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A; € R™" B; € R™™ X unknown matrix, C, D tall
A sample of this equation on different problems:

& PDEs with random inputs

& PDEs on polygonal domains, IGA, spectral methods, etc
& Space-time PDEs

& All-at-once PDE-constrained optimization problem

& Bilinear control problems

L 3

A sample of computational strategies:
» Kronecker form and back on track
Fixed point iterations (an “evergreen”...)
ALS (better for tensor eqn)
Projection-type methods = low rank approximation
Optimization problems with fixed (low) rank approximation
Ad-hoc problem-dependent procedures
etc.
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Randomized NLA as a key Tool. 1

A general problem:

Given
Z=|Z,..., 2y € Rm*km

with n; > km and km > 1 that
» cannot be stored all

> is not all available (only one block at the time)



-
Randomized NLA as a key Tool. 1

A general problem:

Given
Z=|Z,..., 2y € Rm*km

with n; > km and km > 1 that
» cannot be stored all

> is not all available (only one block at the time)

Encountered algebraic tasks:

» Construct (thinner) approximation to row and column bases of (ZY )
Key: the true Z,) need not be retained
(here I € R™Xkm similar to Z)

> Construct well-conditioned basis for range(Z), range())

» Estimate |ZY7 ¢
_ V. Simoncini - RandNLA 4 matrix equations 3/19



-
Randomized NLA as a key Tool. 2

Construct (thinner) approximation to row and column bases of (ZY7) :

Consider Gaussian sketching matrices Gz € RR™<*" Gy € RR™*" . < n;, and
compute

1. Left space: Wp = ZyTGz = Z,il Z,'(Y,-TGz) (sum sequence)
. W= QiR (reduced QR)
. Right space: W, := yZTGy = Z:’;l Y,'(ZiT Gy) (sum sequence)

2
3
4. Wr = QoR» (reduced QR)
5. Compute M = Q ZY7 Q= 3, (Q Z:)(V;" Q)
6. Truncated SVD: ULVT =M

;

. Deliver: Z = QUX?, j)v = Q VY12

Zs Z, Vs Y

Halko, Martinsson, Tropp, 2011
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.
Randomized NLA as a key Tool. 3

Construct well-conditioned bases for range(Z), range())

Consider oblivious subspace embedding matrices! S; € R*™m S, ¢ RzXm
1. Compute reduced QR:
S1Z2=[52%,...,5Z] = QR $Y =[%Y1,...,. %Y = Q@R

2. Compute truncated SVD: UXVT = R R)

3. Write R R
Z=ZR'UTY?, Y =YRTVE?

IRandomized subsampled trigonometric transformations, with s; = O(af2km/5,-), i = 1,2, which works
well in practice.



Randomized NLA as a key Tool. 3

Construct well-conditioned bases for range(Z), range())

Consider oblivious subspace embedding matrices! S; € R*™m S, ¢ RzXm

1. Compute reduced QR:

$12=[52,....5%Z] = QR $Y =[%Y1,...,% Y] = QR

2. Compute truncated SVD: UXVT = R R)
3. Write R R
Z=ZR'UTY?, Y =YR'VE'/?

> ZYT ~ ZYT
> cond(Z¥1/2), cond(YE~1/2) < YIEE (well-conditioned)

1—¢;

i

IRandomized subsampled trigonometric transformations, with s; = O(af2km/5,-), i = 1,2, which works
well in practice.
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-
Randomized NLA as a key Tool. 4

Estimate ||ZV7||F

With the previous procedure employing oblivious subspace embeddings:
IZYTIE < (1—e) M1 —e) S22V SI7

holding with probability at least (1 — d1)(1 — d2). (see also M. Meier, 2024)

Since ||S1ZY 7S ||F = ||Z||F, it holds

1ZVT)F < (1 —ce1) 21— ) Y2X|lF



.
Back to Multiterm linear matrix equation. Classical device

A1XBy + A XBy+ ...+ A XB,=CDT

Kronecker formulation?

(B ®Ai+...+B] @A) x=c & Ax =c J

Iterative methods: matrix-matrix multiplications and rank truncation

(Benner, Bioli, Breiten, Bouhamidi, Chehab, Damm, Grasedyck, Jbilou, Kressner, Kuerschner, Matthies,
Nagy, Onwunta, Palitta, Raydan, Robol, Stoll, Tobler, Wedderburn, Zander, ...)

Current very active area of research

myP ... mp,P

Kronecker product : M ®Q P =

: } and vec(AXB) = (B! ® A)vec(X)

mpiP .. mpnP,
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E——
CG matricization and truncation

Assume (for the moment) A sym pos.def. (spd) = CG
* Matricization. Typically,

2
Xk4+1 = Xk + appi € R" = Xk+1 =X+ axPy € R™n

* Truncation. If X, = X{?(X{")T low rank, and similarly for Py, then
Xir1 = XX T + aPO(PINT

> X+ ow rank: / I
X = X, vaePO] X0, ar PO (1)

(but generally larger than at iteration k)
» Cure: Rank shrinking [X{, axP] = XU, Xoon ~ XU (x0T
Implementation: 7 (Xk+1) acts on the QR-SVD of factor in (1)

Alternative truncation criteria:
& Fix lower threshold tolerance & Fix maximum allowed rank



|
Truncated matrix-oriented CG (TCG) for Kronecker form

Input: £(X) = A1 XB1 + Ao XBy + ...+ Ay X By, right-hand side C € R"*" in low-rank format.

Truncation operator T .
Output: Matrix X € R"*" in low-rank format s.t. ||[£(X) — CDT||¢/||CDT||¢ < tol

1. Xo=0, Ry=CDT, Py = Ry, Qo = L(Po)
2. & =(Po,Qo), k=0
3. While [|Rk||F > tol

4. ak = (R, Pr) /&

5. Xi+1 = Xk + oy Py,

6. Rir1 = CDT — L(Xk11),
7. Bk = —(Rit1, Qi) /x

8. Pr+1 = Riy1 + B P,

9. Qk+1 = L(Pr1),
10. Eky1 = (Prr1, Qupn)
11. k=k+1
12. end while

& lterates kept in factored form!

(X,Y) =tr(XTY)

Xip1 < T (Xiy1)

Optionally:  Rxi1 < T(Rk+1)

Pt = T(Pry1)
Optionally: Q41 + T (Qk+1)

Kressner and Tobler, '11

V. Simoncini - RandNLA 4 matrix equations.
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Typical convergence and rank behavior
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(Hao, 20, personal comm.)
Considerations:

(Simoncini & Hao, '22)

1. At best, convergence as for Kronecker problem

2. Rank of iterates hard to control to maintain convergence
3. Coeffs o, 8 under exploited

V. Simoncini - RandNLA 4 matrix equations.
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E——
Back to the roots

Consider
Ax = c A nonsing, nonsym

One-dimensional projection method: Saad, " Iterative methods for sparse linear systems”, SIAM, 2003

Xk+1 = Xk + Qkre,  ree1 = b— Axkqr

(Ark)Trk

For instance, v = (ij7,; minimizes e — A(xk + ar)l?
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Back to the roots

Consider
Ax=c A nonsing, nonsym
One-dimensional projection method: Saad, " Iterative methods for sparse linear systems”, SIAM, 2003
Xkp1 = Xk + Qxrk,  repr = b — Axiqr
. (AR L 2
For instance, ay 1= 4~ minimizes ||c — A(xx + ary)||

(An) T Arg

Consider A1 XBi + ...+ A XBy = CDT with
,C(V) =A VB +...+ A VB

“One-dimensional” subspace projection method:

Xepr = X+ ROa (RINT oy € R %
Risi = CDT —L(Xit1),  Resr= RV (RY)
At step k, a is chosen to minimize the Frobenius norm of the residual, namely
. i
min [CDT — £(X + R a(RI)T)|2

o €RIKk Xk

)T

)

11/19



E——
Low-rank short matrix recurrences

X1 = X+ R,((/)Oﬂk(R;((r))T
Riii = CDT — L(Xipa), R = RUL(RI)T
MINRES (Ss-MR): o is such that (R = RO(RINT)

(ROTLe (L(ROa(ROT)) RO = (RO)TL*(RORY.

Moreover, vec(Ry;1) L A - Range(R\” @ RW)




E——
Low-rank short matrix recurrences

X1 = X+ R,((/)Oﬂk(R;((r))T
Riii = CDT — L(Xipa), R = RUL(RI)T
MINRES (Ss-MR): o is such that (R = RO(RINT)

(ROTLe (L(ROa(ROT)) RO = (RO)TL*(RORY.

Moreover, vec(Ry;1) L A - Range(R\” @ RW)

GCR (ss-GCR): (Generalized Conjugate-Residual with one-term recurrence)?

Xk+1 = Xk + P/El)ak(P,((r))T
where
POLPEL)T — ROLREIT + POBU(PI)T (Pes = R + PP B(P))

and By solves

(P (L(POBP)T)) PO = ~(P)T L (£(Risa) Y

3 computed with R,E/), Rf(r) replaced by P(’), PIE')_

V. Simoncini - RandNLA 4 matrix equations 12/19
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Similarly for a subspace CG

Assume that A is spd. We define ® : R™" — R, ®(X) = 3(X,L(X))—(X,C)

The min problem: Find X € R™*" such that X = arg minxcgraxn ®(X) with iteration

Xiir = Xi+ POy (PO)T v € R
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Similarly for a subspace CG

Assume that A is spd. We define ® : R™" — R, ®(X) = 3(X,L(X))—(X,C)

The min problem: Find X € R™*" such that X = arg minxcgraxn ®(X) with iteration

Xiir = Xi+ POy (PO)T v € R

Residual and direction update: (Pir = POL(PONT)
Ric1= R — L(PVa(PIT),  Puys = R + PV Bi(PO)T
o(Xx + PV a(P)T) that is

1. Construct oy so that min_, s, x5,

(PTL (PPPT) P = (P TRPL.

2. Construct B so that the new direction Py ; is L£-orthogonal with respect to the previous ones:

(P (POB(P)T) PP = ~(PO) T (P8 (P)T) ALY
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-
Making the idea practical. 1

Xen = XX+ PlaP)T = X0, P Imea X, PO

Similarly for Py1

» All terms are kept in factored form

= Rank truncation
» The rank grows

e Preconditioning strategies (problem dependent)

e Inner solution to obtain ay, Bx:
» Kronecker form if dimension allows

» Matrix-oriented iterative solvers for large maxrank
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Making the idea practical. 2
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» Computing Ry;1 becomes too expensive (CPU time and memory)
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Making the idea practical. 2

Or, when RandNLA comes to rescue
» Computing Ry;1 becomes too expensive (CPU time and memory)

Rii = [C—AX" o —AX 1 pia[D, BX) o BeX T

Randomized strategies and target rank maxrankR

» Construct (thinner) approximation to row and column bases of Ry1

(true Ry41 need not be retained)

» Construct well-conditioned basisl for
range([C, A1X,£J217 o _AKX}EJ,)_]_])' range([D, le,fg_)p .. BZX,E') )
> Estimate ||Ri+1]lF



.
A computational experiment. Parametric Darcy Flow Problem

r(x,y) "u(x,y) + Vp(x,y) = 0 in D,
V- u(x,y)=0 in D,

p(x,y) = g(x) on 9Dp,

u(x,y)-n=0 on ODy.

1

where k1 is a parameter-dependent function (and represented as a random field) of the form

M
R(y) = Ro() + D Ry, xeD,  yeT,
r=1

and the parameters y, := £, (w) are images of independent uniform random variables & ~ U(—1,1) with
joint probability density p = (1/2)M.
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A computational experiment. Parametric Darcy Flow Problem

r(x,y) "u(x,y) + Vp(x,y) = 0 in D,
V- u(x,y)=0 in D,

p(x,y) = g(x) on 9Dp,

u(x,y)-n=0 on ODy.

1

where k1 is a parameter-dependent function (and represented as a random field) of the form

M
R(y) = Ro() + D Ry, xeD,  yeT,
r=1

and the parameters y, := £, (w) are images of independent uniform random variables & ~ U(—1,1) with
joint probability density p = (1/2)M.

Stochastic Galerkin Approximation:

AoX Gy + ALXGy + -+ AuX Gy = feg ,
where [G/]; j :=E [y,z[),-wj} , i,j=1,...,nq, r=20,1,..., M, and

[ Ko BT (K o0 .
we (8 ) a(f0),
Indefinite (constraint) Preconditioner: P(X) = Ay 'XGy %, with Ag = Ag (Ko ~ Ko)



A computational experiment. Fast Decay Case

np, = 49,152
SS-MR MINRES
M q ng | maxrank Rank # its Res Time k Res Time
4 126 40 35 10 6.1e-07 11.0 | 18 8.6e-07 10.7
5 5 252 40 40 12 7.0e-07 142 | 19 2.7e-07 23.2
6 462 40 40 13 8.5e-07 16.3 | 19 2.2e-07 47.7
4 715 40 40 11 8.4e-07 324 | 18 8.6e-07 106.1
9 5 2,002 40 40 13 9.3e-07 395 | 19 2.7e-07 5748
6 5,005 40 40 15 7.9e-07 47.1 * * *
np, = 196, 608
SS-MR MINRES
M q n, | maxrank Rank # its Res Time k Res Time
4 126 30 30 12 7.4e-07 439 | 18 8.6e-07 48.5
5 5 252 40 39 12 7.8e-07 59.0 | 19 2.5e-07 1328
6 462 40 40 13 9.0e-07 66.8 | 19 2.0e-07 390.0
4 715 40 40 11 7.7e-07 125.8 | 18 8.6e-07 875.0
9 5 2,002 40 40 13 8.0e-07 153.9 * * *
6 5,005 40 40 14 9.1e-07 163.6 * * *

Table: Test Problem 1 Performance of SS-MR on the matrix equation formulation with one-term

preconditioning, and MINRES on the associated linear system with the same preconditioner,
tol = 107° and toltrank = 1075,

V. Simoncini - RandNLA 4 matrix equations.

17/19



A computational experiment. Slow Decay Case

n, = 49, 152
SS-MR MINRES
M q ng | maxrank # its PCG Res Time k Res Time
4 495 80 7 6,7 7.5e-07 240 | 10 6.6e-07 322
8 5 1,287 100 7 6,7 5.1e-07 299 | 10 5.2e-08 109.6
6 3,003 100 7 6, 7 7.0e-07 33.2 9 9.4e-07 381.1
4 1,820 120 7 6,7 8.0e-07 746 | 10 3.4e-07 2337
12 5 6,188 140 7 6,7 8.0e-07 101.8 * * *
6 18,564 140 8 5,7 5.1e-07  139.2 * * *
np, = 196, 608
S-MR MINRES
M q ng | maxrank  # its PCG Res Time k Res Time
4 495 80 7 6,7 6.8e-07 99.7 | 10 6.6e-07 251.6
8 5 1,287 100 7 6,7 4.1e-07 165.0 | 10 5.4e-08 986.7
6 3,003 100 7 6, 7 5.1e-07  168.0 * * *
4 1,820 120 7 6, 7 6.8e-07  420.7 * * *
12 5 6,188 140 7 6, 7 6.2e-07  482.6 * * *
6 18,564 140 7 6, 7 7.9e-07  490.7 * * *

Table: Test Problem 2 Performance of $sS-MR on the matrix equation formulation with one-term

preconditioning, and MINRES on the associated linear system with the same preconditioner,

tol = 107% and toltrank = 1078,

Inner solver: matlab preconditioned CG

V. Simoncini - RandNLA 4 matrix equations.

18/19



Outlook

» Experiments for sym and nonsym problems are very promising
» Reduced problem deserves further attention

» Tensor version also available

REFERENCES

[1 ] D. Palitta, M. lannacito, and V. S., A subspace-conjugate gradient method for linear matrix
equations SIMAX, 46 (2025)

[2 ] M. lannacito, L. Piccinini, and V. S., Subspace gradient descent methods for linear tensor
equations, ArXiv 2602.21974. To appear in Springer Indam Series.

[3 ] D. Palitta, C. E. Powell, and V. S., A class of low-rank short recurrences for nonsymmetric linear
matrix equations, ArXiv 2605.01276. May 2026.



