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Abstract. The solution of PDE-constrained optimal control problems is a computationally
challenging task, and it involves the solution of structured algebraic linear systems whose blocks
stem from the discretized optimality first-order conditions. In this paper we analyze the numerical
solution of this large-scale system: we first perform a natural order reduction, and then we solve
the reduced system iteratively by exploiting specifically designed preconditioning techniques. The
analysis is accompanied by numerical experiments on two application problems.
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1. Introduction. We consider solving the following structured linear system



A1 0 B⊤

1

0 A2 B⊤
2

B1 B2 0





x1

x2

x3


 =



f1
f2
f3


 , (1.1)

where A1 is symmetric and positive definite matrix, A2 is symmetric positive semidef-
inite and highly singular, and B2 is square and nonsingular, so that the whole matrix
is nonsingular; B⊤

1 denotes the transpose of B1. This type of structure is very com-
mon in a large number of application problems; here we are mainly interested in
linear systems stemming from the discretization of PDE-constrained optimal control
problems. In this context, several authors have addressed the problem of efficiently
solving (1.1), and various preconditioners have very recently been explored that try
to fully take into account the special coefficient matrix structure; we refer to, e.g.,
[38], [37], [31], [27], [24], [3] and references therein.

Within a discretize-then-optimize framework, systems similar to (1.1) need to be
solved many times, usually either because they are used to tune a numerical model,
or because they represent a step in an iterative (outer) nonlinear solution procedure.
The computational cost associated with the solution of (1.1) is therefore a major
indicator of the overall suitability of the numerical model for practical engineering
purposes. We stress that the high singularity of A2, with no other hypotheses, poses
an additional challenge for the linear system solution.

A key fact in the solution of (1.1) is that the matrix blocks can be extremely
large already for rather coarse mesh discretizations, because of a three or higher di-
mensional setting. This fact is particularly crucial in so-called “all-at-once” strategies,
where the time frame is also discretized, and the matrix blocks in (1.1) include sub-
blocks corresponding to different time instants [16],[24], [37]. In this framework, an
initial reduction of the matrix size may lead to significant savings, as long as this re-
duction does not entail extra computational burden, such as additional inner solves or
approximation of variables. In this paper we report on our numerical experience with
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2 V. Simoncini

a particularly simple and effective reduction. The reduction process fully relies on the
assumption that A1 is easy to solve with (e.g., A1 is diagonal), which is usually the
case in the problems we are addressing. We discuss two realistic and popular specific
problems, that require solving (1.1). The first one is a PDE-constrained optimal con-
trol problem with distributed constraints, with linear quadratic functional [38]. This
simplified problem has become a popular benchmark for analyzing several numerical
devices. We will see that in this case, the reduction process does not even need to solve
with A1. The second application we consider is a simplified Monge-Kantorovich mass
transfer problem, used in the context of image registration [3]. Although we focus on
two very specific applications, our discussion can be adapted to other settings, and
we hope it may serve as a general platform for related and more general frameworks.

The solution of the reduced system exploits the obtained structure to build ef-
fective preconditioning techniques, which allow us to solve medium size 3D problems
in a small amount of time on a commodity workstation. We also perform an ad-hoc
spectral analysis that in some cases ensures optimality of the adopted preconditioning
strategy. As it will be clear in the discussion of the specific problems, the use of the
reduced formulation allows us to eliminate some redundant information of the orig-
inal formulation, so that the preconditioning step need only be concerned with the
relevant blocks in the matrix.

A synopsis of the paper is as follows. Section 2 shows the reduction step, based on
the Schur complement formulation, and reviews and analyzes some general precondi-
tioning strategies that are employed in later sections. Section 3 introduces the matrix
setting of the PDE-constrained optimal control problem, and provides a detailed the-
oretical analysis of the proposed preconditioning approaches; section 3.1 reports on
our numerical experience with these solution strategies. Section 4 is devoted to the
matrix description of the simplified Monge-Kantorovich mass transfer problem, and of
its numerical solution, while section 4.1 reports on our thorough numerical experience
with these data. Finally, section 5 collects our concluding remarks.

Throughout the paper we shall use the Euclidean norm for vectors, and the in-
duced norm for matrices. We shall denote by spec(A) the set of eigenvalues (spectrum)
of a given matrix A.

2. The reduced order problem and preconditioning strategies. The size
of each block of the coefficient matrix in (1.1) depends on the fineness of the given
domain (2D or 3D in space possibly plus time), so that the problem dimension becomes
very high already for rather coarse discretizations. The prospect of reducing the
dimension of (1.1) is therefore of great interest, especially if this does not entail
higher computational complexity. Indeed, we can decrease the number of blocks from
three to two, by using the Schur complement formulation with respect to A1 (so-called
“static condensation”): the first equation block gives x1 = A−1

1 (f1 − B⊤
1 x3), which

substituted into the original system yields the reduced system
[
A2 B⊤

2

B2 −B1A
−1
1 B⊤

1

] [
x2

x3

]
=

[
f2

f3 −B⊤
1 A−1

1 f1

]
⇔ Sx = b. (2.1)

We recall here that we assume that A2 is positive semidefinite and singular, while
B1A

−1
1 B⊤

1 is positive semidefinite, with the possibility of being nonsingular if B1 is
full row-rank. It is interesting that this is a slightly different setting than the one
often encountered in the literature: A2 is often required to be positive definite on the
kernel of B2, but since B2 is nonsingular here, such condition is empty. Thanks to
this nonsingularity, both diagonal blocks can be highly singular. A sufficient condition
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for the solvability of (2.1) is that B⊤
2 + A2B

−1
2 B1A

−1
1 B⊤

1 be nonsingular. Under the
hypothesis of nonsingularity of the original system (1.1), such condition is satisfied.

This reduction procedure is classical, and it is often discarded because in general
it requires explicitly dealing with the inverse in B1A

−1
1 B⊤

1 . However, it turns out
that for various PDE-constrained optimization problems the matrix B1A

−1
1 B⊤

1 is very
cheap to deal with, so that the reduction becomes extremely attractive.

The reduced problem (2.1) may also be derived by using the following decompo-
sition




A1 0 B⊤
1

0 A2 B⊤
2

B1 B2 0


 =




I 0 0
0 I 0

B1A
−1
1 0 I






A1 0 B⊤
1

0 A2 B⊤
2

0 B2 −B1A
−1
1 B⊤

1


 ≡ LU .

The system in (1.1) can be rewritten as

LUx =



f1
f2
f3


 ⇔ Ux = L−1



f1
f2
f3


 ⇔ Ux =




f1
f2

f3 −B⊤
2 A−1

1 f1


 ,

from which the reduced system is obtained.
The system in (2.1) is once again in symmetric saddle point form, where the first

diagonal block is only positive semidefinite, while the nonsingularity of the second
diagonal block depends on the rank of B⊤

1 . Note that the system may be written in
a more familiar form after row and column permutation of the blocks, so that the
two diagonal blocks are switched; a change of sign could also be applied, so as to
have a positive definite leading block whenever B1 is full rank. We do not actually
apply these changes, but we keep them in mind when choosing the preconditioners,
as the choice of a suitable preconditioning strategy heavily depends on whether the
second diagonal block is nonsingular. It is also important to realize that effective
preconditioners can exploit the nonsingularity of the non-diagonal block.

A lot of effort is usually devoted to the determination of “ideal” preconditioners,
with which the preconditioned problem can be solved in approximately the same num-
ber of iterations, irrespective of the size, leading to a mesh independent performance
of the solver1; cf., e.g., [11], [20], [41]. On the other hand, we also stress that these
ideal preconditioners may be difficult to either explicitly compute, or to cheaply ap-
proximate in a way so as to maintain their optimality properties. Therefore, great care
should be put in choosing the ideal preconditioner, so that it can be then transformed
into a feasible one.

Nonsingular (2,2) block. If the matrix B1A
−1
1 B⊤

1 is nonsingular, then a natural
preconditioner is given by the following block diagonal matrix (see, e.g., [41, sec.3.2]):

Pd =

[
B̃2C

−1B̃⊤
2 0

0 C

]
, C ≈ B1A

−1
1 B⊤

1 , B̃2 ≈ B2. (2.2)

Note that the block B̃2C
−1B̃⊤

2 is an approximation to the ideal matrix A2+B̃2C
−1B̃⊤

2 .
We refer to [34] for a detailed analysis of the algebraic spectral properties of the
preconditioned matrix SP−1

d . From a computational standpoint, we observe that

1The computational cost will still grow with the problem size, as basic operations are performed
with longer vectors when finer discretizations are used.
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systems of the form B̃2C
−1B̃⊤

2 v = w arising when employing Pd can be solved in

sequence as v = B̃−1
2 (C(B̃−⊤

2 w)). Such computational advantage drove our choice
of the first diagonal block in P2, as opposed to the ideal one mentioned above. The
actual matrices C, B̃2 used in computation depend on the properties of the original
blocks, and this will be discussed for the specific problems.

Singular (2,2) block. If the matrix B1A
−1
1 B⊤

1 is singular, and since the first
diagonal block is also singular, a common choice consists of augmenting one of the
diagonal blocks in the preconditioner. For instance, in the block diagonal case,

Pad :=

[
D 0

0 C̃(D)

]
, C̃(D) ≈ C(D) := B1A

−1
1 B⊤

1 +B2D
−1B⊤

2 , (2.3)

where the symmetric and positive definite matrix D is chosen appropriately and C̃(D)
is positive definite; see [26, 15, 12] and references therein. We also refer to [8] for
the augmentation case when the (1,1) block of S is zero. For this augmented block
diagonal preconditioner, we can apply the results in [12] to derive the following general

spectral bounds for the preconditioned matrix P
− 1

2

ad SP
− 1

2

ad . Refined bounds will be
obtained in section 4 for specific choices of the blocks.

Proposition 2.1. [12, Prop. 3.3]. Let

Ŝ :=

[
Â2 B̂⊤

2

B̂2 −T̂

]
,

and let λmax, γmax be the largest eigenvalues of Â2 and T̂ , respectively. Let σmin, σmax

be the largest and smallest (nonzero) singular values of the square matrix B̂2. Then

spec(Ŝ) ⊆ I− ∪ I+, where

I− =

[
1

2
(−γmax −

√
γ2
max + 4σ2

max),
1

2
(λmax −

√
λ2
max + 4σ2

min)

]

and

I+ =

[
1

2
(−γmax +

√
γ2
max + 4σ2

min),
1

2
(λmax +

√
λ2
max + 4σ2

max)

]
.

This quite general result already indicates that the length of both positive and
negative intervals mainly depends on the magnitude of the singular values of B̂2,
which in turn strongly depends on the choice of D, as the following result shows.

Proposition 2.2. Let C̃(D) = C(D) and Ŝ = P
− 1

2

ad SP
− 1

2

ad . With the notation of

Proposition 2.1, let σ be a singular value of B̂2. Then either σ = 1 or σ2 = µ/(µ+1) <
1, where µ are the finite eigenvalues of the problem B2D

−1B⊤
2 x = µB1A

−1
1 B⊤

1 x, which
thus satisfy

σmin(B2)
2

‖D‖ ‖B1A
−1
1 B⊤

1 ‖
≤ µ ≤ ‖D−1‖ ‖B2‖2

λmin(B1A
−1
1 B⊤

1 )
,

where λmin(B1A
−1
1 B⊤

1 ) is the smallest nonzero eigenvalue of B1A
⊤
1 B

−1
1 .

Proof. The singular values of B̂2 are the square roots of the eigenvalues in the
eigenvalue problem B2D

−1B⊤
2 x = λ(B1A

−1
1 B⊤

1 + B2D
−1B⊤

2 )x. For x in the null
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space of B⊤
1 , we obtain λ = 1. Otherwise, assuming that λ 6= 1, we can rewrite this

eigenvalue problem as B2D
−1B⊤

2 x = µB1A
−1
1 B⊤

1 x with λ = µ/(1+µ), and the result
follows.

The proposition above shows that for C̃(D) = C(D), σmax = 1 in Proposition 2.1,
so that the external extremes of the two intervals I−, I+ only depend on the norms
of the diagonal blocks. The lower bound for µ, and thus for σmin in Proposition 2.2,
provides a good indicator towards the selection of D so as to improve the clustering
of the two spectral intervals I−, I+. We will explore this further in section 4.

Regardless of the singularity of B1A
−1
1 B1, the following indefinite (constraint-

type) block preconditioner may be considered:

Pindef =

[
D B̃⊤

2

B̃2 −C

]
, B̃2 ≈ B2, (2.4)

where the symmetric matrix C is appropriately chosen, as in the case of Pad. We re-
strict the discussion to the choice D = 0. Since B2 is nonsingular, systems with Pindef

can be solved by solving with the non-diagonal blocks, in sequence. In particular, C
is not required to be nonsingular. The indefiniteness of the symmetric preconditioner
enforces the use either of a nonsymmetric solver such as gmres or Simplified qmr
(see [36] and references therein), or of a variant of the projected pcg [13]; see also [18]
for additional alternatives. Experiments in literature show that the preconditioner
Pindef is particularly well suited for various classes of optimization problems, such
as constrained quadratic optimization, cf., e.g., [5], [9], [17], [10], [19], [23], and this
is fully confirmed by our numerical experiments in section 3.1. On the other hand,
it should be mentioned that the positive definite block diagonal preconditioner Pd

allows one to use a short-term symmetric solver, such as minres, whose convergence
behavior is better understood than that of nonsymmetric solvers.

3. A PDE-constrained optimal control problem. In this section we dis-
cuss the algebraic setting of a benchmark PDE-constrained optimal control problem
described in [38]. We briefly introduce the problem here, while we refer to [38] for a
more complete presentation.

The problem can be stated as follows2. Given the bounded domain Ω ⊂ R
d,

d = 2, 3, and û (the desired state) defined in Ω̂ ⊆ Ω, find u such that

min
u,f

1

2
‖u− û‖2

L2(Ω̂)
+ β‖f‖2L2(Ω) (3.1)

s.t. −∇2u = f in Ω (3.2)

u = û on ∂Ω, (3.3)

where β is the regularization parameter. This linear quadratic optimal control prob-
lem is a simplified model, as more complex formulations may include, e.g., box con-
straints for f , more complex PDE constraints and/or other PDE boundary conditions;
see, e.g., [17], [25], [31] for some sample treatments of the resulting algebraic prob-
lems, and [39] for a general discussion of the PDE and optimal control framework.
After appropriate discretization, the discrete cost functional associated with (3.1) is

2With a little abuse of notation, the same letters will be used here to denote scalar functions and
vectors.
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given by

min
uh,fh

1

2
‖uh − û‖22 + β‖fh‖22 = min

u,f

1

2
u⊤M̄u− u⊤u+ αu + βf⊤Mf

with αu = ‖û‖22, M the mass matrix, and M̄ a portion of the mass matrix correspond-
ing to the part of the domain where û is defined. The constraint −∇2u = f in Ω gives
the algebraic equation Ku = Mf + db, where K is the stiffness matrix, in this case
the discretization of the Laplacian, and db accounts for the boundary conditions [38].
The solution with the Lagrange multipliers method deals with the following Lagrange
function

L(f, u, ℓ) = 1

2
u⊤M̄u− u⊤b+ αu + βf⊤Mf + ℓ⊤(Ku−Mf − db),

and the associated optimality first order conditions give the following algebraic saddle
point linear system



2βM 0 −M
0 M̄ K⊤

−M K 0





f
u
ℓ


 =



0
b
db


 . (3.4)

A lot of attention has been recently devoted to structured matrices of this form.
Known block preconditioners, such as block diagonal, constraint-style and Bramble-
Pasciak preconditioners have been successfully adapted to this setting ([31], [38], [28])
and to somewhat more general ones, see. e.g., [17], [20]. However, it has been somehow
overlooked that the structure in (3.4) perfectly matches that in (1.1), so that the order
reduction in (2.1) can be performed; but see [35], and also [2], [41, sec. 4.1] for similar
considerations. Note that the presence of the nonsingular matrix M in two of the
three places in the first block row of (3.4) allows one to readily eliminate the first
unknown, as 2βf = ℓ. Therefore, the reduction process described in (2.1) is in this
case particularly convenient. The reduction gives the system

[
M̄ K⊤

K − 1
2βM

] [
u
ℓ

]
=

[
b
db

]
,

where M̄ may be singular, in case û is not defined in the whole Ω [38]; note also
the particularly simple structure of the (2,2) block compared with the general case in
(2.1). In addition, the matrix M is nonsingular and its inverse can either be cheaply
computed (if M is diagonal) or easily approximated; see, e.g., [40]. Although the
matrix structure for more complex PDE-constrained optimization problems may vary
significantly, the reduction performed above is made possible simply by the presence
of the regularizing term β‖u‖, which is often employed; see, e.g., [27]. We thus
stress that the reduction step is extremely cheap to perform, and does not lead to a
more difficult problem. Indeed, the main ingredients of the preconditioning step are
the same as those used to solve the original problem (1.1). The simplified strategy
however, eliminates some of the “redundant” information in the system. We will show
that the resulting reduced system can be solved efficiently at low cost.

An ideal block diagonal preconditioner in this setting is given by Pd in (2.2) with
the following blocks:

Pd =

[
KC−1K⊤ 0

0 C

]
, C =

1

2β
M. (3.5)
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In practice, a more cost efficient preconditioner is obtained for K̃ ≈ K a, say, (alge-

braic) multigrid operator, and C̃ ≈ C, with for instance C̃ = 1
2βdiag(M); Note that

with the discretization used in [38], the diagonal of M is constant. Other more sophis-
ticated approaches have been devised, if more accurate approximations are desired,
e.g., [28]. Under natural hypotheses on the given blocks (cf. [38]), the following corol-
lary of Proposition 2.1 can be derived, ensuring mesh independence of the spectrum
of the preconditioned matrix.

Corollary 3.1. Under the hypotheses of Proposition 2.1, let h be the mesh

parameter and d ∈ {2, 3}. Assume that C = αhd

2β I for some α > 0 independent of h,

and that there exist γ1, γ2, δ1, δ2, δ̄2 all positive and independent of h such that

γ1h
d ≤ λ(K) ≤ γ2h

d−2, δ1h
d ≤ λ(M) ≤ δ2h

d, 0 ≤ λ(M̄) ≤ δ̄2h
d.

Finally, assume that K̃ is chosen so that there exist τ1, τ2 > 0 such that τ1x
∗K̃x ≤

x∗Kx ≤ τ2x
∗K̃x for all nonzero vectors x. Then the spectrum of SP−1

d with K̃ in
place of K in Pd is bounded independently of h.

Proof. Following Proposition 2.1, the matrix Ŝ takes the form

Ŝ =

[
K̂−1C

1

2 M̄C
1

2 K̂−1 K̂−1C
1

2KC− 1

2

C− 1

2KC
1

2 K̂−1 − 1
2βC

− 1

2MC− 1

2

]
.

We will show that the spectral intervals of Proposition 2.1 applied to Ŝ do not depend
on h. To this end, we only need to show that the relevant eigenvalues of the (1,1) and
(2,2) blocks are bounded independently of h, similarly for the singular values of the
nondiagonal block. Since C is a multiple of the identity, these singular values satisfy
σi(K̂

−1C
1

2KC− 1

2 ) = λi(K̂
−1K), and these are bounded from below and from above

by τ1 and τ2, respectively, showing mesh independence.
For the (2,2) block we have γmax = λmax(

1
2βC

− 1

2MC− 1

2 ) so that

γmax =
2β

αhd

1

2β
λmax(M) ≤ δ2h

d

αhd
=

δ2
α
.

Finally, for the first diagonal block we have λmax = λmax(K̂
−1C

1

2 M̄C
1

2 K̂−1) so that

λmax =
αh2

2β
λmax(K̂

−1M̄K̂−1) ≤ αhd

2β
δ̄2h

d τ22
γ2
1h

2d
=

αδ̄2τ
2
2

2βγ2
1

.

The result thus follows.
The existence of τ1, τ2 is called spectral equivalence condition between K and K̃,

and it is often met, at least numerically, when K̃ is chosen as a multigrid type operator
[6], [7], [29].

Finally, we notice that our choice of Pd in (3.5) is closely related to the robust
theoretical preconditioner in [41, sec.3.2] for the same problem, where the matrix
M̄ +KC−1K⊤ is suggested for the (1,1) block instead of KC−1K⊤. Indeed, under
the hypotheses of Corollary 3.1, the two matrices are spectrally equivalent.

As mentioned in section .2, an alternative to Pd is an indefinite preconditioner.
The one in (2.4) takes a particularly convenient form in this case:

Pindef =

[
0 K̃

K̃ −C

]
, P−1

indef =

[
K̃−1CK̃−1 K̃−1

K̃−1 0

]
,
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showing that the application of P−1
indef to a vector requires two solves with K̃, one

multiplication with C and one sum of vectors. Since there are no solves with C,
we can select C = 1

2βM . The following proposition gives an explicit form for the
preconditioned matrix, from which spectral information can be deduced. The proof
is a simple matrix-matrix multiplication and is therefore omitted.

Proposition 3.2. Consider the preconditioner Pindef with C = 1
2βM . If K̃ = K,

the preconditioned matrix has the form

SP−1
indef =

[
G+ I M̄K−1

0 I

]
, G = M̄K−1CK−1,

and G singular. Therefore, spec(SP−1
indef ) = {1} ∪ spec(G+ I).

Since G is singular, unit eigenvalues also arise in the (1,1) block of SP−1
indef , so

that some of the unit eigenvalues may have geometric multiplicity larger than one; we
refer to [4, sec. 10.2] for a detailed description of the class of indefinite preconditioners
and for other relevant references in the context of spectral analysis.

We observe that again for K̃ = K and since C is symmetric and positive definite,
G is similar to a symmetric and positive semidefinite matrix, from which it follows
that the eigenvalues of SP−1

indef are real and not smaller than one. The following

results ensures that the spectrum of SP−1
indef (for K̃ = K) is bounded independently

of the mesh parameter, under natural conditions on the involved matrices; cf., e.g.,
[38, Th.2.1].

Corollary 3.3. Under the hypotheses of Proposition 3.2, let h be the mesh
parameter and d ∈ {2, 3}. Assume there exist γ1, γ2, δ1, δ2, δ̄2 all positive and inde-
pendent of h such that

γ1h
d ≤ λ(K) ≤ γ2h

d−2, δ1h
d ≤ λ(M) ≤ δ2h

d, 0 ≤ λ(M̄) ≤ δ̄2h
d.

then λ(SP−1
indef ) = 1 + η with 0 ≤ η ≤ δ2δ̄2/(2βγ

2
1).

Proof. From Proposition 3.2 we know that either η = 0 or η is a positive eigenvalue
of M̄K−1MK−1. Since η ≤ ‖M̄K−1MK−1‖ ≤ 1

2β ‖M̄‖ ‖K−1‖ ‖M‖ ‖K−1‖ , the
result follows.

For β ≪ 1, the eigenvalues of SP−1
indef are bounded by a possibly quite large

quantity; cf. also [2] for similar remarks, but on a problem with nonsingular first
diagonal block. Our experiments showed that indeed the eigenvalues do increase for
small β, in agreement with this bound. This justifies the need for a few extra iterations
in the experiments reported in Tables 3.1-3.2. On the other hand, since for these data
M̄ has very low rank, then only few non-unit eigenvalues arise in SP−1

indef , at least for

K̃ = K, explaining the overall low number of iterations.
As already mentioned, indefinite preconditioners try to mimic as much as pos-

sible the original matrix, S here. Practical computationally feasible preconditioners
however, replace the diagonal blocks of the original matrix with convenient approx-
imations. In addition to taking zero as (1,1) block, our choice of Pindef has the

particular feature that also the nondiagonal blocks are approximated by means of K̃;
this is similar in spirit to the approach taken in [5] and [33]. For general symmetric

and positive definite K̃, we can write the preconditioned problem as

SP−1
indef =

[
I + 1

2β M̄K̃−1MK̃−1 M̄K̃−1

0 I

]
+

[
E 0
E E

]
, E = KK̃−1 − I.
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This explicit form shows how the spectrum of SP−1
indef changes from spec(I +

1
2β M̄K̃−1MK̃−1) ∪{1} as a (possibly nonlinear) function of ‖E‖. Note that if for

instance K̃−1 is spectrally equivalent to K, then spec(I + 1
2β M̄K̃−1MK̃−1) satisfies

a result similar to that of Corollary 3.3, since

‖M̄K̃−1MK̃−1‖ ≤ ‖M̄‖ ‖K̃−1K‖2‖K−1‖2‖M‖.

Moreover, ‖E‖ does not depend on the mesh parameter either, ensuring mesh inde-
pendence of the spectrum of SP−1

indef . As is well known, however, eigenvalues alone
may not completely explain the behavior of a nonsymmetric solver, and additional
information on the eigenvectors should also be included. Nonetheless, our numerical
experiments did not seem to indicate that the eigenbasis played a role. We refer to
[32] for a more complete invariant subspace analysis of similarly perturbed structured
matrices.

3.1. Numerical experiments. We consider the algebraic problem stemming
from the finite element discretization with Q1 elements on a uniform mesh of a dis-
tributed control problem analyzed in [38]. In particular, we focus on the data de-
scribed in [38, sec. 4], the 2D and 3D problems labelled Target 2. The domain is

Ω = [0, 1]d, d = 2, 3. In 2D the subset Ω̂ is given by a circle centered at ( 58 ,
3
4 ) and

radius 1
5 , union the boundary of Ω. In 3D, Ω̂ is a sphere with center at ( 58 ,

3
4 ,

7
10 )

and radius 1
4 , union the boundary of Ω. The target û, defined in Ω̂ is set equal to a

constant value within the circle or sphere, and zero on ∂Ω.
We analyze the performance of minres preconditioned by Pd, and of gmres right

preconditioned by Pindef ; in both cases the action of K−1 is substituted with that

of K̃−1 computed as the Algebraic Multigrid method hsl mi20 ([6]) with all default
parameters except for control.one pass coarsen=1, control.v iterations=5, and
control.st parameter=.85. The stopping criterion is based on the relative residual
norm. However, it should be noticed that while during the gmres iterations it is
possible to monitor the Euclidean norm of the residual, in minres the P−1

d -norm of
the residual can be monitored. This discrepancy implies that the final solutions may
have different accuracies. For the smaller dimension problems we observed that the
gmres solution was at least one order of magnitude more accurate than the minres
solution.

The number of iterations and CPU time to meet the stopping criteria with a
tolerance of 10−8 are reported in Table 3.1 and Table 3.2, for the 2D and the 3D
examples, respectively. For various mesh discretizations we considered two typical
values of β, namely β = 10−2, 10−5, according to [38]. Note that the reported n
implies that the actual problem (1.1) has size 3n, whereas the reduced one in (2.1)
has size 2n.

The digits show the mesh independence of the solver preconditioned with Pindef ,
in agreement with the discussion towards the end of section 3. Also minres precondi-
tioned by Pd appears to have a mesh independent performance; thanks to Corollary 3.1
this was to be expected since, at least numerically, all hypotheses of Corollary 3.1 seem
to be satisfied.

The cost of applying Pindef and Pd is very similar, therefore the much lower
number of iterations when using Pindef makes this approach far more appealing, with
CPU times that are one order of magnitude lower for β = 10−2, and less than 20% than
those of the problem solved with minres and Pd for β = 10−5. It is also interesting
to note that the number of iterations with Pindef seems to be rather insensitive to
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β gmres w/Pindef minres w/Pd

n its CPU Time its CPU Time
10−2 961 3 0.15 31 0.18

3969 3 0.17 28 0.37
16129 3 0.29 25 1.22
65025 3 0.88 25 4.28
261121 4 4.54 27 21.31

10−5 961 10 0.19 35 0.20
3969 10 0.25 32 0.41
16129 10 0.65 29 1.19
65025 10 2.21 27 4.52
261121 10 9.80 27 19.74

Table 3.1
2D problem. Number of iterations and CPU Time for solvers with Pindef and Pd and AMG,

for various dimensions and values of the parameter β.

β gmres w/Pindef minres w/Pd

n its CPU Time its CPU Time
10−2 343 3 0.16 59 0.20

3375 3 0.20 63 1.09
29791 3 0.94 63 11.20
250047 3 9.96 63 129.48

10−5 343 8 0.13 57 0.20
3375 9 0.30 61 1.03
29791 9 2.04 64 11.28
250047 9 23.02 65 132.36

Table 3.2
3D problem. Number of iterations and CPU Time for solvers with Pindef and Pd, for various

dimensions and values of the parameter β.

the physical dimension of the problem (2D or 3D), whereas the performance of Pd

degrades significantly when passing from the 2D to the 3D case.

We remark that in [38], the indefinite preconditioning strategy implemented
within the Projected Preconditioned Conjugate Gradient (PPCG) method was used
on the 3n size problem [13]. If one is not willing to use a memory consuming nonsym-
metric solver with Pindef , then PPCG is a viable effective strategy. Since the number
of iterations of gmres preconditioned by Pindef is extremely low, we did not find it
necessary to employ PPCG; see also the discussion in [9].

4. A simplified Monge-Kantorovich mass transfer problem. In [3] the
authors have considered the numerical solution of a simplified Monge-Kantorovich
mass transfer problem. The proposed approach applies a Newton-type iteration to
approximate the solution to a nonlinear system of equations, which considers an “all-
at-once” discretization strategy of the original problem, stated in two space dimensions
and in time. Here we provide a very brief review of the setting that leads to a 3×3 block
structured system similar to that in (1.1), while we refer to [3] for a full description of
the application and of the employed discretization strategy. The linear system stems
from a parameter identification problem, which in the most general form may be stated
as a constrained optimization problem as minu,m

1
2‖Qu−b‖2+αRR(m−mr), with the
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constraint A(m)u − q = 0. The latter driving equation is selected as the hyperbolic
equation ut +∇ · (um) = 0, t ∈ [0, T ], and m represents the set of parameters to be
identified, which are space dependent. As of the other quantities involved, b contains
the observed data affected by noise; Q is the projector onto the portion of the space(-
time) domain associated with b; R is the regularization functional, together with its
weight αR. According to [3], αR = 10 in our experiments. After discretization and for
appropriate choices of the operators, the discretized optimization problem discussed
in [3] is posed as

min
u,m

1

2
‖Qu− b‖2 + 1

2
ξu⊤Ldiag(m)m (4.1)

s.t. ut +∇ · (um) = 0, (4.2)

with ξ = αRThth
2
x, where ht, hx are the mesh parameters in time and space, respec-

tively (in our experiments we shall use ht = T/nt and hx = 1/(nx − 1) for a finite
difference discretization with nt and nx points, and the same number nx of points
in the x and y space directions). Here A(m) represents the matrix discretization in
space and time of the constraint, using an implicit Lax-Friedrichs scheme. The asso-
ciated Lagrangian function is given by L(u,m, p) = 1

2‖Qu− b‖2 + 1
2ξu

⊤Ldiag(m)m+
p⊤V (A(m)u− q), where V is a diagonal matrix such that V q is a grid discretization
of the continuous (in space) Lagrange multiplier. By using a Newton-type approxi-
mation, one obtains a sequence of linear systems in the form:



Q⊤Q 0 A⊤V
0 ξdiag(L⊤u) G⊤V

V A V G 0





δu
δm
δp


 = −



Lu

Lm

Lp


 ,

where G is the discretization of the Jacobian of A(m)u with respect to m, and A =
A(m). Clearly, both these matrices depend on the current approximation of m and
u, and thus the whole system changes at each Newton iteration. By reordering rows
and columns we obtain a linear system in the form (1.1):



ξdiag(L⊤u) 0 G⊤V

0 Q⊤Q A⊤V
V G V A 0





δm
δu
δp


 = −



Lm

Lu

Lp


 ,

in which the first diagonal block is diagonal and nonsingular, while the second block
Q⊤Q is diagonal and highly singular, since we assume that b is only available in a small
portion of the domain. Here A⊤V is square and nonsingular, whereas G⊤V is tall
rectangular and possibly rank deficient, depending, e.g., on the boundary conditions
imposed to define the discretized constraint, here periodic conditions. The reduction
described in section 2 yields

[
Q⊤Q A⊤V
V A −V G(ξdiag(L⊤u))−1G⊤V

] [
δu
δp

]
= −

[
Lu

Lp + V G(ξdiag(L⊤u))−1Lm

]
.

Therefore, the linear system above can be restated as that in (2.1) with A2 = Q⊤Q,
B2 = V A, A1 = ξdiag(L⊤u) and B1 = V G; note that here B2 is nonsymmetric.
The reduced system is once again obtained at a negligible cost, while the dimension
reduction is very significant, since in this application problem ξdiag(L⊤u) is twice as
large as Q⊤Q.
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Since both diagonal blocks are only semi-definite, we consider using the aug-
mented block diagonal preconditioner Pad in (2.3). We are thus left to appropriately
select the block D in (2.3). The matrix Q⊤Q is diagonal, with all zero diagonal entries
in the top part, namely Q⊤Q = blkdiag(0,Ω) with Ω diagonal and nonsingular; if not
already in this form, such ordering of the zero diagonal elements may be achieved
by row and column permutation of the data in the reduced system. Let IQ be the
projector onto the null space of Q⊤Q (this is nothing but a diagonal matrix with
one’s where the diagonal elements of Q⊤Q are zero). Following the approach in [3],
we define

D = Q⊤Q+ γIQ =

[
γI 0
0 Ω

]
, (4.3)

with γ > 0 to be chosen. Proposition 2.2 suggests that if γ−1 ≈ ‖B1A
−1

1
B⊤

1
‖

σmin(B2)2
, then all

singular values of the (1,2) block of the preconditioned matrix will be close to one,
and thus the spectrum of SP−1

ad will be nicely clustered. Since estimating σmin(B2)
is expensive, we content ourselves with the consideration that the finite eigenvalues µ
and corresponding eigenvectors x of the pencil (B2D

−1B⊤
2 , B1A

−1
1 B⊤

1 ) satisfy

µ =
x⊤B2D

−1B⊤
2 x

x⊤B1A
−1
1 B⊤

1 x
,

(cf. Proposition 2.2) where B2 depends on O(ht/hx) and B1 is independent of the
mesh [3]. Therefore, for hx ≈ ht, if D mimics A1 then all µ are not too far from one,

and the matrix B̂2 is not ill-conditioned. This reasoning leads us to set

γ := ‖A1‖, (4.4)

and our numerical experiments seem to support this choice. This choice is in agree-
ment with the argument in [3, sec. 6] where it is stated that γ should scale like
h2
xht, the way A1 does indeed. General qualitative arguments for other choices of this

augmentation parameter can also be found in [14].

To continue our analysis of Pad, we rewrite the eigenvalue problem P
− 1

2

ad SP
− 1

2

ad u =
λu as




0 B̂⊤
12

I B̂⊤
22

B̂12 B̂22 −T̂






x
y
z


 = λ



x
y
z


 , with

B̂12 = 1√
γ
C− 1

2B12,

B̂22 = C− 1

2B22Ω
− 1

2 ,
(4.5)

and T̂ = C− 1

2B1A
−1
1 B⊤

1 C− 1

2 ; here we have split the original B2 as [B12, B22] con-
formingly with A2 and also D in (4.3). This explicit form shows that a necessary

condition for the nonsingularity of the reduced system is that B̂12, and thus also B12,
be full column rank. For this type of structure it is possible to derive sharp estimates
for its positive and negative spectral intervals.

Proposition 4.1. Consider the preconditioner Pad in (2.3) with

C̃(D) = C(D) = B1A
−1
1 B⊤

1 +B2D
−1B⊤

2 and D = Q⊤Q+ γIQ, γ > 0.

Then the eigenvalues of SP−1
ad are contained in I− ∪ I+, with

I− =

[
−1,

1

2
(1−

√
5)

]
, I+ =

[
−1 +

√
1 + 4σ2

min

2
,
1

2
(1 +

√
5)

]
,
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where σmin ≤ 1 is the smallest nonzero singular value of B̂12 in (4.5).
Proof. We readily notice that if z = 0 in (4.5), then from the first block equation it

also follows that x = 0 (λ 6= 0, because of the nonsingularity of the matrix). Moreover,

from the second and third equations we obtain y = λy and B̂22y = 0. Since B̂22 has
full column rank, then the second equation is only satisfied for y = 0, which cannot
hold as it would imply a zero eigenvector. From now on we can thus assume that
z 6= 0.

With the notation introduced in Proposition 2.1, we first notice that the (1,1)

block in (4.5), namely Â2 = blkdiag(0, I), satisfies λmax = 1. Moreover, since T̂ +

B̂2B̂
⊤
2 = I and both matrices on the left-hand side are positive semidefinite, we have

γmax ≤ 1. A similar reasoning shows that σmax(B̂2) ≤ 1, where B̂2 = [B̂12, B̂22].
Therefore, Proposition 2.1 provides the right extreme of I+. Finding a sharp left
positive extreme is more cumbersome, as a mere application of Proposition 2.1 would
give a loose bound.

Let λ > 0 be an eigenvalue of (4.5). Substituting the first and second matrix
equations in the third one for λ 6= 0, λ 6= 1, we obtain

1

λ
B̂12B̂

⊤
12z +

1

λ− 1
B̂22B̂

⊤
22z − T̂ z − λz = 0.

We thus eliminate the denominator and noticing once again that T̂ + B̂12B̂
⊤
12 +

B̂22B̂
⊤
22 = I, we obtain

−λ3z + λ2B̂2B̂
⊤
2 z + λz − B̂12B̂

⊤
12z = 0. (4.6)

Let us write z = z0 + zB with B̂⊤
12z0 = 0 and zB ⊥ z0. We multiply (4.6) from the

left by z⊤0 and by z⊤B in sequence, that is

(−λ3 + λ)‖z0‖2 + λ2z⊤0 B̂22B̂
⊤
22z0 + λ2z⊤0 B̂22B̂

⊤
22zB = 0 (4.7)

and

(−λ3 + λ)‖zB‖2+λ2z⊤B B̂22B̂
⊤
22z0 (4.8)

+λ2z⊤B B̂12B̂
⊤
12zB + λ2z⊤B B̂22B̂

⊤
22zB − z⊤B B̂12B̂

⊤
12zB = 0. (4.9)

We note that for zB = 0 (and thus z0 6= 0), and using λ > 0, equation (4.7) gives

(−λ2 + 1)‖z0‖2 + λ‖B̂⊤
22z0‖2 = 0. Using λ‖B̂⊤

22z0‖2 ≥ 0 we get (−λ2 + 1)‖z0‖2 ≤ 0,
so that λ ≥ 1. In the following we can assume that zB 6= 0. Moreover, we can assume
that λ < 1, otherwise 1 would be the sought after extreme. From (4.7) we get

λ2z⊤0 B̂22B̂
⊤
22zB = −λ‖z0‖2 + λ3‖z0‖2 − λ2‖z⊤0 B̂22‖2

= −λ(1− λ2)‖z0‖2 − λ2‖z⊤0 B22‖2 ≤ 0,

so that from (4.8)-(4.9) we obtain

0 ≤ (−λ3 + λ)‖zB‖2 + λ2z⊤B B̂12B̂
⊤
12zB + λ2z⊤B B̂22B̂

⊤
22zB − z⊤B B̂12B̂

⊤
12zB ,

that is, λ3‖zB‖2 − λ2z⊤B B̂2B̂
⊤
2 zB − λ‖zB‖2 + ‖B̂⊤

12zB‖2 ≤ 0. Therefore we obtain the
inequality (for zB 6= 0)

λ3 − λ2‖B̂2‖2 − λ+ σ2
min ≤ 0,
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where σmin is the smallest nonzero singular value of B̂12. Finally, using λ3 ≥ 0 and
‖B̂2‖ ≤ 1 (cf. Proposition 2.2) we obtain λ2 + λ − σ2

min ≥ 0 from which the lower
extreme of I+ follows.

Let λ < 0. We multiply (4.6) from the left by z⊤ and notice that z⊤B̂2B̂
⊤
2 z ≤

‖z‖2, and −z⊤B̂12B̂
⊤
12z ≤ 0. Therefore,

0 ≤ λ(−λ2 + λ+ 1)‖z‖2.

Since λ < 0, it must hold that −λ2 + λ + 1 ≤ 0, from which the bound λ ≤ 1
2 (1 −√

5) follows. To obtain the left-hand bound, we observe that in (4.6) it holds that

z⊤B̂2B̂
⊤
2 z ≥ z⊤B̂12B̂

⊤
12z. Therefore, multiplying (4.6) from the left by z⊤ we obtain

0 ≥ λ(1− λ2)‖z‖2 + (λ2 − 1)z⊤B̂12B̂
⊤
12z,

that is, (1−λ2)(λ‖z‖2−z⊤B̂12B̂
⊤
12z) ≤ 0. Since λ‖z‖2−z⊤B̂12B̂

⊤
12z ≤ 0 for all z 6= 0,

it must be 1− λ2 ≥ 0, from which the bound −1 ≤ λ follows.

Remark 4.2. Interval bounds of the type as in Proposition 4.1 could be obtained
either directly, or upon matrix row and column permutations, from Proposition 2.1.
However, they are either loose, or they require further estimates for some of the
involved quantities.

We note that all bounds of Proposition 4.1 except for the left extreme of I+ are
independent of the spectral properties of the blocks and are thus mesh independent.
Therefore, the performance of the exact Pad (i.e., with C̃(D) = C(D)) will solely
depend on σmin, and to a large extent on the choice of γ.

The following example shows that the bounds of Proposition 4.1 are sharp.
Example 4.3. We consider the following data:

S =




0 0 −1 δ
0 2 10 1
−1 10 −20 0
δ 1 0 0




and δ is freely chosen. The preconditioner Pad is determined with D = diag([10, 2])
(γ = 10) and C = B1A

−1
1 B⊤

1 +B2D
−1B⊤

2 . The table below shows the true eigenvalues
of SP−1

ad and the estimates of Proposition 4.1 for various selections of δ.

δ spectral values

10−2 spec(SP−1
ad ) -1.0000 -0.61805 0.00603 1.6180

I−, I+ -1.0000 -0.61803 0.00599 1.6180

100 spec(SP−1
ad ) -1.0000 -0.66646 0.42423 1.5774

I−, I+ -1.0000 -0.61803 0.33426 1.6180

102 spec(SP−1
ad ) -1.0000 -0.70458 0.99980 1.4194

I−, I+ -1.0000 -0.61803 0.61797 1.6180

We note that the accuracy of all bounds can vary somewhat with δ, but that for
δ = 10−2 all bounds are accurate.

If the exact diagonal block C of Pad is replaced by an accurate approximation C̃,
then the spectrum of SP−1

ad does not change significantly, and the four extremes of
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Proposition 4.1 are each multiplied by a modest constant; cf., e.g., [23]. On the other

hand, if C̃ does not fully capture all spectral features of an ill-conditioned matrix
C, then the matrix CC̃−1 may have an isolated, small cluster of eigenvalues close
to zero. This is indeed the situation we encounter with the data in the application
problem we discuss in the next section. Theorem 2.4 in [22] ensures that in this case,

all eigenvalues of SP−1
ad with C̃ remain quite close to those obtained when using the

exact C (cf. Proposition 4.1), except for a small cluster of eigenvalues that scale like

the cluster near zero in CC̃−1. The number of these eigenvalues is strictly related to
the number of small eigenvalues of CC̃−1. We will explore in detail this phenomenon
in the next section.

4.1. Numerical experiments. In this section we report on our experience with
the reduced dimension linear system stemming from the Monge-Kantorovich problem.
The data stem from an image registration problem, where u represents the image
density, which is known at time zero (initial image) and at time T = 1/8 (final
image). The data and discretization procedure by means of finite differences are as
described in [3]. We stress here that since discretization in time is performed as for the
other variables, once the number of nodes nx, nt is selected, each block of the reduced
linear systems will have dimension n2

xnt. Since our main interest is in the solution of
the system, we will not report results for the whole simulation, corresponding to the
numerical solution of the nonlinear problem. Instead, in most experiments we select
a Newton cycle, typically the first one, and analyze the algebraic linear system to be
solved at that cycle. It is important to realize that the numerical results do change
at different cycles, although the qualitative performance is the same when comparing
different strategies.

10
−6

10
−4

10
−2

10
0

10
−2

10
−1

10
0

γ

σ m
in

(B
12

)

γ=||A
1
||

Fig. 4.1. Value of σmin(B̂12) as γ varies (cf. Proposition 4.1).

We first consider solving the reduced system (4.1) by means of minres, precon-
ditioned by Pad, where the matrix D is obtained by replacing zero diagonal entries of
Q⊤Q with γ (cf. (4.3) and (4.4)), and the second diagonal block of Pad is given by
C = B1A

−1
1 B⊤

1 + B2D
−1B⊤

2 . For the proposed discretization A1 is diagonal, there-
fore its Euclidean norm can be computed very cheaply to get γ. To fully appreciate
our choice of γ, in Figure 4.1 we show the value of σmin(B̂12) in Proposition 4.1, for
γ ∈ [10−7, 1] and n = 1000 (see below for more explanation on the data). The thick
dot refers to the value γ = ‖A1‖ in (4.4). Recalling that in general σmin ≤ 1, the
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estimates of Proposition 4.1 suggest that σmin should be as close as possible to one to
have a good clustering, and this is clearly achieved by tiny values of γ. On the other
hand, since γ affects the condition number of C and D, it should not be chosen to be
too small, otherwise dealing with an inexact version of Pad may become numerically
difficult. The plot shows that our choice of γ = ‖A1‖ appears to be very close to the
trade-off value of γ: the largest possible value yielding σmin ≈ 1. The choice of γ
proposed in [3], γ = mean(diag(B2B

⊤
2 )/diag(B1A

−1
1 B1))) = 0.00249 clearly gives a

smaller value of σmin(B̂12).
The exact application of the preconditioner yields the results shown in Table 4.1,

for different discretization meshes: nx × nx in 2D space, and nt in time, yielding
diagonal blocks both of size n2

xnt × n2
xnt. In addition, V G is of size 2n2

xnt. Various
combinations of nx, nt are reported.

Table 4.1
Monge-Kantorovich problem. Performance (CPU Time in seconds and # iterations) of minres

preconditioned by the exact version of Pad. n is the size of each of the (1,1) and (2,2) blocks. A
dash stands for excessive memory requirements.

nx nt n # it time nx nt n # it time

10 10 1000 12 0.19 10 10 1000 12 0.19
15 15 3375 13 1.28 20 10 4000 16 3.44
20 20 8000 14 8.17 30 10 9000 21 34.16
25 25 15625 15 33.31 40 20 32000 21 376.54
30 30 27000 16 109.25 50 20 50000 - -
35 35 42875 16 309.97
40 40 64000 - -

The convergence tolerance, based on the preconditioned residual Euclidean norm,
was set to 10−10. Note that this is a quite small tolerance, as significantly larger values
are used within the Newton iteration; For instance, 10−4 was used in [3]. We decided
to set a strict tolerance because it allowed us to uncover some phenomena that were
not visible otherwise, at least for small size problems and during the first few Newton
iterations. In particular, the stagnation phases we will discuss later in this section are
visible at the first Newton cycle only for a low residual norm (cf. left plot of Figure
4.2), as they also depend on the spectral distribution of the right-hand side. However,
for finer discretizations or for different data, these phenomena were visible also at an
earlier convergence stage, as shown in the right plot of Figure 4.2), where data from
the last Newton step were used.

According to Table 4.1, both discretizations show that this preconditioner is “op-
timal”, in the sense that the number of iterations does not grow with the problem
size. On the other hand, the computational costs of this “exact” preconditioner be-
come quickly prohibitive, mostly due to the factorization and solution with the matrix
C = C(D) = B1A

−1
1 B⊤

1 + B2D
−1B⊤

2 . As in the previous application problem, we
thus substitute the use of the exact C and its inverse with that of an Algebraic Multi-
grid operator; in the following experiments we selected once again the code hsl mi20
([6]), with the parameters control.one pass coarsen=1, control.v iterations=5,
control.st parameter=.85. In the following, the cost for generating the Multigrid
operator will always be included in the reported timing. We note that C does not
stem from the discretization of a standard second order elliptic operator, therefore we
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do not expect optimality of hsl mi20. We also remark that the matrix C also arises
in the numerical solution of the original problem in [3]: in there, the authors opted for
an inner-outer procedure, in which a system with C is solved by means of a Krylov
subspace method at each (outer) iteration. We do not explore this possibility here,
as this involves the introduction of an extra parameter, the inner stopping tolerance;
moreover, it was shown in [3] that this approach still displays some mesh dependence.

Table 4.4 shows that the computational costs decrease significantly when using
the multigrid operator, although mesh independence seems to be lost, as the number
of iterations grows with the grid refinement. This phenomenon will be analyzed
more closely in the following. But first we would like to notice that our numerical
experiments seem to support our choice of γ. Indeed, for γ as in [3] and n = 1000,
minres with Pad and AMG converged in 69 iterations and 0.47 seconds; for n =
27, 000 the method converged in 139 iterations and 38 seconds. These figures should
be compared with the corresponding ones in Table 4.4. We notice, however, that the
value of γ proposed by the authors of [3] was taylored towards their solution method,
which differs from ours, therefore different performance may be expected in the two
cases.

A close look at the convergence history of minres reveals that the convergence
behavior is a little more subtle than the numbers in Table 4.4 suggest, and that phases
of (almost) stagnation alternate with much steeper convergence rates. This pattern
can be appreciated in Figure 4.2, where the minres convergence history for three
mesh refinements is reported. The left plot uses data from the first Newton iteration,
while the right plot uses those from the last Newton iteration, at convergence. We
recall that both the coefficient matrix and the right-hand side change at each Newton
iteration. Especially for the data in the first Newton iteration, we see that for a
large portion of the convergence history, all curves look alike, suggesting an almost
mesh independence. Moreover, only at some stage stagnation occurs in each of the
histories. Such a pattern seems to indicate that the spectral distribution of SP−1

ad is
good, except perhaps for a few badly behaved eigenvalues, which delay convergence.
Note also that stagnation occurs at different convergence stages in the two plots,
and this mainly depends on the right-hand side eigendecomposition. Therefore, to
completely avoid the stagnation phase, it would not be sufficient to stop the minres
iteration earlier by setting a looser stopping tolerance, as stagnation may still occur.
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Fig. 4.2. Convergence history of minres with amg-based Pad, for three mesh refinements (here
nx = nt). Left: System data from first Newton iteration. Right: System data from last Newton
iteration (at convergence).
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Table 4.2
First approximate eigenvalues of the pencil (C, C̃).

approx λi nx = 10 nx = 20 nx = 30
i=1 9.4632e-04 1.7676e-05 1.3247e-05
i=2 9.4999e-04 1.8274e-05 1.3937e-05
i=3 8.5302e-01 1.5449e-04 4.6116e-05
i=4 8.5400e-01 1.5484e-04 4.6200e-05
i=5 8.5722e-01 6.2973e-01 3.7707e-01
i=6 8.5752e-01 6.3079e-01 3.7791e-01
i=7 8.6410e-01 6.6089e-01 3.8408e-01
i=8 8.6825e-01 6.6091e-01 3.8409e-01
i=9 8.7875e-01 6.6557e-01 4.0425e-01
i=10 8.8097e-01 6.6674e-01 4.0514e-01

As already mentioned, this setting was recently analyzed in [22], where it is shown
that the occurrence of such stagnation pattern may be associated with the non-full
optimality of the preconditioning matrix. More precisely, assume that C̃ is an ap-
proximation to C with both matrices symmetric and positive definite. It is shown in
[22] that if the pencil (C, C̃) has a small group of positive eigenvalues close to zero,
well separated from the other eigenvalues, then the preconditioned matrix SP−1

ad will
inherit such a cluster: an isolated group of negative eigenvalues close to zero arises.
Such a cluster of “badly” behaved eigenvalues causes temporary stagnation of minres,
while the method tries to resolve the cluster.

Table 4.2 reports the approximation by means of 50 iterations of the Lanczos
process (see, e.g., [1]) of the smallest 10 eigenvalues of (C, C̃) for the three mesh
refinements considered in Figure 4.2. In all cases the small group of well separated
eigenvalues is readily visible. It is also interesting to notice that the cluster moves
towards zero with the mesh refinements, causing a more severe stagnation phase for
finer meshes. This observation is in agreement with the curves shown in Figure 4.2.

Table 4.3
j∗th Newton iteration. Solution via minres with the augmentation procedure when the approx-

imate eigenvectors are computed either at iteration j∗ or at the first iteration. Reported are number
of iterations and CPU Time in seconds.

defl.vec. at j∗th it. defl.vec. at first it.
nx nt j∗ # it time # it time
20 10 4 21 0.80 21 0.79
30 10 5 30 2.29 30 2.26
40 20 5 38 15.81 38 16.55

We also notice that the occurrence of the small cluster does not seem to be
due to some anomalous behavior of the AMG preconditioner. Indeed, the original
matrix C does have a few small eigenvalues, which are apparently not captured by
the approximation C̃, and thus they are still visible in the pencil (C, C̃). We observed

a similar behavior when using an incomplete LU decomposition as C̃. The occurrence
of this small cluster in C is problem and discretization dependent, therefore such a
difficulty might not arise when analyzing slightly different application problems.

To cure the delay due to small tiny clusters, a deflation strategy is proposed in
[22], which can be easily incorporated in the usual preconditioned minres iteration.
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Fig. 4.3. Convergence history of minres with amg-based Pad without and with approximate
deflation strategy; nx = nt = 20.

The approach consists of employing approximate eigenvectors of the negative cluster
of SP−1

ad to enrich the method recurrence, so that no iterations are used to approx-
imate the corresponding quantities. It is important to realize that the approximate
eigenvector does not have to be accurate, so that cheap devices can be used: if y is
an eigen-approximation to an exact eigenvector of the pencil (C, C̃), then the vector
[−D−1B⊤

1 y; y] may be a good approximation to an eigenvector of the pencil (S, Pad)
[22]. We adopted this strategy in the following experiments, where the vectors y
were obtained with the Lanczos iteration [1], with a single cycle of dimension 50 on

(C, C̃). The retained approximate eigenvectors were selected as those corresponding

to eigenvalues of (C, C̃) less than 10−1. A typical convergence history is depicted
in Figure 4.3 where the convergence improvement can be fully appreciated. A more
complete account of the results obtained with this approach is summarized in the
right portion of Table 4.4. The rightmost values report the CPU time used to gener-
ate these approximations, and the number of eigenvectors retained. Although these
timings are high with respect to the solution time, it should be kept in mind that
this information can be recycled in subsequent Newton steps and thus can be fully
amortized. As an example, Table 4.3 reports the results from solving the system at
the j∗th Newton iteration (last iteration before convergence) when the augmenting
approximate eigenvectors are computed: (i) at the same j∗ iteration, or (ii) at the
first iteration. No significant difference is observed between the two choices, suggest-
ing that the approximate eigenvectors computed at the first Newton iteration can be
effectively used throughout the whole process. If additional spectral information on
the problem is available beforehand, then further savings can be obtained by avoiding
the use of an eigenvalue routine.

For the sake of comparison, we also tried different parameter values in hsl mi20,
namely we selected control.v iterations=10 while all other values were selected as
default (and not the ones chosen in previous experiments). The results are reported
in Table 4.5, and show that a lower number of iterations can be achieved by allowing
more V-cycles within the AMG operator; note however that the number of iterations
fluctuates somewhat, although it does not seem to have an increasing pattern. We
also notice that no clear stagnation phases could be detected during the convergence
history in all cases. However, the costs of the AMG-based preconditioner are sig-
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Table 4.4
Performance results of exact, inexact and deflated preconditioning variants. CPU time is in

seconds. Data are taken from the first Newton iteration. The last column reports the time used to
obtain the approximate eigenvectors of (C, C̃) and the (automatically chosen) number of approximate
eigenvectors retained.

nx nt n Pad Pad w/amg Pad w/amg+defl
# it time # it time # it time

10 10 1000 12 0.19 24 0.29 17 0.26 + 0.52, 2 eigs
15 15 3375 13 1.28 52 1.43 25 0.80 + 1.53, 5 eigs
20 20 8000 14 8.17 57 4.64 21 1.95 + 4.51, 4 eigs
25 25 15625 15 33.31 85 14.64 36 6.68 + 9.57, 5 eigs
30 30 27000 16 109.25 81 28.37 28 10.61 +19.03, 4 eigs
35 35 42875 16 309.97 122 65.82 47 27.33 +29.82, 5 eigs
40 40 64000 - 90 88.63 37 37.82 +52.23, 4 eigs
20 10 4000 16 3.44 46 1.49 18 0.70 + 1.74, 4 eigs
30 10 9000 21 34.16 68 5.26 25 2.12 + 4.36, 4 eigs
40 20 32000 21 376.54 76 31.63 32 12.55 + 21.05, 4 eigs
50 20 50000 - 94 59.96 39 24.28 + 33.21, 4 eigs

Table 4.5
Performance results of Pad w/amg, where the only non-default parameter was set to

control.v iterations=10. The digits report number of iterations and CPU time with data at the
first Newton iteration.

nx nt n Pad w/amg(v it=10)
# it time

10 10 1000 25 0.52
15 15 3375 29 1.82
20 20 8000 35 6.20
25 25 15625 43 16.81
30 30 27000 31 25.78
35 35 42875 56 70.61
40 40 64000 48 93.38
20 10 4000 33 2.54
30 10 9000 44 9.79
40 20 32000 40 45.22
50 20 50000 35 67.06

nificantly higher, compared with those obtained with the setting used in previous
experiments. These results show the expected fact that by allowing a more accu-
rate AMG preconditioner, performance in terms of number of iterations improves, at
the price of higher costs. Nonetheless, other preconditioning techniques specifically
adapted to this type of matrices may be better suited than the generic AMG operator
we have used. With the current setting, the use of the deflation strategy appears to
be more effective.

Remark 4.4. We also implemented the indefinite preconditioner Pindef in (2.4)
for this problem. However, the eigenvalue distribution of the preconditioned matrix,
even in the exact case (that is, with B̃2 = B2) was not favorable, as the (nonsymmet-
ric) solver showed some stagnation phase. We could adopt a deflation-type strategy
similar to what we proposed for the inexact Pad, however the occurrence of a non-
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symmetric matrix requires much more care in the implementation and accuracy of
the deflation strategy, which is beyond the aim of this paper.

Remark 4.5. Due to the more complex nature of the problem, we also experi-
mented with nonsymmetric preconditioners, which require the use of a nonsymmetric
solver. In particular, we explored a block (augmented) triangular preconditioner in
the style of [3], namely

Pab =

[
D B⊤

2

0 −C

]
, C ≈ B1A

−1
1 B⊤

1 +B2D
−1B⊤

2 , (4.10)

and D is a symmetric positive definite matrix completing the singular matrix A2. In
our tests, D and C were selected as in Pad. However, for the realistic case where C is
an (AMG) approximation to B1A

−1
1 B⊤

1 +B2D
−1B⊤

2 , we observed convergence delays
very similar to those described in Remark 4.4. For these reasons, we did not explore
this preconditioner further. Note that in [3], where (4.10) was used to precondition
(1.1), approximate solves with B1A

−1
1 B⊤

1 + B2D
−1B⊤

2 were performed by an AMG-
preconditioned Conjugate Gradient (PCG) iteration, giving rise to an inner-outer
method, in which the inner PCG stopping tolerance was an extra parameter to be
tuned; The outer method was necessarily a flexible solver [30].

5. Conclusions. We have shown that certain PDE-constrained optimization
problems lead to structured algebraic linear systems, whose dimension can be sig-
nificantly reduced without major computational overhead, thanks to the properties
of the matrices defining the blocks. We have explored the numerical solution of these
reduced problems by using different structured preconditioning techniques, report-
ing the effectiveness of the proposed strategies on two typical problems with data
stemming from realistic applications.
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[39] Fredi Tröltzsch. Optimal control of partial differential equations : theory, methods and appli-
cations. American Mathematical Society, Providence, RI, 2010. translated by J. Sprekels.

[40] Andy Wathen and Tyrone Rees. Chebyshev semi-iteration in preconditioning for problems
including the mass matrix. Electronic Transactions on Numerical Analysis, 34:125–135,
2008-2009.

[41] Walter Zulehner. Non-standard norms and robust estimates for saddle point problems. NuMa-
Report 2010-07, Institute of Computational Mathematics, Johannes Kepler University,
November 2010.


