi: nonlinear reaction terms
Applications:

chemistry, biology, ecology, and more recently in metal growth by electrodeposition,

tumor growth, biomedicine and cell motility

= spatial patterns such as labyrinths, spots, stripes

Joint work with M.C. D’Autilia & I. Sgura, Universita di Lecce
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Long term spatial patterns

~=1000
Ix=1DD, M x=2'DD

Labyrinths, spots, stripes, etc.
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Numerical modelling issues

uy = £1(u) + fi(u,v),
vy = lo(v) + fo(u,v), with (z,y) € QCR? t¢€l0,T]

e Problem is stiff
— Use appropriate time discretizations

— Time stepping constraints

e Pattern visible only after long time period

(transient unstable phase)

e Pattern visible only if domain is well represented
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Space discretization of the reaction-diffusion PDE

¢;: elliptic operator = /;(u) = A;u, so that

ﬁ:Alu_'_fl(u?V)a 11(0) — Up,
V:A2V+f2(uvv)7 V(O) — Vo

Key fact: €2 simple domain, e.g., = |0, 4;] x [0, £,]. Therefore

A =1,Ty, + Ty, @I, € RV=Nvy>xNalNy 5 — 1 9

= Au = vec(Th U + UT3)
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Matrix-oriented formulation of reaction-diffusion PDEs

U=T1U+UTy,+ Fy (U, V), U(0)=U,,
V=TV + VT + F(U,V), V(0)="V,

F;(U, V) nonlinear vector function f(u,v) evaluated componentwise
vec(Up) = ug, vec(Vy) = vy, initial conditions

Remark: Computational strategies for time stepping can exploit this
setting

For simplicity of exposition, we consider 1= Au+ f(u), that is

U=T.U+UT,+ F(U), (z,y)€Q, t€|0,T]
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Time stepping Matrix-oriented methods
IMEX methods
1. First order Euler: un+1 — up = he(Aun+1 + f(uy)) so that

(I—htA)un_|_1 = un—|—htf(un), n=20,...,Ng—1

Matrix-oriented form: Up41 — Up = ht(T1Un41 + Unt1712) + he F(Uy),
so that

(I — htT1)Un_|_1 + Un_|_1(—htT2) = U, + htF(Un), n=20,...,Ng— 1.
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Time stepping Matrix-oriented methods
IMEX methods
1. First order Euler: un+1 — up = he(Aun+1 + f(uy)) so that

(I—htA)un+1 = un—|—htf(un), n=20,...,Ng—1

Matrix-oriented form: Up41 — Up = ht(T1Un41 + Unt1712) + he F(Uy),
so that

(I — htT1)Un_|_1 + Un_|_1(—htT2) = U, + htF(Un), n=20,...,Ng— 1.

2. Second order SBDF', known as IMEX 2-SBDF method
3upto—4upri1+tun = 2hiAup2+2he(2f(up+1)—f(un)), m=0,1,..., Ny

Matrix-oriented form: for n =0,..., Ny — 2,

(3[ — thTl) Upt2+Up, 40 (—thTQ) — 4Un_|_1—Un+2ht(2F(Un+1)—F(Un))
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Time stepping Matrix-oriented methods

Exponential integrator

Exponential first order Euler method:

Unp+1 = ehtAun + ht@l(htA)f(un)

htA: matrix exponential, ¢1(2) = (e# — 1)/z first “phi” function

That is,

e

Upt+1 = €

25

htAun—l—htvn, where Av,, = ehtAf(un)—f(un) n=0,...

 Np—1.



Time stepping Matrix-oriented methods

Exponential integrator

Exponential first order Euler method:

Unp+1 = ehtAun + ht@l(htA)f(un)

et 4: matrix exponential, p1(2) = (e* — 1)/z first “phi” function
That is,
Upt1 = e Au, +hivy, where Av,, = ehtAf(un)—f(un) n=0,...,N¢—1.

Matrix-oriented form: since e’t4u = (ehtT? ® ehtTl) u = vec(eMT1UehtT2)

T
1. Compute Eq = etT1| Ey = eMtT2
2. For each n

Solve TiVy + V,Ta = E1F(Up)EY — F(U,) (2)
Compute Un+1 = E1 UnEg + he Vi,
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Time stepping Matrix-oriented methods

Computational issues:

e Dimensions of 17,15 very modest
e 711,15 quasi-symmetric (non-symmetry due to b.c.)

e 1,15 do not depend on time step

&% Matrix-oriented form all in spectral space (after eigenvector
transformation)
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A numerical example of system of RD-PDEs

Model describing an electrodeposition process for metal growth

fi(u,v) =p (al(l —v)u —azu’ — (v — Oz))

fo(u,v) = p (1 (1 + k2u)(1 —v)[1 — (1 —v)] — d1v(1 + k3u)(1 + yv)))

Turing pattern

-0.25
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A numerical example of system of RD-PDEs

Model describing an electrodeposition process for metal growth
f1(u,v) =p (a1 (1 —v)u —azu’ — (v — )

fo(u,v) = p (71 (1 + k2u)(1 — 0)[1 = y(1 —v)] = d1v(1 + kzu)(1 + yv)))

Turing pattern
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Schnackenberg model

fiu,v) =y(@—u+wuv),  fa(u,v) =7(b—u?v)

N_=100 h=1e4, T =2
x t f
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Left plot: Turing pattern solution for v = 1000 (N, = 400)

Center plot: CPU times (sec), N; = 100 variation of h¢

Right plot: CPU times (sec), ht = 10—4, increasing values of
N, = 50,100, 200, 300, 400

30



All-at-once heat equation

us + b(u) = f u(0) =0 (for convenience)
Variational formulation
findueU: blu,v)=(fv)y forallveV

where

— gl
U= H}

b(u,v) =[5 [qut(t,z)v(t, ) dedt+ [7 alu(t),v(t))dt
(fiv) =[5 [q f(t,x)v(t,x)dx dt.

(Z; X")NL2(Z,X), X := H3(Q), V= L2(T; X)

& It can be shown that this formulation is well-posed

& Variational approach in space+time allows for adaptivity and order reduction on

both types of variables

Joint work with J. Henning, D. Palitta and K. Urban
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All-at-once heat equation. Discretized problem
Choose finite-dimensional trial and test spaces, Us C U, Vs C V.

Then the Petrov-Galerkin method reads

find us € Us = b(us,vs) = (f,vs) for all vs € Vj

with Us := Sa; ® X, Vs = Oar ® X}, where
Sa: : piecewise linear FE on Z
(DA - piecewise constant FE on 7

X}, : any conformal space, e.g., piecewise linear FE

& Well-posedness (discrete inf-sup cond) depends on the choice of
Us, Vs
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All-at-once heat equation. Discretized problem
Choose finite-dimensional trial and test spaces, Us C U, Vs C V.

Then the Petrov-Galerkin method reads

find us € Us = b(us,vs) = (f,vs) for all vs € Vj

with Us := Sa; ® X, Vs = Oar ® X}, where
Sa: : piecewise linear FE on Z
(DA - piecewise constant FE on 7

X}, : any conformal space, e.g., piecewise linear FE

& Well-posedness (discrete inf-sup cond) depends on the choice of
Us, Vs

Remark: This discretization coincides with Crank—Nicolson scheme if
trapezoidal approximation of the rhs temporal integration is used
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The final linear system

By us = fs

where

[Bsl(k.i).e.5) = (65 7) Lo (04, 85) Loy + (05, 7) o) aldis ¢5),
fsle) = (f,7*® D) Lo (T:H)
that is, Bs = Day @ My, + Car @ Ky,

Remark: We approximate f5 to achieve full tensor-product structure
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The final linear system

By us = fs

where

[Bsl(k.i).e.5) = (65 7) Lo (04, 85) Loy + (05, 7) o) aldis ¢5),
fsle) = (f,7*® D) Lo (T:H)
that is, Bs = Day @ My, + Car @ Ky,

Remark: We approximate f5 to achieve full tensor-product structure

This yields the generalized Sylvester equation:

MpUsDar + KpUsCar = Fy, with Fs=[g1,...,9p][R1,...,hp]"

Fs matrix of low rank = Ujg approx by low rank matrix 65
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A simple example

Q) = (—1,1)3, with homogeneous Dirichlet boundary conditions

Z = (0,10) and initial conditions u(0,x,y,2) =0

f(t,z,y,2) = 10sin(t)t cos(5x) cos(5y) cos(5 z)

(Fs is thus low rank)

RKSM CN Time(s)
N, Nt | Its  pmem rank(Us)  Time(s) Direct  Iterative
41300 300 | 13 14 9 25.96 123.43 59.10
500 | 13 14 9 30.46 143.71 78.01
700 | 13 14 9 28.17 153.38 93.03
347361 300 | 14 15 9 820.17 | 14705.10 792.42
500 | 14 15 9 828.34 | 15215.47  1041.47
700 | 14 15 7 826.93 | 15917.52  1212.57

& Memory allocations in CN are for full problem

& Sylvester-oriented method: overall Space and Time independence
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Multiterm linear matrix equation

A1 XB; + A2XBs + ...+ Ay XBy=C

Applications:
e Control
e (Stochastic) PDEs
e Matrix least squares
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Multiterm linear matrix equation

A1 XB; + A2XBs + ...+ Ay XBy=C

Applications:
e Control
e (Stochastic) PDEs
e Matrix least squares

Main device: Kronecker formulation
(B ® A1 +...+ B @ Ay)z=c

lterative methods: matrix-matrix multiplications and rank truncation

(Benner, Breiten, Bouhamidi, Chehab, Damm, Grasedyck, Jbilou, Kressner,

Matthies, Onwunta, Raydan, Stoll, Tobler, Zander, and many others...)
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Multiterm linear matrix equation

A1XBy + A XBy+ ...+ Ay XBy=C

Applications:
e Control
e (Stochastic) PDEs
e Matrix least squares

Alternative approaches:
e Projection onto rich approximation space
e Compression to two-term matrix equation
e Splitting strategy towards two-term matrix equation
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PDEs on polygonal grids and separable coeffs

—eAu+ @1 ()1 (y)ue +P2(x) Y2 (y)uy +71(2) 2 (W)u = f  (z,y) €

i, Wi, Vi, © = 1, 2 sufficiently regular functions + b.c.

Problem discretization by means of a tensor basis

Multiterm linear equation:

—eThU —eUls + o1 B,UVY; + CIDQUBQT\IJQ + 11/ Ul'y = F

Finite Diff.. U; ; = U(x;,y;) approximate solution at the nodes
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PDEs with random inputs

Stochastic steady-state diffusion eqn: Find v : D x ) — R s.t. P-a.s.,
—V - (a(x,w)Vu(x,w)) = f(x) in D
u(x,w)= 0 on 0D
f: deterministic;

a: random field, linear function of finite no. of real-valued random
variables &, : Q@ -1, C R

Common choice: truncated Karhunen—Loéve (KL) expansion,

a(x,w) = u(x) + 0 >V Ardr(x)ér (W),
r=1

w(x): expected value of diffusion coef. o: std dev.
(Ar, dr(x)) eigs of the integral operator V wrto V(x,x’) = 55 C(x,x')
(Ar \¢ C : D x D — R covariance fun. )
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Discretization by stochastic Galerkin

Approx with space in tensor product form* &}, x .S,

Ax=b, A=Gi®Ko+)Y G, ®K, b=gof,

r=1

x: expansion coef. of approx to w in the tensor product basis {@;vk }

K, € R™=X"z FE matrices (sym)

Gr € R"¢*™¢ r =0,1,...,m Galerkin matrices associated w/ S, (sym.)
go: first column of Gg

fo: FE rhs of deterministic PDE
(m + p)!

ne = dim(Sp) = ol = | ng - ng | huge

2Sp set of multivariate polyn of total degree < p
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The matrix equation formulation

(Go@Ky+G 1K1+ ... 4G @ Ky x = go 1

transforms into
KOXGO—|—K1XG1 ‘|‘+KmXGm :F7 F:foga_
(Go =1)

Solution strategy. Conjecture:

e {K,} from trunc'd Karhunen—Loéve (KL) expansion

4
X ~ X low rank, X = X xt

(Possibly extending results of Grasedyck, 2004)
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Matrix Galerkin approximation of the deterministic part. 1

Approximation space K and basis matrix Vj: X~X,=V.Y

VkTRk; =0, Ry := KoXi + K1 XkG1 + ... + K XiGopy — ngOT

Computational challenges:

e Generation of K involved m + 1 different matrices { K.} !
e Matrices K, have different spectral properties

® n,,n¢ so large that Xy, Ry should not be formed !

(Powell & Silvester & Simoncini, SISC 2017)
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PDE-Constrained optimization problems

Functional to be minimized:

/ /Q dazdt—i—B/ / u? dz dt.

* y: is the state, ¢ is the desired state given on a subset {21 of (2,

* u Is the control on a subset €2, of (2,
(regularized by the control cost parameter [3)

PDE constraining the functional J(y,w) (Dirichlet b.c.):

U—Ay=u in Q,
y—Ay=0 in Q/Q,,
y=0 on 0.

& All-at-once strategy (space and time)

(Alexandra Biinger, V.S., and Martin Stoll, tr. 2020)
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Conclusions and Outlook
Large-scale linear matrix equations are a new computational tool
General Considerations:

e Matrix-oriented versions lead to computational and numerical
advantages

e Matrix equation challenges rely on strength of linear system solvers

Current activities:

e Large Nonlinear time-dependent problems with POD-DEIM (w/
G. Kirsten)

e Matrix-oriented 3D time-dependent problems require tensors

Webpage: www.dm.unibo.it/ simoncin
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