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The problem

Find X € R™ "™ such that
AX + XAT —XBB"X+C"C =0
with A e R"*", B e R"*P C € R**" p,s = O(1)

A rich literature for numerical methods:

Lancaster-Rodman 1995, Bini-lannazzo-Meini 2012, ...



The problem

Find X € R™ "™ such that
AX + XAT —XBB"X+C"C =0
with A e R"*", B e R"*P C € R**" p,s = O(1)

A rich literature for numerical methods:
Lancaster-Rodman 1995, Bini-lannazzo-Meini 2012, ...
We focus on the large scale case: n > 1000

e (Inexact) Kleinman iteration (Newton-type method)

e Projection methods

e Invariant subspace iteration

e (Sparse) multilevel methods



Kleinman iteration

Assume A stable. Compute sequence { X} with X —r o0 X
- Given Xg € R™ "™ such that Xy = XOT, A" — BB'" X, is stable

1

2: For Kk =0,1,..., until convergence

3: Set A] = A" — BB" X,

4 Set C, = [XiB, C']

5 Solve ArXp+1 + Xer1 AL +CLCr =0



Kleinman iteration

Assume A stable. Compute sequence { X} with X —r o0 X
1: Given Xo € R™™ ™ such that Xo = X, , A' — BB' X is stable.

2: For Kk =0,1,..., until convergence

3: Set A] = A" — BB" X,

4: Set C} =[XyB, C"]

5 Solve ArXp+1 + Xer1 AL +CLCr =0

Critical issues:
e The full matrix X} cannot be stored (sparse or low-rank approx)

e Cheap stopping criterion with
R(Xny1) := AXpp1 + X1 A" — X1 BB ' X +C'C

e Each iteration k requires the solution of the Lyapunov equation:

Ae X1+ Xer1Ap +CLCr=0

(Benner, Feitzinger, Hylla, Saak, Sachs, ...)



Inexact Kleinman iteration. Computation of the residual norm.

e Solve the Lyapunov equation only approximately (inezactly). That
s, Xr41 S.t.

C(Xpy1) == ApXpr1 + X1 A, +Cp Cr =0

(Lyapunov residual matrix)

It holds that:
R(Xpt1) = &(Xpy1) — (XpB — X411 B)(X1B — X B) '
(see also, Saak, previous Workshop, Aachen 2011) SO that, in general,

IR X+ )llF < 1S(Xns1) | F + | XeB — Xp1 Bl|7



Inexact Kleinman iteration. Computation of the residual norm.

Assume that for each k, the solution to the Lyapunov equation
ApXpi1 + X1 AL +CCL=0

is approximated by means of a Galerkin projection method. Then

e [ he Riccati residual matrix satisfies

IR(Xk+ )17 = 1€ X0t )5 + [ XuB — Xps1 Bl 5



Inexact Kleinman iteration. Computation of the residual norm.

Assume that for each k, the solution to the Lyapunov equation
ApXpi1 + X1 AL +CCL=0

is approximated by means of a Galerkin projection method. Then

e The Riccati residual matrix satisfies
IR(Xk+ )17 = 1€ X0t )5 + [ XuB — Xps1 Bl 5
e [he norm computation is cheap:
IR F = LX) 7 + 1(GT = VPV, B)|%

where V,,, basis for Galerkin projection space of dim. O(m).
Here: G' =V ! X\ B
Y\ sol'n to reduced Lyapunov pb; both are O(k) matrices



Inexact Kleinman iteration. Algorithmic considerations.

Assume Galerkin procedure is used for inner (Lyapunov) equation.
E.g., projection space

K (A,C") =range([C',ACT,...,A™"1C"))
e At iteration k£ = 0, for Xy = 0, solve
AX+XA'+C'C=0
Approximate solution: X ~ X,,, = VmYmVnI, where Y,,, solves

VAV, )Y +Y(V ATV, )+ V]CTCV,, =0

= Richer spaces: Extended, Rational, augmented Krylov, etc.



Galerkin projection method for the Riccati equation

Given the basis V. for an approximation space, determine approx
Xi = Vi ViV,
to the Riccati solution matrix by orthogonal projection:
V. R(X5) Vi =0
(Galerkin condition), giving

(VFAVY +Y (VT ATV, -Y (Vi BBV, )Y, + (VT CT(CVi) =0

(Heyouni-Jbilou 2009)
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Galerkin projection method for the Riccati equation
Given the basis V. for an approximation space, determine approx
Xi = Vi ViV,
to the Riccati solution matrix by orthogonal projection:
V. R(X5) Vi =0
(Galerkin condition), giving

(VFAVY +Y (VT ATV, -Y (Vi BBV, )Y, + (VT CT(CVi) =0

(Heyouni-Jbilou 2009)

Key questions:
e \Which approximation space?

e \What expected performance, compared with Galerkin method on
the Lyapunov equation?
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Problem: A: 3D Laplace operator, B, C randn matrices, tol=10"%

(n,p,s) = (125000, 5, 5)

Performance of solvers

its  inner its  time space dim  rank(X¢)
Newton Xg =0 15 5,...,5 808 100 95
Newton Xo = X$**™ | 10 5,...,5 706 100 94
GP-EKSM 20 531 200 105
GP-RKSM 25 524 125 105

(n,p,s) = (125000, 20, 20)

its innerits  time space dim rank(Xjy)
Newton Xg =0 19 5,...,5 2332 400 346
Newton Xo = X$Fs™ | 15 5,...,5 2042 400 347
GP-EKSM 15 622 600 364
GP-RKSM 20 720 400 358

GP=Galerkin projection
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Some matrix relations
X,iR): Galerkin approx to Riccati equation in Range(V}%)
X,im: Galerkin approx to Lyapunov equation (B = 0) in Range(V%)
(here Range(Vy) is a Krylov-type subspace)
o XM > xH
o [RCG) - e = el (5 = ¥ with

1
200
where o = —Amax ((V, AV + V.1 ATV)/2)

L R R
IV — v B < —I(BTV) v, )2,
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Some matrix relations
X,iR): Galerkin approx to Riccati equation in Range(V}%)
X,im: Galerkin approx to Lyapunov equation (B = 0) in Range(V%)
(here Range(Vy) is a Krylov-type subspace)
o XM > xH
o [IR(X) — e(X )| = [1tf (3 = v, with

1
200
where o = —Amax ((V, AV + V.1 ATV)/2)

L R R
IV — v B < —I(BTV) v, )2,

e Residual norms: X () as Riccati vs Lyapunov solution

R R R R
IRXIN)Z = 1ex )2 - 1 x P BBT x|
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Some matrix relations
XliR): Galerkin approx to Riccati equation in Range(V}%)
X,iL): Galerkin approx to Lyapunov equation (B = 0) in Range(V%)
(here Range(V4) is a Krylov-type subspace)
o XV > x M
o IR = (X = 1l (3 = Y], with

L R 1 R
V" =Y < o BTV

where o = —Amax (V] AV + V.1 ATV)/2)

e Residual norms: X () as Riccati vs Lyapunov solution
IRIE = eI - 1% BBTX5

But: Why does it work (well) 7
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A low-rank subspace iteration for the Riccati equation

Consider AT X + XA — XFX +G =0. Let

H:

with eigenvalues satisfying

RA) <RA2) < ... <R\ <0< RApg1) S R(Apao) <

Iy,
X

Then range(

A
-G

16

—F
AT

< R(A2n)

) is an invariant subspace of H (X stabilizing soln)



A low-rank subspace iteration for the Riccati equation

Consider AT X + XA — XFX +G =0. Let

A —F
-G AT

H:

with eigenvalues satisfying

Then range(

Iy,
X

) is an invariant subspace of H (X stabilizing soln)

= Subspace iteration with the Cayley transformation matrix

S(a) = (H+aol) ' (H —al)

with eigs: |o1| > ... > |op| > 1> |opa1]| > ... > o2,

(as for acceleration procedures in QR iteration)
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Subspace iteration with Cayley transformation
Given Xy € R™*"™ and ay, k =1,2,... with R(ag) >0
For k=1,2,...

Compute
M. 1
= S(ay) (with S(a) = (H + od) Y (H — al))
Ny, Xg-1
Xy, = N, M !
End
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Subspace iteration with Cayley transformation
Given Xy € R™*"™ and ay, k =1,2,... with R(ag) >0
For k=1,2,...

Compute
M. 1
= S(ay) (with S(a) = (H + od) Y (H — al))
Ny, Xg-1
Xy, = N, M !
End

Corresponding to the following fixed point iteration:

X, = [20:S7'G(A+ apl)™ 4+ (I — 20,57 1) Xp_1] -
I —2a,55 " —2a,.9, ' F(—A* + o ]) ' Xpq] 1

(here a = R(ak))
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On the convergence of subspace iteration
* Schur decomposition: H = QT Q*

* Schur decomposition: Sy, = QT(;,)Q™*, where

ITORATI . ~
Ty o= | TP with Ty = (Th; + and) (T — ad)
0 Toamy
|1 . , I
= Uyp Ry skinny QR, X s.t. d = dist(D, (H*), Range( ) <1
X() Xo

If the matrix M} is nonsingular V&, then

I I !
dist | Range( < ), Range( ¥ )] <~ HT22(z
+ k 1=k

—1
where Y = 1% 1. (1 + se})||(1;}121|J;22))

H 11()

=1

2
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Incremental low rank Subspace lteration algorithm
If F = BB' and G = C' C, then low-rank recurrence possible

1: INPUT A e R*»*™, C e R**™ B € R"¥ P, a, k=1,2,..., with ap = R(ag)
2: vy = —2a1(—AT 4+ a1 tcT, 17y =201+ C(—A+a11)"1BBT (AT 4+ ay1)~1c™)
3: for k=2,3,...
4. VE 1= aZil (Uk—l - (ak—l —|—O_ék)(—AT —I—ozkl)_lfuk_ﬂ, V. = [Vk—la ’l)k]
5 Q=
a1 tag
Qak
1 17 | @1 —og ag+ag
2ak Qak
I . ) o —cx T
[1 ] . Tap ' @l
A1tk
1 Qak
X —1 — XL aptag
Qak Qak

L
6: Pp ::Qk + 0 ® I

Tpe_1 O
0 20l
8: OUTPUT: Vi, Ty sit. Xi = Vi T, "V = X4

. — p—* 1 —Xysx T —1 —1
7. Ty =P + QU VEBBTVLQ, ! b P

21



Properties of incremental low rank Subspace Iteration

e |ow-rank approximate solution
e One solve per iteration (s if C'' has s columns)

e The generated space is the Rational Krylov space with poles a;'s
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Properties of incremental low rank Subspace Iteration

Low-rank approximate solution
One solve per iteration (s if C'' has s columns)
The generated space is the Rational Krylov space with poles a;'s

CF-ADI-like basis Vj (algorithm coincides with ADI for B = 0)

Theory motivates the parameter selection as

k —
)\—Cki

A+ o

{a1,...,ar} = arg min max
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Subspace iteration vs Galerkin RKS method

Assume the field of values of A isin C™

X = Vle;lva: Subspace iteration approx

Vi = range([(—A" + o 1)7ICT, .. (AT +apl)7ICT))

R, =C"C+ A" X}, + XA — X.BB'" X}: residual matrix. Then

V,' R, Vi = 0 & Ve Vi) 'v, el =111
Moreover, the parameters «; are the mirrored Ritz values of

Al — X, BB":

where \; = eig((V," Vi)~ 'V,T (AT — X, BB")W},)
(cf. Hz-optimal MOR)
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A numerical example

Consider the 500 x 500 Toeplitz matrix

A = toeplitz(—1,2.5,1,1,1),

absolute residual norm

I
—&—RKSM

—ILRSI

0 5 10 15 20 25
space dimension

Parameter computation:

Left: adaptive RKSM on A

30

25

C=[1,-2,1,-2,..],B
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Consider the 500 x 500 Toeplitz matrix

absolute residual norm

A = toeplitz(—1,2.5,1,1,1),

A numerical example
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Right: adaptive RKSM on AT — X ®' BT
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Conclusions and open problems

e Projection methods a good alternative to Newton iteration

(numerical evidence)

e Derivation of an ad-hoc adaptive RKSM for Riccati equations

e Subspace iteration provides a new framework to analyze RKSM
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