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Abstract. Large symmetric linear systems in saddle point form arise in many scientific and engi-
neering applications. Their efficient solution by means of iterative methods heavily relies on exploiting
the matrix structure. Constraint preconditioners are among the most successful structure-oriented
preconditioning strategies, especially when dealing with optimization problems. In this paper we
provide a full spectral characterization of the constraint-based preconditioned matrix by means of
the Weyr canonical form. We also derive estimates for the spectrum when the preconditioner needs
to be modified to cope with possible high computational costs of its original version. Numerical ex-
periments validate our findings and illustrate that these theoretical results can be helpful in analyzing
matrices stemming from real applications.
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1. Introduction. Large scale nonsingular linear systems whose symmetric co-
efficient matrix has the following saddle point structure1

A =

[
A B⊤

B −C

]
, (1.1)

with A ∈ R
n×n, C ∈ R

m×m, with m ≤ n and A, C positive definite and semi-definite,
respectively, arise in a wide variety of applications in science and engineering; we refer
to [3] for a thorough account on the origin of the problem, and on the description
of many solution strategies. Conveniently exploiting the matrix structure allows one
to devise computational effective acceleration procedures that makes it possible to
solve really large two and three dimensional application problems. In particular,
structure-based preconditioners have become a formidable acceleration device, as they
can naturally exploit a-priori information on, e.g., the operators leading to the blocks
A,B and C. In this paper we investigate the spectral properties of preconditioned
matrices AP−1, where P is given by2

P =

[
In B⊤

B −C

]

=

[
In 0
B Im

] [
In 0
0 −H

] [
In B⊤

0 Im

]
, H = BB⊤ + C. (1.2)

Here and in the following, Ik and 0k denote the identity and zero matrices of size
k, respectively; the subscript will be omitted whenever the matrix dimension is clear
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1B⊤ denotes the transpose of B.
2Here and in the following we assume that A was already preconditioned by means of a prepro-

cessing (e.g., block diagonal preconditioning), so that the (1,1) block in the preconditioner can be
taken to be the identity matrix.
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from the context. The dimensions of zero rectangular matrices will also be deduced
from the context.

It can be shown that when solving the transformed problem AP−1 by means of
an iterative method, the iterates satisfy the original constraint (given by the second
block row in the associated system). This major property has made P very popular in
the optimization community, and a lot is now known on the eigenvalue properties of
AP−1, which to a large extent seem to guide the convergence of the iterative system
solver; see, e.g., the theoretical developments and algorithmic consequences in [8],
[14], [10], [5], [7], [6], [2]. As a key spectral feature, we recall that AP−1 has all real
eigenvalues, and that m Jordan blocks of size 2 corresponding to the unit eigenvalue
also arise. Moreover, some eigenvector structure was analyzed in [5]. Many numerical
experiments have shown that using P may be very competitive in various applications,
and that the nonsymmetry of the resulting matrix, namely AP−1, does not represent
a major problem.

The application of P−1, however, requires solving systems with H = BB⊤ + C
(cf. the block form in (1.2)). Explicitly solving with the exact H may be unrealistic
when dealing with 3D applications, so that a cheap approximation to H is used,
giving rise to an inexact constraint preconditioner; see, e.g., [14], [9]. This necessary
step seems to jeopardize the whole theory of constraint preconditioning, as in general
complex eigenvalues arise and may spread well away from the original values obtained
when H is used. This wide spreading is mainly caused by the perturbation of the
multiple unit eigenvalue, which is expected to be nonlinear in the error made in
approximating H. Such a phenomenon has created some concern as of the adequacy
of this preconditioning procedure in the inexact case, although experimental evidence
shows otherwise. Theoretical ground supporting this optimistic numerical experience
has remained for long time a largely open issue. First attempts to analyze the spectral
modification occurring when using an inexact form of H can be found in [4], [14], but
a thorough understanding is still missing. Here we aim to fill this gap. For ease of
presentation, we shall use Pex = P to denote the exact preconditioner (namely exact
solves with H), and

Pinex =

[
In 0
B Im

] [
In 0
0 −Hinex

] [
In B⊤

0 Im

]
, (1.3)

where Hinex is a symmetric and positive definite matrix such that Hinex ≈ H.
In this paper we provide a complete spectral characterization of AP−1

ex by means
of the Weyr canonical form, which highlights the role of the matrix blocks and of the
multiple unit eigenvalue. Moreover, we express AP−1

inex as a perturbation of AP−1
ex ,

and this allows us to easily track the perturbation of its eigenvalues. We can also
naturally derive estimates for the condition number of the transformation matrix
in the canonical form of AP−1

ex ; these estimates can be used to fully monitor the
convergence of an optimal iterative solver such as GMRES [17]; we refer to [15] for
early specialized results in this direction, for C = 0.

We first discuss the case C = 0, and then highlight the difference occurring when
C is nonzero. In fact, the original Jordan form can be significantly modified for C 6= 0,
possibly leading to more favorable properties of the modified preconditioner.

For the sake of simplicity in the exposition we assume that A− I is nonsingular.
Throughout the paper we shall use the Euclidean norm for vectors and the induced
norm for matrices. In the following, A⊤ and A∗ denote the transpose and conjugate
transpose of A, respectively. Moreover, we shall often use the notation [X;Y ] for
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[X⊤, Y ⊤]⊤, where X,Y are conforming matrices. Finally, for A symmetric, the no-
tation A > 0 (A ≥ 0) is used for a positive definite (semidefinite) matrix A; A < 0 is
used for A negative definite.

2. Case C = 0. Exact constraint preconditioner. The eigenvalues of the
preconditioned coefficient matrix AP−1

ex may be derived by considering the general
eigenvalue problem

[
A B⊤

B 0

] [
x
y

]
= λPex

[
x
y

]
, (2.1)

which can be written as
[

In 0
−B Im

] [
A B⊤

B 0

] [
In −B⊤

0 Im

] [
u
v

]
= λ

[
In 0
0 −H

] [
u
v

]
, (2.2)

where the factorization (1.2) is used, and
[

u
v

]
=

[
In B⊤

0 Im

] [
x
y

]
.

The left-hand side matrix yields
[

In 0
−B Im

][
A B⊤

B 0m

][
In −B⊤

0 Im

]
=

[
A (I −A)B⊤

B(I −A) −B(2I −A)B⊤

]
. (2.3)

After changing sign in the second block row in (2.2), we can write (2.3) as
[

A (I −A)B⊤

−B(I −A) B(2I −A)B⊤

]
=

[
(A− I) (I −A)B⊤

−B(I −A) B(I −A)B⊤

]
+

[
In 0
0 H

]

=

[
In
B

]
(A− I)

[
In, −B⊤

]
+

[
In 0
0 H

]
.

Then the eigenvalue problem (2.1) can be transformed into
([

In
B

]
(A− I)

[
In, −B⊤

]) [ u
v

]
= (λ− 1)

[
In 0
0 H

] [
u
v

]
,

or equivalently

M0w = (λ− 1)w ⇔

([
In
B̂

]
(A− I)[In, −B̂⊤]

)[
u
v̂

]
= (λ− 1)

[
u
v̂

]
, (2.4)

where B̂ = H− 1

2B and v̂ = H
1

2 v.
For later results it is important to note that the matrix B̂⊤ = B⊤H− 1

2 has
orthonormal columns, so that (I − B̂⊤B̂) is an orthogonal projector.

The following proposition describes a particular form of Jordan decomposition
of the matrix M0, the so-called Weyr canonical form [18], which allows us to derive
a clear block structure of the transformation matrix. The complete Weyr canonical
form of AP−1

ex can be then easily derived, as shown in the subsequent theorem.

Proposition 2.1. Let (A − I)(I − B̂⊤B̂)X̂ = X̂Θ be the partial eigenvalue

decomposition of (A− I)(I − B̂⊤B̂) associated with its nonzero eigenvalues. Then the
Weyr decomposition of M0 is given by

M0X0 = X0




Θ
0m Im

0m


 , X0 =

[
X̂ B̂⊤ (A− I)−1B̂⊤

B̂X̂ Im 0m

]
, (2.5)
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with X0 nonsingular.
Proof. The proof is postponed to the Appendix.
Theorem 2.2. With the notation and assumptions of Proposition 2.1, the pre-

conditioned matrix AP−1
ex admits the following Weyr decomposition:

AP−1
ex X = X



In−m +Θ

Im Im
Im


 , X =

[
X̂ B̂⊤ (A− I)−1B̂⊤

0 0m B(A− I)−1B̂⊤

]
,

with X nonsingular.
Proof. Let AP−1

ex z = λz. The derivation leading to (2.4) shows that

X =

[
In 0

B −H
1

2

]
X0.

The result readily follows from recalling that the eigenvalues of AP−1
ex are given

by those of M0 plus one.
Direct inspection shows that the inverse of X can be explicitly written as

Y∗ := X−1 =




X̂† −X̂†(A− I)−1B⊤M−1

H
1

2M−1B(A− I)−1 −H
1

2M−1B(A− I)−2B⊤M−1

0 H
1

2M−1


 ; (2.6)

here M = B(A − I)−1B⊤, and X̂† is the (row) portion of the inverse eigenvector
matrix of (A − I)(I − B⊤H−1B) associated with the nonzero eigenvalues, or the
properly scaled conjugate transpose left eigenvector matrix.

The subdivision of X in three block columns, and of Y∗ in the corresponding block
rows is used to readily describe the role of each block, which the Weyr decomposition
easily emphasizes. The first column block of X contains all eigenvectors of Θ+ In−m,
while the second block collects the m eigenvectors associated with the unit eigenvalue
with geometric multiplicity m. The third block is associated with the corresponding
m generalized eigenvectors, revealing the occurrence of 2× 2 Jordan blocks.

Finally, we notice that with the explicit expression of X and X−1 at hand, it is
possible to give estimates for the condition number of X , which can be used, together
with the Weyr decomposition, for estimating the residual norm of optimal Krylov
subspace iterative solvers; see [19, sec. 6] and references therein.

3. Case C = 0. Inexact constraint preconditioner. We start by showing
that the inexactly preconditioned problem can be written as a perturbation of the
exactly preconditioned one. This formulation will allow us to exploit classical pertur-
bation theory results to derive the desired spectral perturbation bounds.

Theorem 3.1. With the notation of the previous section, it holds that

AP−1
inex = AP−1

ex + E , with E = −A

[
B⊤

−Im

]
H−1EH−1

inex[B, −Im].

Proof. Let E = BB⊤ −Hinex. We have

Pinex =

[
In B⊤

B E

]
= Pex +

[
0
E

]
[0, Im] =

(
In+m +

[
0
E

]
[0, Im]P−1

ex

)
Pex.
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Therefore,

AP−1
inex = AP−1

ex

(
In+m +

[
0
E

]
[0, Im]P−1

ex

)−1

.

Thanks to the Sherman-Morrison formula, and using P−1
ex

[
0
E

]
=

[
B⊤

−Im

]
H−1E,

we obtain

AP−1
inex = AP−1

ex

(
In+m −

[
0
E

](
Im + [0, Im]P−1

ex

[
0
E

])−1

[0, Im]P−1
ex

)

= AP−1
ex −A

[
B⊤

−Im

]
H−1EH−1

inex[B, −Im],

which is the sought after relation.
We also notice that

‖E‖ ≤ ‖A‖

∥∥∥∥
[
B⊤

−Im

]
H− 1

2

∥∥∥∥ ‖H
− 1

2EH
− 1

2

inex‖ ‖H
− 1

2

inex[B, −Im]‖

= O(‖A‖ ‖H− 1

2EH
− 1

2

inex‖),

which provides a clear relation between ‖E‖ and ‖H− 1

2EH
− 1

2

inex‖ ≈ ‖H−1E‖.
To proceed with the spectral analysis, we must distinguish between the unit and

non-unit eigenvalues, since the occurrence of multiple eigenvalues with Jordan blocks
requires a refined analysis.

We assume that the eigenvalues of the diagonal matrix In−m + Θ in AP−1
ex are

all distinct. Therefore, we can exploit standard perturbation results to evaluate the
perturbation that these simple eigenvalues undergo when AP−1

ex is perturbed by E
[20]. For each simple eigenvalue λ(AP−1

ex ) there exists an eigenvalue λ(AP−1
ex + E)

such that

λ(AP−1
ex + E) = λ(AP−1

ex ) +
y∗Ex

y∗x
+O(‖E‖2), (3.1)

where x, y are the right and left eigenvectors associated with λ(AP−1
ex ). Since both

the right and left eigenvectors are available, namely they are the columns of the first
block of X (cf. Theorem 2.2) and of Y (cf. (2.6)), the first order term can be explicitly
computed.

To analyze the perturbation of the unit eigenvalues, we first notice that some of
them may not be perturbed at all, as the following theorem shows.

Theorem 3.2. Assume that E = H −Hinex has k ≤ m zero eigenvalues. Then
AP−1

inex has 2k unit eigenvalues with geometric multiplicity k.

Proof. Let x 6= 0 be such that Ex = 0. Setting y = H
1

2x, from Hx = Hinexx
we obtain y = H− 1

2HinexH
− 1

2 y. Therefore, using any linear combination of columns
from the second block of X , vectors of the form [B̂⊤y; 0] yield

E

[
B̂⊤y
0

]
= −A

[
B⊤

−Im

]
H−1EH−1

inexH
1

2 y

= −A

[
B⊤

−Im

]
H− 1

2 (y −H− 1

2HinexH
− 1

2 y) = 0,
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so that

AP−1
inex

[
B̂⊤y
0

]
= AP−1

ex

[
B̂⊤y
0

]
=

[
B̂⊤y
0

]
.

Since the dimension of the null space of E is equal to k, the relations above show
that AP−1

inex has k eigenvalues equal to one, with corresponding linearly independent
eigenvectors. We also notice that the third block column of X is in the null space of
E , namely E [(A − I)−1B̂⊤;B(A − I)−1B̂⊤] = 0, so that any k columns of this block
represent a set of generalized eigenvectors for the unit eigenvalue of AP−1

inex.
Theorem 3.2 shows that if Hinex is spectrally close to H, in the sense that their

eigenstructure partially coincides, then E is singular and it only partially affects the
Jordan structure of the unperturbed problem.

The remaining 2(m − k) unit eigenvalues, with k ≥ 0, may be perturbed by a
possibly much larger quantity than the simple eigenvalues. In particular, for a multiple
eigenvalue with all Jordan blocks of size two it holds that (see, e.g., [13],[11])

λ(AP−1
ex + E) = λ(AP−1

ex ) + ξ
1

2 + o(‖E‖
1

2 ), (3.2)

where ξ are the eigenvalues of Y ∗EX (and both positive and negative square roots
are used to compute the first order term); the columns of X,Y contain all right and
left eigenvectors associated with the unit eigenvalue of AP−1

ex . In our case, X (Y ) is
the second block column of X (of Y). Once again, thanks to the explicit expression
of X and Y, all these quantities can be readily computed.

Although we do not dwell here with the subject, we mention that [13],[11] also
discuss the nonlinear perturbation of eigenvectors, by providing the zero order per-
turbation term explicitly. A similar procedure could be applied here; however, the
results would be so technical in our setting that they might be difficult to exploit in
practice.

We conclude with a result that sheds light into the type of first order perturbation
induced by Y ∗EX in (3.2).

Proposition 3.3. Let X2, Y2 be the second block columns of X and Y, respec-
tively. Assume that A− I is negative definite. Then the eigenvalues ξ of Y ∗

2 EX2 are
all real. Moreover, if E = H −Hinex ≥ 0 (E ≤ 0) then ξ ≥ 0 (ξ ≤ 0).

Proof. We show that Y ∗
2 EX2 = W1W2 with W1, W2 symmetric and W1 > 0.

This will ensure that the eigenvalues are real. The definiteness will depend on the
definiteness of W2.

Using the definition of Y2, E and X2, we have

Y ∗
2 EX2 = −H

1

2M−1(BB⊤ −B(A− I)−2B⊤M−1H)H−1EH−1
inexH

1

2

= −H
1

2M−1(I −B(A− I)−2B⊤M−1)EH−1
inexH

1

2

= −H
1

2M−1(M −B(A− I)−2B⊤)M−1EH−1
inexH

1

2

=
(
−H

1

2M−1B(A− I)−1(A− 2I)(A− I)−1B⊤M−1H
1

2

)(
H

1

2 (H−1
inex −H−1)H

1

2

)

≡ W1W2.

Since A−2I < A−I < 0, it follows that W1 is positive definite, while the definiteness
of W2 depends on that of H−1

inex −H−1.
The sign of the eigenvalues ξ influences the type of first order perturbation of

multiple eigenvalues. In particular, if H ≤ Hinex, then all ξ ≤ 0, so that ξ
1

2 are
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λ(AP−1
ex ) λ(AP−1

inex) |λ(AP−1
ex )− λ(AP−1

inex)|
1 0.99495 - 0.14204i 0.14213
1 0.99495 + 0.14204i 0.14213
1 1.0051 - 0.071435i 0.07162
1 1.0051 + 0.071435i 0.07162
2 1.9798 0.02020

Table 4.1

Example 4.1. Eigenvalues of the exactly and inexactly preconditioned problem, and their dif-
ference.

purely imaginary. As a consequence, perturbed unit eigenvalues will all have nonzero
imaginary part, and no real eigenvalues occur as first order perturbations of the unit
eigenvalue with nontrivial Jordan block. This is indeed the case for the perturbed
spectrum of Example 4.3 when Hinex is obtained by an Algebraic Multigrid operator.

4. Case C = 0. Numerical evidence. In this section we provide experimental
validation of our theory. We start with two simple examples with 5 × 5 matrices,
which can be fully replicated.

Example 4.1. We consider the matrix (1.1) with

A =



2 1 0
1 3 1
0 1 4


 , B =

[
0 2 0
0 0 3

]
.

We precondition this matrix either with Pex or with Pinex. In the latter case, the
matrix Hinex occurring in (1.3) is defined as

Hinex = B



0.985 0 0
0 0.99 0
0 0 0.995


B⊤,

yielding a nonsingular E = H−Hinex, with ‖E‖ ≈ 4.5 ·10−2 and ‖E‖/‖H‖ ≈ 5 ·10−3.
The eigenvalues of AP−1

ex and of AP−1
inex are reported in Table 4.1, together with their

absolute difference.
For the simple eigenvalue λ = 2 the first order perturbation in (3.1) predicts a

value y∗Ex
y∗x

≈ −0.020202, which perfectly matches the actual true perturbation. Here
x and y∗ are the first column of X and row in Y∗, respectively, while E is as defined
in Theorem 3.1.

For the multiple unit eigenvalue with 2 Jordan blocks of size 2 each, the computed
quantity ξ

1

2 in (3.2) is given by (to the first significant digits) ξ
1

2 = 0.11120 and

ξ
1

2 = 0.11097i. Note that here ‖E‖
1

2 = 0.19277, so that higher order terms will be

significantly smaller. As a consequence, the first order perturbation term ξ
1

2 provides
a sufficiently good correction to the estimate.

Example 4.2. In this example we consider the same data as in Example 4.1,
whereas

Hinex = B



0.985 0 0
0 0.99 0
0 0 1


B⊤.

This choice yields a diagonal and singular matrix E, with numerically computed
eigenvalues 0, 0.040. The a-priori perturbation estimate for the simple eigenvalue is
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λ(AP−1
ex ) λ(AP−1

inex) |λ(AP−1
ex )− λ(AP−1

inex)|
1 1.0000 2.220 · 10−16

1 1.0000 2.220 · 10−16

1 1.0050 - 0.10141i 0.10153
1 1.0050 + 0.10141i 0.10153
2 1.9798 0.020198

Table 4.2

Example 4.2. Eigenvalues of the exactly and inexactly preconditioned problem, and their dif-
ference.

tol ‖E‖ ‖E‖/‖H‖ ‖E‖ # 2× 2 Jordan # 2× 2 Jordan
blocks in AP−1

ex blocks in AP−1
inex

1 · 10−4 1.20 1.2 · 10−4 9.88 · 10−2 816 93
5 · 10−4 9.02 9.1 · 10−4 5.89 · 10−1 816 65
1 · 10−3 24.65 2.5 · 10−3 1.11 · 10 0 816 56

amg-mi20 164.59 1.6 · 10−2 2.68 · 10 0 816 145
Table 4.3

Example 4.3. Relevant quantities for the inexactly preconditioned problem.

again y∗Ex
y∗x

≈ −0.020202, while for the multiple unit eigenvalue the theory predicts

that AP−1
inex has a unit eigenvalue with a Jordan block of size 2, and two non-unit

eigenvalues, with first order perturbation term equal to ξ
1

2 = 0.10050 and ξ
1

2 = 0.
These expectations are fully met in the numerical experiment, as Table 4.2 shows.

Example 4.3. Magnetostatic problem. We consider a 2088 × 2088 linear
system stemming from the mixed finite element discretization of the 2D magneto-
static problem; we refer to [14] for a detailed description of this test problem. In
this example n = 1272, m = 816, and the resulting matrix A was properly scaled
so that the matrix (A − I) is nonsingular and negative definite. We approximated
H = BB⊤ with Hinex = R⊤R, where R is the upper triangular factor of the incom-
plete Cholesky factorization of BB⊤ computed using the Matlab function cholinc

with different dropping threshold [12]. Table 4.3 shows the most relevant quantities
for different values of the tolerance tol used in cholinc. The table also displays
the number of Jordan blocks retained after perturbation (we considered as zero all
eigenvalues of E less than 10−9 in modulo). This provides a feeling of the spectral
quality of the incomplete Cholesky factorization. In the last table row we also report
relevant information when using an Algebraic MultiGrid (AMG) preconditioner (in
this experiment we used mi20 in [1], with all default parameters). In spite of a larger
perturbation (in norm), the spectral properties of H are better reproduced, leading
to a less perturbed spectrum of the preconditioned matrix; note that the number of
eigenvalues of E less than 10−5 in absolute value is even higher, namely 196. For
the problem preconditioned with Hinex being the incomplete Cholesky factorization,
in Figure 4.1 we report the true spectrum of AP−1

inex (◦ symbol), together with its
approximation using the first order expansion in (3.1) and in (3.2) (+ symbol). As
expected, we can see that the unit eigenvalues of AP−1

ex are significantly spread both
on the real line and on the complex plane. This behavior is qualitatively fully cap-
tured by the first order perturbation terms (eigenvalues with + symbol) although
only higher order perturbation terms would be able to capture the actual direction
of the complex eigenvalues. Finally, we observe that the real eigenvalues of AP−1

inex
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stemming from simple eigenvalues of AP−1
ex are fully estimated by the first order term

in (3.2): cf. the real interval [0.2, 0.4] in the plots.

Figure 4.2 reveals the special features of the Algebraic Multigrid preconditioner.
The unit eigenvalue of AP−1

ex does not spread on the real axis, as all corresponding
eigenvalues of AP−1

inex (◦ symbol) have nonzero imaginary part. This behavior is fully
captured by the first order estimate, as all values ξ in (3.2) are real and negative, so

that ξ
1

2 is purely imaginary. This phenomenon is in agreement with Proposition 3.3,
and relies on well-known spectral equivalence properties of AMG which appear to hold,
at least numerically, for this matrix; we refer, e.g., to [16] for a thorough discussion
on AMG.
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Fig. 4.1. Example 4.3. Eigenvalues of AP
−1

inex
(◦ symbol) and approximations (+ symbol) as

either λ(AP
−1
ex ) + ξ

1

2 or λ(AP
−1
ex ) + y

∗Ex

y∗x
, as the cholinc tolerance tol varies (cf. (3.1), (3.2)).

From the top left corner: tol = 10−4, 5 · 10−4, 10−3.

5. The case of nonzero (2,2) block. In this section we generalize our analysis
to the case of nonzero (2,2) block in the matrix A. This setting often corresponds to
the case when the (1,2) block is column rank deficient, so that the original A would
be singular. We thus assume that 0 < rank(B⊤) ≤ m; in particular, we exclude the
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Fig. 4.2. Example 4.3. Eigenvalues of AP
−1

inex
(◦ symbol) and approximations (+ symbol) as

either λ(AP
−1
ex ) + ξ

1

2 or λ(AP
−1
ex ) + y

∗Ex

y∗x
, for Hinex obtained as an Algebraic Multigrid operator.

case of B⊤ identically zero. Let us thus assume that C is symmetric and positive
semi-definite, and such that

H := BB⊤ + C, is nonsingular.

We thus define

Pex =

[
In B⊤

B −C

]
.

Using the same steps as in section 2 we can show that the problem

[
A B⊤

B −C

] [
x
y

]
= λPex

[
x
y

]
,

can be transformed into the equivalent eigenproblem

M0w = (λ− 1)w ⇔

([
In
B̂

]
(A− I)[In, −B̂⊤]

)[
u
v̂

]
= (λ− 1)

[
u
v̂

]
,

where B̂ = H− 1

2B, and u, v̂ are related to x and y in the same manner. The only
difference lies in the definition of H. Clearly, B̂ no longer has all orthonormal rows.
The following result generalizes Proposition 2.1 to the new setting. In the following
we shall assume that (A − I)(I − B̂⊤B̂) is diagonalizable. This is not a restrictive
condition, since A can always be scaled to ensure that A− I be definite, from which
the diagonalizability follows.

Proposition 5.1. Let C ≥ 0 and H = BB⊤+C be nonsingular. Let [Y∗, Y1, Y0]

be the eigenvector basis of B̂B̂⊤, whose blocks have dimension ℓ∗, ℓ1, ℓ0 ≥ 0, respec-
tively, where Y1 and Y0 correspond to the unit and zero eigenvalues, if any. Let
(A−I)(I−B̂⊤B̂)X̂ = X̂Θ be the partial eigenvalue decomposition of (A−I)(I−B̂⊤B̂)
associated with its n− ℓ1 nonzero eigenvalues. Then the Weyr decomposition of M0
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is given by

M0X0 = X0




Θ
0ℓ∗

0ℓ1 Iℓ1
0ℓ1

0ℓ0



,

X0 =

[
X̂ B̂⊤Y∗ B̂⊤Y1 (A− I)−1B̂⊤Y1 0

B̂X̂ Y∗ Y1 0 Y0

]
,

with X0 nonsingular.
Proof. The identity can be easily verified. A constructive proof closely follows the

technique used in the proof of Proposition 2.1. The only difference is in the distinction
of the Jordan blocks: since I − B̂⊤B̂ may not be an orthonormal projector, not all
eigenvectors of B̂⊤B̂ contribute to the generation of Jordan blocks.

We can thus generalize Theorem 2.2 to the case C 6= 0. The proof is completely
analogous and is thus omitted.

Theorem 5.2. With the notation and assumptions of Proposition 5.1 and C ≥ 0,
the preconditioned matrix AP−1

ex admits the following Weyr decomposition:

AP−1
ex X = X




In−ℓ1 +Θ
Iℓ∗

Iℓ1 Iℓ1
Iℓ1

Iℓ0



,

with the nonsingular matrix X :

X =

[
In 0

B −H
1

2

]
X0

=

[
X̂ B̂⊤Y∗ B̂⊤Y1 (A− I)−1B̂⊤Y1 0

0 −CH− 1

2Y∗ −CH− 1

2Y1 B(A− I)−1B̂⊤Y1 −H
1

2Y0

]
.

The decomposition in Theorem 5.2 shows that the number of Jordan blocks may
be significantly low, and in particular less than m, if the matrix B̂B̂⊤ does not have
unit eigenvalues, that is, if BB⊤ and C do not complement each other (if they do,

then B̂⊤B̂ is an orthogonal projection onto the range of B̂⊤).
To analyze the perturbation induced by an inaccurate computation ofH = BB⊤+

C by means of some Hinex, we can define E = H −Hinex and then write

Pinex =

[
In B⊤

B −C + E

]
= Pex +

[
0
E

]
[0, Im].

Therefore, precisely the same expression as the one in Theorem 3.1 holds for
C ≥ 0:

AP−1
inex = AP−1

ex + E , with E = −A

[
B⊤

−Im

]
H−1EH−1

inex[B, −Im].
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As already said, the Weyr decomposition of Theorem 5.2 reveals that unless BB⊤

and C complement each other, we expect fewer than m Jordan blocks to arise in
general - these affect the third and forth blocks in X in Theorem 5.2. In terms of
spectral perturbation, fewer eigenvalues will be highly perturbed when using AP−1

inex

in place of AP−1
ex . However, there are applications where BB⊤ and C do complement

each other: in this case I − B⊤H−1B is a projector, and ℓ1 = m− ℓ0 Jordan blocks
in the exactly preconditioned matrix can be found. For these, the discussion of the
previous section on their perturbation applies.

The number of unit eigenvalues that are left unaltered by AP−1
inex depends once

again on the number of zero eigenvalues of E = H − Hinex. A result analogous to
Theorem 3.2 is more difficult to obtain, since we would need to distinguish among the
occurrence of unit, zero and other eigenvalues of B̂B̂⊤. As an example, we can easily
see that if

Null(E) ∩ Range( H−1
inex[B,−Im][0;−H

1

2Y0]) 6= {0}, (5.1)

and k is the dimension of the intersection space, then there will be k unaltered unit
eigenvalues in AP−1

inex with geometric multiplicity k. Analogously, if

Null(E) ∩ Range( H−1
inex[B,−Im][B̂⊤Y1;−CH− 1

2Y1]) 6= {0},

and k is the dimension of the intersection space, then there will be 2k unaltered unit
eigenvalues in AP−1

inex with geometric multiplicity k (note that the forth block of X is
always in the null space of E , hence that block provides the set of generalized eigen-
vectors). Following the same proving strategy, more extreme cases can be obtained
as follows. Recall the definition of ℓ∗, ℓ1 and ℓ0 above. Assume E = H −Hinex has k
zero eigenvalues. Then

i) If ℓ∗ = m (i.e. ℓ0 = ℓ1 = 0), then k eigenvalues of AP−1
ex remain unchanged,

with geometric multiplicity k;
ii) If ℓ1 = m (i.e. ℓ∗ = ℓ0 = 0), then 2k eigenvalues of AP−1

ex remain unchanged,
with geometric multiplicity k.

We conclude with an example that validates the theory described in this section.
Example 5.3. We consider a variant of Example 4.1:

A =




2 1 0 0
1 3 1 0
0 1 4 1
0 0 1 5


 , B =



0 0 2 0
0 0 0 3
0 0 0 0


 , C =



γ1 0 0
0 γ2 0
0 0 3


 .

Here B is clearly rank deficient, and depending on the values (zero vs. nonzero) of
γ1, γ2 we can obtain ℓ1 = 0, 1, 2; in particular, notice that for γ1 = γ2 = 0 the two
matrices BB⊤ and C complement each other. At first, we consider

Hinex = B




1 0 0 0
0 0.985 0 0
0 0 0.99 0
0 0 0 0.995


B⊤ + C.

For this choice of Hinex, the error matrix E is singular (one zero eigenvalue),
irrespective of the choice of C. Table 5.2 summarizes information on the exact and
perturbed eigenvalues. For γ1 = 1 and γ2 = 2 no Jordan blocks are expected even
in the exactly preconditioned problem, since I − B̂⊤B̂ is not a projector, and it is
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γ1, γ2 ‖E‖ ‖E‖/‖H‖ ‖E‖
1, 2 0.045 0.00409 0.030879
0, 2 0.045 0.00409 0.044302
0, 0 0.045 0.00500 0.045235

Table 5.1

Example 5.3. Norms of error and perturbation matrices, for various values of the diagonal
elements in C.

nonsingular. Other relevant quantities are collected in Table 5.1 for these and other
values in C. First order terms yield the following linear perturbation of the eigenvalues
of AP−1

ex , which matches pretty well the actual perturbation taking place:

λ(AP−1
ex ) y∗Ex

3.6888 -0.003994
1.8751 -0.040204
1.5754 -0.023661
1.1880 -0.015681

It can also be seen that (5.1) holds with k = 1, therefore one unaltered unit eigenvalue
can also be observed.

We next chose γ1 = 0 and γ2 = 2, so that C is singular. With these choices,
ℓ1 = 1, so that a Jordan block in the canonical form of AP−1

ex occurs. The theory

predicts that the corresponding eigenvalue is perturbed by at least ξ
1

2 = 0.12688 (plus

the o(‖E‖
1

2 ) terms), and this can be observed in practice (cf. the second block of rows
in Table 5.2). Since (5.1) still holds with k = 1, one unaltered unit eigenvalue can
also be observed. All remaining eigenvalues show an at most linear perturbation in
‖E‖.

Finally, we consider the case γ1 = γ2 = 0, so that BB⊤ and C complement each
other. In this case, ℓ1 = 2, so that B⊤H−1B is a projector onto Range(B⊤). The
theory ensures that the eigenvalues of the 2 Jordan blocks are thus perturbed by at
least ξ

1

2 = 0.13020i, 0.10944, and this can be verified in Table 5.2. Once again, (5.1)
holds with k = 1, therefore one unaltered unit eigenvalue can also be observed. All
other eigenvalues are perturbed at most linearly.

6. Conclusions. In this paper we have analyzed in detail the spectral pertur-
bation induced by the use of the inexact constraint preconditioner when solving large
scale symmetric algebraic saddle point problems with zero and nonzero (2,2) block.
Our results emphasize the role of the spectral properties of the approximation to the
core matrix H = BB⊤ to be able to predict the actual distribution of the spectrum of
AP−1

inex. Moreover, thanks to an explicit description of the transformation matrix in
the canonical form, we were able to fully track the linear and nonlinear perturbation
of the eigenvalues. Our numerical results show that the analysis can be accurate also
on data stemming from real applications.

Appendix. In this Appendix we prove Proposition 2.1.

Proof. We start by observing that Λ(M0) = {0}∪Λ((A− I)(I − B̂⊤B̂)). Indeed,
the matrix M0 ∈ R

(n+m)×(n+m) has rank at most n, therefore it has at least m
zero eigenvalues. Moreover, we recall that the nonzero eigenvalues of a low-rank
matrix XY ⊤ are the same as those of the matrix Y ⊤X. Therefore, the remaining n
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γ1, γ2 λ(AP−1
ex ) λ(AP−1

inex) |λ(AP−1
ex )− λ(AP−1

inex)|
1, 2 1 1.0000 2.220 · 10−16

1.0000 1.0238 0.023763
1.0000 1.0478 0.047758
1.1880 1.1657 0.022336
1.5754 1.5511 0.024283
1.8751 1.8335 0.041568
3.6888 3.6848 0.003960

0, 2 1.0000 1.0000 3.33 · 10−16

1.0000 1.0070 - 0.13768i 0.13785
1.0000 1.0070 + 0.13768i 0.13785
1.0000 1.0238 0.02377
1.3820 1.3573 0.02468
1.7273 1.6885 0.03878
3.6180 3.6142 0.00381

0, 0 1.0000 1.0000 2.220 · 10−16

1.0000 1.0015 - 0.11657i 0.11657
1.0000 1.0015 + 0.11657i 0.11657
1.0000 0.9946 - 0.16696i 0.16705
1.0000 0.9946 + 0.16696i 0.16705
1.3820 1.3584 0.02356
3.6180 3.6142 0.00382

Table 5.2

Example 5.3. Eigenvalues of the exactly and inexactly preconditioned problem, and their dif-
ference. The first column shows the choice of the parameters in C.

eigenvalues of M0 are given by those of the matrix

(A− I)[In,−B̂⊤]

[
In
B̂

]
= (A− I)(I − B̂⊤B̂).

We then need to establish the dimension of Θ. Since (A− I) is nonsingular and

(I− B̂⊤B̂) is an orthogonal projector with m zero eigenvalues, the number of nonzero

eigenvalues of (A− I)(I − B̂⊤B̂) is n−m.
We seek the eigenvectors of the matrix M0 associated with Θ. It turns out that

a distinct analysis for each eigenvalue is not needed. We consider the system

[
In
B̂

]
(A− I)

[
In, −B̂⊤

] [ X
Y

]
=

[
X
Y

]
Θ,

where X ∈ R
n×(n−m) and Y ∈ R

m×(n−m), or block-wise,

(A− I)(X − B̂⊤Y ) = XΘ, B̂(A− I)(X − B̂⊤Y ) = YΘ.

SubstitutingX = X̂, the matrix of eigenvectors of (A−I)(I−B̂⊤B̂), and Y = B̂X̂

in the first equation we obtain (A− I)(I − B̂⊤B̂)X̂ = X̂Θ which is clearly verified by
the eigenpairs. Substituting X and Y into the second block equation yields the same
equation, multiplied by B̂, and thus that is also verified. This gives us the first block
of n−m columns in the matrix X0.
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Now we look for the eigenvectors of the matrix M0 associated with the zero
eigenvalue. We consider the system

[
In
B̂

]
(A− I)

[
In, −B̂⊤

] [ X
Y

]
= 0,

where X ∈ R
n×k, Y ∈ R

m×k, k ≤ 2m, or, equivalently,

(A− I)(X − B̂⊤Y ) = 0, B̂(A− I)(X − B̂⊤Y ) = 0. (6.1)

Since (A − I) is invertible, the first matrix equation in (6.1) is satisfied if and

only if (X − B̂⊤Y ) = 0, that is for X = B̂⊤Y . The matrix Y ∈ R
m×k, k ≤ 2m, will

consist of at most k = m linearly independent vectors, then we can take Y = Im and
hence X = B̂⊤. We have thus found m eigenvectors of M0 associated with the zero
eigenvalue, matching the second block of columns of X0. The remaining m vectors
must be generalized eigenvectors associated with the zero eigenvalue. We consider the
system

[
In
B̂

]
(A− I)

[
In, −B̂⊤

] [
X1 X2

Y1 Y2

]
=

[
X1 X2

Y1 Y2

] [
0k Ik

0k

]
,

where X1, X2 ∈ R
n×k, Y1, Y2 ∈ R

m×k, 0k, Ik ∈ R
k×k, k ≤ m, and we write the two

systems of equations associated

{
(A− I)(X1 − B̂⊤Y1) = 0

B̂(A− I)(X1 − B̂⊤Y1) = 0,

{
(A− I)(X2 − B̂⊤Y2) = X1

B̂(A− I)(X2 − B̂⊤Y2) = Y1.

The first system is just (6.1) and admits solution Y1 = Im and X1 = B̂⊤, then
k = m, and it remains to solve the second system that block-wise reads

(A− I)(X2 − B̂⊤Y2) = B̂⊤, B̂(A− I)(X2 − B̂⊤Y2) = Im.

Since B̂B̂⊤ = Im, the latter system is satisfied by setting Y2 = 0m and X2 = (A −

I)−1B̂⊤, thus completing the matrix X0 and the resulting Weyr form in (2.5).

We complete by showing that X0 is nonsingular. Let Ẑ0, Ẑ be the matrices of

left eigenvectors of (A − I)(I − B̂⊤B̂) associated with zero and nonzero eigenvalues,

respectively. In particular, we recall that B̂⊤ has orthonormal columns and we notice

that Ẑ∗
0 B̂

⊤ must be nonsingular, since [Ẑ0, Ẑ] is full rank and the columns of Ẑ span

range(I − B̂⊤B̂). Then, using the full rank assumption of B̂(A − I)−1B̂⊤, X−1
0 is

given by

X
−1

0 =




Θ−1(Ẑ∗X̂)−1Ẑ∗(A− I) −Θ−1(Ẑ∗X̂)−1Ẑ∗(A− I)B̂⊤

(Ẑ∗
0 B̂

⊤)−1Ẑ∗
0

(
I − (A− I)−1B̂⊤G−1B̂

)
(Ẑ∗

0 B̂
⊤)−1Ẑ∗

0 (A− I)−1B̂⊤G−1

G−1B̂ −G−1



 ,

where G = B̂(A− I)−1B̂⊤. Explicit multiplication by X0 verifies the assertion.
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