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The generalized eigenvalue problem

A sym. pos. semidef.

M sym. positive def.

(' sparse basis for large null space of A

min \;
X; 20

Difficulty: zero eigenvalues pollute approximation




Equivalent formulation for smallest eigenvalue

, T Ax
min

cT Mxz=0 .CIZTMJZ
O0#£x€eR™

CT Mz = 0 constraint =  Nullspace free eigenvectors
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General Spectral Transformation

Original Problem: Solve

Ax = \Mx

Transformed Problem: Fix o € R and rewrite as

(A—UM)_lMx:m: 77:()\—0)_1

o close to eigenvalues of interest = n large A

e Fast convergence of Lanczos method is expected

Other methods: Jacobi-Davidson, Subspace iteration, Preconditioned
Inverse lteration, etc.




General Shift—and—Invert Lanczos (SI(o) Lanczos)

Given v; € R,

for j =1,2,...
B

Vjt1tj+1,5

Vj:[vl,...,vj]

Yielding

(A—oM)"'MV; = V;T; +[0,...,0,7j11]




(A—oM)"'MV; = V;T; +[0,...,0,7;11]

Tjséi) :nj(-i)s;i) 1 =1,...,7 then

1 i . .
<O"|‘m, ‘/385)), ZZl,...,]
gy

are approximate eigenpairs of Ax = AMx

Warning: In our setting A is singular. If o is close to zero, then many
zero eigenvalues may be detected

Take v1 s.t. CTMwv; =0 = C’TMVj =0 Vy

(exact arithmetic)




General Inexact Shift—and—Invert Lanczos

Take v1 s.t. CTMuv, =0,
fory =1,2,...
w «— Muv;
v approx. solves (A —oM)v = w

M-orthogonalize ¥ w.r. to {vi,...,v;} — v41

V}' — [vl,vg,...,vj]

CTMV; =0

* Krylov subspace inner solvers




Natural fixes

[1 | Null space is available. Explicitly deflate (purge) null space
Starting vector v1 Ly N(A) = span(V;) Ly N(A)

fory =1,2,...
w «— Muv;
v approx. solves (A —oM)v = w
0 «— (I — )0

M-orthogonalize ¥ w.r. to {vi,...,v;} — v41

7 projection onto N (A) r=CCtTMC)"1Ct M

see e.g. Golub, Zhang, Zha 2000




[2 | Use 0 = 0 and generate approximation space in Range(A)

ATMV; = VT + rjne]

At each iteration i, solve consistent system

Ay — M’Ui

Arbenz, Drmac 2000

Preconditioning techniques for singular A: Notay 1989-1990, Hiptmair,
Neymeyr 2001, ...




Enforcing the constraint

Given v s.t. CTMv = 0, approximately solve
(A—oM)x = Mv (1)
with the constraint CT Mz =0

This problem is equivalent to

A—ocM MC x
(M)t 0 Y

Saddle—point linear system

Exploit work on preconditioning

(A—oM)P 12 = Mb (%)

Zm approx. solution to (*) =  z,, = P~12,, approx. solution to (2)

11



Structured preconditioning

Given the linear system

K B
BT 0

Effective preconditioners include

Kl 0 Kl
Q
0o S BT 0

P =

S~ B'K~'B
Large bibliography. See Benzi, Golub, Liesen, Acta Numerica 2005




Definite preconditioning

(A—oM)x = Mv (1)

A—ocM MC
(MC)T 0

is preconditioned by

K 0

P =
(MC)T K (MC)

then MINRES soln of (2) is given by z,, = , where x,, is

MINRES soln. of (1) preconditioned by K;




Indefinite preconditioning

(A—oM)x = Mv

A—ocM MC
(MC)T 0

is preconditioned by

K, MC
(MO)T 0

then GMRES soln of (2) is given by z,, =

GMRES soln. of (1) preconditioned by K3

(1)

, where z,,, Is




Important remark

Solve Preconditioned system

(A—oM)K{'d = Mu

so that

Then it holds




Alternative Problem Formulations

Axr = \M«x CTMz =0

[1 ] Augmented FE formulation (Kikuchi, 1987)

T - M 0
=\

Y or" 0

min{\;} = in;g%{)\z}

Computational aspects in Arbenz Geus (1999), Arbenz Geus Adam (2001)




[2 ] Modified FE formulation (Bespalov, 1988)

Given a sym. nonsingular H € R™<*"< solve

(A+ MCH 'C*M)x = nMz

for suitable H, min;{n;} = miny,2o{\:}




Augmented formulation

A MC 5 M 0
(MY 0 0 0

Spectral transformation:

(A—oM) "Mz =nz

Apply inexact Sl(o) Lanczos




Augmented formulation

At each iteration, solve Saddle-point linear system

A—oM MC x Mo
(MOYY 0 Y 0

Natural inner preconditioners

K 0
0 (MC)YTK: Y (MO)

73:




but

Inexact Sl(o)-Lanczos applied to augmented formulation
with inner preconditioner P or Q

generates the same approximate eigenpairs as

Inexact Sl(o)-Lanczos applied to

Axr = \Mx

with inner preconditioner K




The modified formulation

Original problem
Ar = AMx

Given a sym. nonsingular H € R™=*"<, solve

(A+MCH 'C*M)x = nMz

e \A0 =dust pu=2A
e \=0 = pu eigenvalue of (C'MC, H)

Remark. No practical (numerical) advantages over solving Az = AMx




A numerical example: Electromagnetic cavity resonator

Variational formulation for the 2D computational model

Find wp, € R s.t. 30 £ u;, € Xy C X (rot(vy, v2) = (va)w — (v1)y)

(rot wy,, rot vy,) = wh (wy, vy,) YUy, € 2,

S ={ve[L?(N)?:rotve L?*(Q),v-t=0o0n 0N}
t counterclockwise oriented tangent versor to the boundary

Q =)0, 7[? = w?=1,1,2,4,4,5,5,8,9,9, 10, 10, . ..

3k 5k 5k >k >k 5k %k >k >k 5k >k %k >k 5k %k %k >k %k %k %

FE method using edge elements
Problem dimension = 3229 Number of zero eigenvalues = 1036

Boffi, Fernandes, Gastaldi, Perugia, SIAM J. Numer. Anal., v.36 (1999)




Norm of residual

(A—oM) Mz =nx

K1

1 1 1
| Az — AP ma)

1)
)\j

(A—oM) Mz =nz
P

(A—oM) Mz =nz
Q

0.02426393067395
0.02898748221567
0.01156203523797
0.00000041284501
0.00000000158821
0.00000000158802

0.02426393067727
0.02898746/82699
0.01156203705189
0.00000041284501
0.00000000158844
0.00000000158827

0.02426393066981
0.02898748572682
0.01156203467534
0.00000041283893
0.00000000158891
0.00000000158882




First wrap-up

Original Augmented

Formulation (n) Formulation (n 4 n.)

4

Same Approximation

Iterates




Computational considerations: Inexact Lanczos

Starting vector v1 Ly N(A) = span(V;) Ly N(A)

forj =1,2,...
w «— Muv;
v approx. solves (A —oM)v = w
0 — ([ —m)v
M-orthogonalize © w.r. to {vi,...,v;} — v41

Compute approximate 77]('1)7 e ,nj(.j) to 11,792, . ..

Check convergence with Lanczos residuals

Question: How accurate should be the solution of (A —oM)o =w ?




Answer: You can decrease the accuracy as the Lanczos method
converges.
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Example 2

T

inner residual norm

magnitude
=
o
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o
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N\, exactres.

inexact residual

6 8 10
number of outer iterations

SHERMAND MatrixMarket. Approx. min |[A| with “inverted” Arnoldi




At iteration j, solve (A — o M)0 = w

775-1_)1 approx eig. after j — 1 Lanczos its.

r;_1 associated computed eigenvalue residual

(A — oM)0, — w residual after k inner iterations (linear system)

Stopping criterion for inner system solver

Empirically (Bouras and Frayssé, t.r. '00):

107
HfJH < (1) &, a=0,1,2

m gl




At iteration j, solve (A — o M)0 = w
77](-1_)1 approx eig. after 7 — 1 Lanczos its.

r;—1 associated computed eigenvalue residual

(A — o M)v, — w residual after k inner iterations (linear system)

Stopping criterion for inner system solver

New computable bound (Simoncini, t.r. '04):

min{||A — o M|, 5(j_1)}€
1
2m|n\ | [l

11 <

where

§U—D .= min |77(li) —77(-1_) |
A Ny T




The whole story

2

If, forany k=1,...,m, ||ri| < 1 _H and

Om,
1]l < =

1
2m|nS |||

then after m iterations, (nfn), s) satisfies

[(A—=oM) TMV,ys =DV s) —r| < e
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