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Abstract. We prove some existence results for the Webster scalar curvature problem on the
Heisenberg group and on the unit sphere of C**!, under the assumption of some natural
symmetries of the prescribed curvatures. We use variational and perturbation techniques.
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1. Introduction

In this paper we prove some existence results for the equation

—Apu® = KOu® 2, & cH (1.1)

where Appn is the sublaplacian on the Heisenberg group H" and Q = 2n 4 2
is the homogeneous dimension of H". Our results provide existence of solutions
for the Webster scalar curvature problem on H” and on the unit sphere S*'*!
of C"*!, under suitable assumption on the prescribed curvatures. This problem
is the CR counterpart of the classical Nirenberg problem. In this paper we shall
mainly assume that the prescribed curvature K has a natural symmetry, namely
a cylindrical-type symmetry. Our main results are contained in Theorems 2.1, 2.3,
2.5, and 2.8 below.

We remark that one of the main features of the above equation (1.1) is a lack of
compactness due both to the criticality of the exponent (Q +2)/(Q — 2) and to the
unboundedness of the domain. Non-existence results for(1.1) can be obtained using
the Pohozaev-type identities of [12] under certain conditions on K. In particular it
turns out that a positive solution « to (1.1) in the Sobolev space S(l) (H™) (with the
notation of Section 2) satisfies the following identity

f ((z,20), VK(z, t)u(z, I)%dzdt =0
Hn
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provided the integral is convergent and K is bounded and smooth enough. This
implies that there are no such solutions if ((z, 27), VK(z, )) does not change sign
in H" and K is not constant.

The link between equation (1.1) and the Webster scalar curvature problem on
the sphere is briefly discussed below. Let us denote by 6y the standard contact
form of the CR manifold S***!, Given a smooth function K on S*'*1, the Webster
scalar curvature problem on S***! consists in finding a contact form 6 conformal
to 6 such that the corresponding Webster scalar curvature is K (for the definition
of the Webster scalar curvature, see [22]). This problem is equivalent to solve the
semilinear equation

by Agyv(O) + Kov() = K™™', ¢ es™t] (1.2)

where b, = 2 + %, Ag, is the sublaplacian on (S¥+1 6p) and Ko = n(nz_+1) is the
Webster scalar curvature of (S***!, 6p). If v is a positive solution to (1.2), then
S+ 9 = U%Qo) has Webster scalar curvature K. Using the CR equivalence F
(given by the Cayley transform, see definition (2.6) below) between S?**! minus
a point and H", equation (1.2) is equivalent to (1.1) with K = K o F~!, up to
an uninfluent constant. We refer to [14] for a more detailed presentation of the
problem.

Indeed in the papers [14—16], Jerison and Lee extensively studied the Yamabe
problem on CR manifolds (see also the recent papers [10,11]). On the contrary,
to the authors’ knowledge, very few results have been established on the Webster
scalar curvature problem. In a recent paper [20] by Malchiodi and one of the
authors, a new result is obtained in the perturbative case, i.e., when K is assumed
to be a small perturbation of a constant (see the papers [3, 8], for analogous results
concerning the Riemannian context).

The aim of this paper is to begin to study a case analogous to the radial one in
the Riemannian setting. The natural counterpart in our context seems to be that of
cylindrical curvatures

K(z,t) = K(z|, 1)

(see Section 2 for all the notation) and not that of “radial” ones K = K(p). Indeed
cylindrical curvatures K on H" correspond on S*'*! to curvatures K depending
only on the last complex variable of S'*! € C"*!,

K&ty ooy Gng1) = K (Cut1),

in analogy with the Riemannian case where radial curvatures R on R" correspond
to curvatures R(xy, ..., Xy41) = R(xy41) in S¥ € RV*!, via the stereographic
projection.

However, the cylindrical case presents higher difficulties with respect to the ra-
dial Riemannian case. Indeed, when K is cylindrical, one can reduce equation (1.1)
to a two variables PDE, but not to an ODE as in the radial case. Nevertheless we
are able to adapt a technique by Bianchi and Egnell [6] in order to obtain our first
existence result Theorem 2.1. This technique consists in a minimization on a space
of cylindrically symmetric functions and is based on a concentration-compactness
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lemma that can be proved by just adapting the classical result by P.L. Lions
[17,18] holding in the euclidean context.

We then deal with the perturbative case, obtaining some results via the abstract
Ambrosetti—-Badiale finite dimensional reduction method [1,2] (see Theorems 2.3,
2.5, and 2.8). Using this method we are able to prove, in the CR setting, some
results analogous to those found in [3] in the Riemannian setting. More precisely
in [3], Section 4, the radial symmetry allows to reduce the perturbation problem
to the study of critical points of a one variable function, thus obtaining more
precise and neat results than for the nonradial case. Similarly in our setting the
cylindrical symmetry leads us to treat a two variables problem and to find results
like Theorems 2.3 and 2.8, which have no counterpart in [20], where the Webster
curvature problem is treated without requiring any symmetry, and like Theorem 2.5,
which requires assumptions of the type of [20] only on the function K restricted
to the axis {z = 0}. For other results related to the Riemannian case in presence of
symmetry we refer to [4-6,13].

We finally remark that some other results for equation (1.1) on the Heisenberg
group have been obtained in the papers [7,19,21]. However, our hypotheses on K
are very different from the ones in such papers where K is assumed to satisfy
suitable decaying conditions at infinity. In particular, the results of [7] require an
estimate of the type K| (p)Aunp < K < K»(p)Amn p (p is the homogeneous norm
on H" defined in (2.1) below) involving the degenerate term Ay p, which allows
to “radialize” the problem and to apply ODE methods.

2. Notation and main results

Denotingby £ = (z, 1) = (x+iy, ) = (x, y, 1) the points of H" = C" xR = R>"*+!,
let us recall that the group law on the Heisenberg group is

oy to(,y, ) =@+x,y+y, e+ +2x - y—2x-y)

where - denotes the usual inner product in R”. Let us denote by tz(§") = £ o €' the
left translations, by 8, (&) = (Az, A%f), A > 0 the natural dilations, by Q = 2n + 2
the homogeneous dimension, and by

p® = (Iz|* + ' 2.1)

the homogeneous norm on H". The Lie algebra of the left-invariant vector fields
on H" is generated by

a a a )

xi—, j=1,2,...,n.
ox; oy, o !

The sub-elliptic gradient on H" is given by Vin = (X4, ..., X, Y1,...,Y,) and
the Kohn Laplacian on H" is the degenerate-elliptic PDO

n

Agn = Z (X3 +7Y7).

j=1
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We will say that a function f : H" — R is continuous on H" if it is continuous
and there exists lim; s f(z, ) € R. In this case we will denote by f(co) such
a limit.

Let K be a continuous function on H'. We shall always suppose that K has
cylindrical symmetry, i.e. K(z,f) = K (]z|, 1), and that K is locally Holder contin-
uous in ]0, oo[ xR. Let us consider the following equation on H"

—Agpu=Ku?"", u>0 inH", ()

where O* = % We will work in the space of cylindrically symmetric functions
of the Folland-Stein Sobolev space Sj (H"), namely in

Seyt(H") = {u € Sy = u(z, 1) = ulzl, 0},

where S} (H") is defined as the completion of C3°(H") with respect to the norm
2 — 2
1012, g = /H \Venu 2 dz di.

Let us remark that Q* is the critical exponent for the embedding S} (H") <
L2 (H"). Choosing suitable regularization functions, it is not difficult to recognize
that we have

Sy(H™) = {u e L2 M@ : /

|Virnu|? dz di < oo}
H}'l

and that S_,(H") is equal to the closure in Sy(H") of the set of cylindrically
symmetric Ci° functions. Let us also observe that Sclyl (H") is a Hilbert space

endowed with the scalar product (u, v) = fH,, Vunu - Vgnvdz dt. Let us denote
by S the best constant in the Sobolev-type inequality (see [15])

SIvlGe = 101Gy gy V0 € o). (2.2)

It is known (see [15]) that all the positive cylindrically symmetric solutions in
S(l) (H") to the problem

_0 *
—AmU = So02y2 !

are of the form

_0-2 r t—s
Uns(@, ) = cop™ 7 Uo| —, — (2.3)

(for w > 0 and s € R) where r = |z|,

] 4
o(r, ) = (m)

and ¢, is a positive constant to be chosen in such a way that [i, |Vin U,sl> = 1.
By solutions to problem () we mean weak solutions in the sense of S(l) (H™).
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On the other hand, under our hypotheses solutions in the Séyl (H") sense are also
solutions in the S} (H") sense, as is shown in Lemma A.2 in the Appendix.

Our first result is the counterpart in the Heisenberg context of a result of
Bianchi and Egnell [6] about radial solutions of the corresponding problem for the
Laplacian on the euclidean space.

Theorem 2.1. Assume that K is a continuous cylindrically symmetric function
on H" such that there exists K(00) = lim; 5o K(z,1) € R, K is positive some-
where and

sup K(0, 1) < K(00). 2.4)
teR

If either K(0o) < 0 or there exist p > 0 and s € R such that

(K(z. 1) — K(c0)) U2, dzdt > 0, (2.5)
H”

then problem (P) has a cylindrically symmetric solution.

Remark 2.2. The solution u found in Theorem 2.1 above, satisfies the decay con-
dition u = O(p?>~2) at infinity (see e.g. [20, Proposition 2]). Moreover, by means
of standard regularization techniques based on the results of Folland and Stein [9],
one can prove that « is smooth if K is smooth. We finally remark that Theorem 2.1
gives also an existence result for the Webster scalar curvature problem on the sphere
S¥+1 by means of the CR equivalence F : S\ {(0, ..., 0, —1)} — H",

1 —
F(C1, oony Enst) =< A ,Re(i 9’*‘)). 2.6)
1+ Cnt1 1+ Cn+1 1+ Cn+1
We also remark that the set {(0, r)|r € R} € H" (i.e. the center of the Heisenberg
group) corresponds via F to the circle {(0, w) € C" x C|w € S'} € §?"*!. Hence
condition (2.4) is equivalent to
max K (0, w) < K(0, —1)

weS!

(where K = K o F is the prescribed curvature on S+1).

Theorem 2.1 is proved by a minimization technique that makes use of a con-
centration compactness argument. Since the solution is found as a constrained
minimum, it is not possible to obtain in the same way an analogous result with
inequalities (2.4) and (2.5) in the opposite sense.

In the second part of the paper, we shall deal with the case in which K is close
to a constant, namely K(z,#) = 1 + ¢k(z, t). We will consider the perturbation
problem

—Awu=0+ebu?"", u>0 inH", (P.)

where ¢ is a small parameter and k is a bounded cylindrically symmetric function
on H". Following the Ambrosetti and Badiale [1,2] finite dimensional reduction
method we are able to prove some perturbative existence results, which in most
cases require weaker assumptions than Theorem 2.1. Our first perturbation result
is the counterpart of [3], Theorem 4.5.
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Theorem 2.3. Assume that k is a continuous cylindrically symmetric function on
H" with k(00) := lim(; -0 k(2, t) € R and that there exist n > 0 and s € R such
that either

/ (kG2 1) = supk(0, ) ) U2, dzdr > 0 @7
H” oeR
or
f (k(z, f) — inf k(0, (7)) U2, dzdr < 0. 2.8)
H” geR ’

Then problem (P;) has a cylindrically symmetric solution for |e| sufficiently small.

Remark 2.4. 1. In fact, from the proof it will be clear that we do not need to
assume that the limit of k at oo exists, if we assume instead that either

f (k(z, 1) — limsup k(u, $))UZ, dzdt > 0
H" (p.5)—00 '
or

/ (k(z, 1) — liminf k(u, 5)) U, dzdt < 0.
T (,8)—>00 >

n

2. Note the presence of the strict inequality in (2.7) and (2.8) which is due to
technical reasons.

3. Assumption (2.7) is weaker than assumptions (2.4) and (2.5), with strict in-
equality in at least one of them. The case covered by (2.8) has no counterpart
in Theorem 2.1. Actually in such a case the solutions we will found are not
constrained minima like the ones found in Theorem 2.1.

Using the perturbation method, it is also possible to find some other results,
requiring assumptions on the behavior of £ on the axis {z = 0} instead of integral
assumptions of the type (2.7) and (2.8). The following result is analogous for the
Heisenberg group of [3], Theorem 4.4.

Theorem 2.5. Assume that k is a cylindrically symmetric function such that k =
k o F is a smooth function on S*+', and that there exists a point (0, 5) € H" such
that k(0, 5) = max, k(0, o) and

Ay k(0,5) >0

where Ay yk =Y, [gjc—:; + %] Then problem (P;) has a cylindrically symmetric
solution for |e| sufficiently small.
Remark 2.6. 1t is also possible to find solutions under the assumption that there

exists a point (0, 5) € H" such that (0, §) = min, k(0, o) and A, ,k(0, 5) < 0.

Remark 2.7. Letusremark that the assumption that k comes from a regular function
on the sphere through the Cayley transform implies that & has finite limit at oo and
that ||, | Vk]|, | V?k|, and |#292k]| are bounded.

Our last result is inspired by [4], Theorem 5.1(a).

Theorem 2.8. Assume that k is a cylindrically symmetric continuous function such
that there exists lim(; - o0 k(z, t) and k(0, t) = k(oco) for any t € R. Then problem
(P¢) has a cylindrically symmetric solution for |¢| sufficiently small.
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3. Proof of Theorem 2.1

In this section we shall prove Theorem 2.1 by finding a solution of ($) as a mini-
mizer on the constraint

M:{fesgyl(H”): 1/ g1 ey = 1. f K|f|Q*>0}.
HVL

Note that the assumption that K is positive somewhere ensures that M is nonempty.
Let us consider the minimum problem

y = inf Fk(u) (Ix)
ueM

where Fx : M — R is defined by

,Q% ,QT
37K<u)=(/ K|u|Q*> =(f K|u|Q")
H" H”

Suppose that u € M attains the infimum in (Ix). Then u is a critical point of Fx
constrained on M. Then there exists a Lagrange multiplier A € R such that

(Fx@),v) = MG (), v) Yve S, H")

where §(u) = [y |Vanu|*, namely for any v € Seyt (H")

_9
* 2 *
—Q</ K|u|Q) /KlulQ _2uv=2A/ Vi - Vinv. (3.1
H}'l H}'l H}'l

Testing (3.1) with v = u, we can easily compute the value of A, thus finding
A = —2 Fk (). Hence (3.1) can be written in the form

—1
/VHnu.Van:</ K|u|Q*) fK|u|Q*—2uv Vv e Sy (H")
H” H” H”

which is equivalent to the fact that u is a weak solution in the Sgyl (H™) sense of the

equation
—1
—Agnu = (/ K |u|? ) K [u|? 2u.
HVL

Without loss of generality, we can assume u > 0; otherwise one takes |u| after
noticing that if u € M, then |u| € M and Fx(|u|) = Fx(u). From Lemma A.2,
[20, Proposition 2] and the Harnack inequality proved in [14, Proposition 5.12] it
follows that u is strictly positive and hence u satisfies

—Amnu = </ K|u|Q*)
H}'l

1
Ku21.
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Let us consider the rescaled function

1
) 2-0%
U= (/ K |u|? ) u.
H}'l

It is easy to check that # > O satisfies
—Agpit = K9 ™!,

hence i is a solution to problem (). Therefore, the above argument shows that
the existence of minimizers of (Ix) provides a weak solution in S‘l:yl (H") to (P)

(and hence in S(l) (H"), thanks to Lemma A.2).
A sufficient condition for the existence of minimizers of (Ix) is given in the
following lemma.

Lemma 3.1. Let § = sup{K"(0,7) : t € R} and assume that there exists V. € M
such that

0-2 0
27857

Fr(V) = inf F5(v) = F5(Up,s) =8~
veM
If § = 0 it is enough to assume M # () (i.e., K positive somewhere). Then the
infimum in (1) is attained.

Proof. Let (u,,),, be a minimizing sequence for (Ig), i.e.,

27£
* 2 *k
(/ K|um|Q> oy, /K|um|Q ~ 0, /WHnumF:l.
H m——+00 e H

Up to a subsequence, we can assume that u,, — u in Sclyl (H") (and in S} (H")

and L2 (H")). In view of Lemma A.3 we have that u,, converges to u in L9(C)
for any set C of the type {z : 0 < ¢; < |z] < ¢} X [—c3, 3] (and hence on
any compact set away from the axis {z = 0}) and for any 1 < g < 400. From
a suitable H" version of the concentration-compactness principle of P.L. Lions (see
Theorem A.4) there exist some nonnegative finite regular Borel measures v, v, 1
on ﬁn, an at most countable index set J, a sequence (z;, 1;) € H", v/, v>® € (0, 00)
such that (passing to a subsequence) the following convergences in the weak sense
of measures hold

* M * .
| dx = v = u|? + Zufa(z,-ﬂ-) + 180 (3.2)
jeJ

Klun|® dx 2 vg = Kl + Y K&, )80 ,5) + K008 (3.3)

jelJ
M L2 2

Vit > dx = = [Venul* + ) SO 85 )+ SO 060 (34)

J

Moreover if (z/, t/) does not belong to the axis {z = 0}, i.e.,if z/ # 0, then (z/, t/)
is in some compact set of the type {z : 0 < ¢; < |z] < ¢2} X [—c3, c3]. Hence,
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in view of Lemma A.3 in the Appendix, fc lum — u|2" — 0 and consequently
fc lum|@" — f c |u|2". Take some continuous nonnegative function ¢ with compact
support and satisfying ¢(z/, #/) # 0. For such a ¢ we have that [, glu,,|¢" —
Je @|u|2" and hence

0 =10, ).
Therefore it must be v/ = 0, so that we can assume, without loss of generality, that

7/ = 0forany j € J. We claim that u € M. Let us distinguish two cases.

Case § > 0. We can assume y < §~ S2 Otherwise if y > 6~ &2 SZ we have

F(V) <6§™ o2 S 2 < y and hence V is a minimizer. Let y < 6~ QZ_S 2. Since u,,
is a minimizing sequence, from (3.3) and (3.4) we have

85~ F < 0T = vy () =/ Klul2 + " KO, ) + K(oop™, (3.5)
H” .
J

L2 2
1> / Venul® + S0 T + S 27. (3.6)
H” ~
J

We claim that fH,, |[Vipul?> = 1. By a way of contradiction, assume that
Jin | Venul* = p with p € [0, 1[. From (3.6) we have

* o* 2 2 14

S5 > ; [Z("] )or (UW)F] ’ 3.7)
(3.5) and (3.7) imply that

_2 0* 2 215

Yy 7 = 8(1 — p)_TI:Z(UJ)Q* + (UOO)Q*]

J
__2 _o* i

hence y 22 > §(1 — p)~ 2 (Z, v/ + v°°). Therefore

S(Zvj+v°°> <(-p%y (3.8)
J

(3.5), (3.8), and the definition of § imply that

2 « .
y T2 :/ Klul® + )" K, t/)v/ + K(co)v™
H” ~
J

* of _ 2
</ Klul® +(1—p)zy 02, (3.9)
H}'l

Hence fH,, K|u|2 > 0.Setit =up~"/? € M; we have

Jon Ku|@" . 2
T - i1 2 02
PE /Hn Klul¥* <vy . (3.10)
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From (3.9) and (3.10) we obtain that

2 2 * *
y 27 < V*W[p% + —p)QT]
namely 1 < 022 4+ (1= p)2"/2 < p+ (1 — p) = 1 which is not possible.

Case § = 0. In this case K(co) < 0 and K(0,#) < 0 for any # € R and thus (3.5)
and (3.10) imply

o

__2_ o* _ 2 2 2
0<y 272 < Klul® <y 22 | Vi ue
Hn Hn

Hence [y, [Venul* > 1. Since from (3.6) we have [y, [Vanul* < 1, we can
conclude [y, |Vinu|* = 1.

The claim that u € M is thereby proved. From (3.6) we obtain also that it must
be v/ = v™ = 0. Hence, in view of (3.5), we deduce that the minimum in (Ix) is
attained by u. O

Proof of Theorem 2.1 completed. Let § be as in Lemma 3.1. If K(co) < 0 then
8§ =0.If K(co) > 0then § = K(c0) > 0 and from (2.5) we have

/ KU > / Ul
H” H"

2-0 2-0
A\ 2 <\ 2
H” H"

Lemma 3.1 (with V = U, ) allows us to conclude. |

and hence

4. The perturbation problem

In this section, we focus our attention on the case in which K is close to a constant,
namely K(z, 1) = 1 + ¢k(z, ). We deal with the perturbation problem

—Awu=0+ebu?"", u>0 inH", (P.)

where ¢ is a small real perturbation parameter and & is a bounded cylindrically
symmetric function on H". Our approach is based on the finite dimensional reduc-
tion method developed by Ambrosetti and Badiale [1,2] and recently applied by
Malchiodi and one of the authors [20] to the problem of prescribing the Webster
scalar curvature on the unit sphere of C"*!. Cylindrically symmetric solutions of
() can be obtained as critical points on the space Séyl (H™) of the functional

f(u)—l/ V. u|2—L/ (1 + ekyu"
T f Q* Jun o
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Indeed, if u is a nontrivial critical point of f;, testing f;(u) with u_ = max{—u, 0}
we obtain that 0 = (fi(u),u_) = —||u,||§l(Hn) and hence u_ = 0. From
0
Lemma A.2, [20, Proposition 2] and the Harnack inequality proved in [14, Propo-
sition 5.12] it follows that u > 0.
For ¢ = 0, the unperturbed functional fy has a manifold of critical points Z

given by
Z = {z,m cmu>0,s€ ]R} “4.1)

where z,, ¢ is given, up to a constant, by the function U, ; defined in (2.3), namely

@9 o2 (z t—s)
Zp,s\Zs = MK w| —,
o woop?

where

o) = (Q - (P + (1 +1PP) T, 42)

4.1. The abstract perturbation method

For the reader’s convenience, here we recall the abstract result that we will use in
the sequel, for the proof of which we refer to [2,3]. Let E be a Hilbert space and fj,
G € C*(E,R).Letusdenote by D’ fo(u) € L(E, E’) the second Fréchet derivative
of fo at u. Through the Riesz Representation Theorem, we can identify D? fy(u)
with f'(u) € L(E, E) given by f'(u)v = K (D? fo(u)v) where X : E' — E,
(JC((p), 1//)E = p{p, ¥)g, forany ¢ € E’, ¢ € E. Suppose that fj satisfies

(a) fo has a finite dimensional manifold of critical points Z;
(b) forall z € Z, fi(z) is a Fredholm operator of index 0;
(c) forall z € Z, there results 7. Z = ker f{'(z).

Condition (c) is in fact a nondegeneracy condition that is needed to apply the
Implicit Function Theorem. The inclusion T, Z C ker f;'(z) always holds owing to
the criticality of Z, so that to prove (c) is enough to prove that ker f'(z) € 7. Z.

Consider the perturbed functional f,(#) = fy(u) —eG(u), and denote by I” the
functional G \ - Because of assumptions (a), (b), and (¢), it is possible to prove (see
Lemma 4.4) that there exists, for |¢| small, a smooth function w,(z) : Z — (T.2Z)*
such that any critical point 7 € Z of the functional

b, : Z — R, D (2) = fe(z + we(2))

gives rise to a critical point u, = 7 + w.(Z) of f;; in other words, the perturbed
manifold Z, = {z + w.(2) : z € Z} is a natural constraint for f,. Moreover @,
admits an expansion of the type

D.(z) =b—¢el(z)+0(e) ase— 0 4.3)

where b = fy(z) forany z € Z.
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Theorem 4.1. Let f satisfy (a), (b), and (c) and assume that I" has a proper local
maximum or minimum point Z. Then for || small enough, the functional f. has
a critical point u, such thatu, — Z as ¢ — 0.

Remark 4.2. If Zy = {z € Z : I(z) = ming I'} is compact, it is still possible
to prove that f; has a critical point near Zy. The set Z, can also consist of local
minimum points; the same holds for maximum points.

4.2. The unperturbed problem

In order to apply the abstract result stated above, we have to prove that the unper-
turbed functional

1 2 1 o* 1 n
Jo(u) = 2 [Vinul” — 0 uy , u€ S, (H"),

satisfies (a), (b), and (c). Condition (a) clearly holds. Indeed, as remarked above,
Jfo has a two dimensional manifold of critical points Z, see (4.1). Moreover, it is
quite standard to prove that (b) holds. Indeed fj € C2(S1 1(H") R),

(fi v, h) = (v, h) — (Q* — 1)/ u? vk Vu,v ke SLH,
Hn

and for any z € Z the operator f{j'(z) : Séyl (H") — Séyl (H™) is of the type I — C.,
where / is the identity and C, is a compact operator and hence f; (z) is a Fredholm
operator of index 0.

Let us now prove (c). The tangent space T;,  Z is given by

9
T. 7= { Lot

BZ,\,;
Zpuss Py +B

r=p ot r=p
t=s t=s

:oc,,Be]R}.

Lemma 4.3. Forany i > 0, s € R, there holds
T.,,Z =ker fq (z,.s).

Proof. As remarked in the previous subsection, it is enough to prove the inclusion
ker fi (z,.5) € Tz,“Z We can assume u = 1 and s = 0, since ker f{(z,.5) is
isomorphic to ker £'(z1,0), owing to the invariance of the problem under dilations
and translations along the t-axis. If u € ker f{/(z1,0), we have that u is a solution

in the weak sense of S, ! l(]I-]I”) of the linearized problem
~ A = (Q* — Dz, 7u in Shy(H").

Because of Lemma A.2, u solves the above equation also in SO (H™). It has been
proved by Malchiodi and one of the authors [20] that any solution u in S} (H") of
such equation is of the type

2n+1 w P
A
+ i
- (é) Zv %
§=

&, £ eH",
r=1
£=0

s
u(é)—a m
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for some coefficients « € R and v = (vy, ..., va,p1) € R?H! where, for A € R
2

and £ € H', wye = A~ T w0 8,1 0 11, namely if & = (2, 1) = (Y, 1),

&= (z,t) = (x, y,1), then

Ba),\ y Ba),\ )
u@. ) =@y ) =e LY (YL
(1,0,0,0) (1,0,0,0)
" Jdw " ow
3%, Y, A, Y,
+ZV1 % (-x/’ y,,t/)+zfi 7")7 (x,7 y/’ t,)
i=1 " 1(1,0,0,0) i=1 " 1(1,0,0,0)
“4.4)

for some o, B € R,y = (y1,...,¥n) € R'yand t = (71,...,7,) € R". We
claim that the cylindrical symmetry of u implies that, for any i = 1,2,...,n,
yi = 1, = 0. We have

d -2
Dty = - 220
EN =1 .
F(Q -2+ 1 +1ZPY) F A+1ZPIP
_on
+(Q =D + A+ )7
9 —2)9/2
6;;5 @ 1) = 2 (0-2) —
1= (" +A+121»)?) ¢
x ((1 + |Z/|2)x/ _ t’y’, (1 + |Z/|2)y/ + t/x/, t//2).
Therefore %hl 0 and
aw X,y / s 1 2 / -8 /
% (x9y7t):E(Q—Z)Q/z(t2+(l+|z|2)2) e
(1,0,0,0)

are cylindrically symmetric functions. If u is cylindrical, in view of the cylindrical

0y )y
symmetry of w’\ai” and Méf’” , from (4.4) we deduce that

n

Z ; awk,x,y,t
Vi axi

i=1

@, 1)
(1,0,0,0)

n
8wk,x, ot
(z’,t’)+Zn -
(1,0,0,0) i=1

must be cylindrical, hence
o N S 112N+ ’/ 112N+, r!
Ay ) ="y (4 1 P)x) = y]) + 7 (L + 12 Py + 1x)
i=1
must be cylindrical. From

RO, ..., 1...,0,0,...,0,0) = h(0,...,—1...,0,0,...,0,0)
—— e — —— e —

X y/ X y/
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it follows that 2y; = —2y; and hence y; = Oforanyi = 1, ..., n. In the same way
7, =0foranyi = 1,...,n. The claim is thereby proved. As a consequence, we
have that ker £ (z1,0) is contained in T,  Z. |

4.3. Study of I and proof of Theorems 2.3 and 2.5

In our case, the reduced functional I” is given by

N, s) = Q*/ k(z, t)zQ (z,)ydzdt = Q*/ k(uz,/ft—i-s)a)Q*(z, 1 dzdt

Vn

= @ / k(ur, /L2t +s)a)Q* (r, t)r2n—1 drdr,

O<r<oo
teR

where y,, is the measure of the unit (2n — 1)-sphere. The function I” can be extended
with continuity to u = 0 by setting

1, s) = %k(o, 5) f 0@ (r, )r" " dr dt = by k(0, s) 4.5)

O<r<oo
teR

where by = é = w?”. By the Dominated Convergence Theorem it follows that

Mooy i= lim T, 5) = bok(o0). (4.6)
JL,8)—> 00

Moreover, if k = k o F~! with k a smooth function on the sphere S*"*!, we have
that

1 ¥
D, I, s)= o / [Vk(uz, Wit +s) -z +20k(uz, nit + syut]o? (z, 1) dzdt
Hn

D, 170, s) = QL Aﬂ ) [Vok(0, 5) - z]w? (z, ) dzdt = 0 4.7)

and

2
DMLF(O, s)

n 2k

1 92k 2k
= @ /I;I” |: Z axiax] O, S)xlx] + Z a 8 (0 S)yly] + 20,k(0, S)ti|
i j=1

i,j=1

02 (x,y,H)ydxdydt

= 5o k0.9 [ 1P G dz 4.8)

Proof of Theorem 2.3. Assumption (2.7) and (4.6) imply that I'(co) < I(u,s)
whereas assumption (2.7) and (4.5) imply that sup,, 110, 0) < I(u,s), hence I"
must have a compact set of global maximum points in the interior of the half-plane
{(m,s) : n > 0}. From Remark 4.2 we get the conclusion. In the case of (2.8) we
have I'(co) > I'(u, s) and inf, I(0, o) > I'(i, s) hence I" must have a compact
set of global minimum points. O
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Proof of Theorem 2.5. The assumptions of Theorem 2.5 imply, in view of (4.5),
(4.6), (4.7) and (4.8), that I(0, §) = max, 1(0,0) > I(oco) and D,110,5) = O,
D,ZL, . 100,5) > 0 hence I" must have a compact set of global maximum points
in the interior of the half-plane {(u, s) : @ > 0}. The conclusion follows from
Remark 4.2. |

4.4. Study of @,

To prove Theorem 2.8, the study of the functional I" is not sufficient since in
this case I" may be constant even if k is a non-constant function. This fact leads
to a loss of information, because the first order expansion (4.3) is not enough to
deduce the existence of critical points of @, from the existence of critical points
of I'. Therefore we need to study the function @, directly, which in our case is
a function of the two variables (i, s) € Rt x R.

For u > 0 and s € R, let us define the map

1 n 1 n _0-2 z t—s§
ul‘«,S : Scyl(H ) — Scy](H )’ uﬂ,s(”)(z’ t) =K Zu ;’ /J,2 .

It is easy to check that H UM,S(M)HSQ y = IIMIISL{yl(Hn) , for any u € Séyl(H”),

(="
yl
nw > 0,and s € R, and that fy = fo o U, . Moreover we have (‘L{,L,S)i1 =

U1 2y = (‘u,m)’ where (‘u,m)t denotes the adjoint of U, . Differentiating
the identity fo = fo o U, s we observe that

f(; = (‘uu,s)71 o f(; ° uu,s
and
f(;/(u) = (‘uu,s)i1 o f(;/(‘uﬂ,s(u)) oUus, VYuce S;yl(Hn). 4.9)

Z and Uy, : (T,L2)F — (T, 2)*".
Because of nondegeneracy, the self adjoint Fredholm operator | (w) maps S éyl H™)
into (7,,Z)* and f{(w) € L((T,,Z)*). Moreover (4.9) implies that

” f(;/(“))_l ”.,C((Twz)i) = ” f(;/(z)_l ”.,C((TZZ)i) VzeZ (4.10)

Lemma 4.4. Assume k € L°°(H"). Then there exist constants &y, C > 0 and
a smooth function

Clearly we have U, : T,Z — T.

Zu,s

w=w,s,¢6): (0,400) x R x (—&,£0) —> Sh,(H")

such that for any u > 0, s € R, and ¢ € (—¢, &)

w(, s, &) isorthogonalto T, Z 4.11)
fg/(Zu,s + w(u, s, 8)) €T, .2 4.12)
lw(w, s, &)l = Clel. (4.13)

Proof. Since it will be useful in the sequel, we write the complete proof of the
lemma which follows the proofs of analogous results of [2,4]. Let us define
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H : (0, 400) x R x S, (H") x R x R x R —> SJ,(H") x R x R
(M9 s, w, oy, 0, 8) > (fg/(Z[L,S + w) - aléﬂ,s - azi‘[l,,S9 (wa é;l,,s)a (wa é‘[L,S))9

where éw (resp. éw) denotes the normalized tangent vector %zw (resp. E;—)Szw).
If H(w,s, w, oy, a,e) = 0 then w satisfies (4.11)—(4.12). On the other hand
H(u, s, w, a1, az,¢) = 0if and only if (w, oy, o) is a fixed point for the map
F, 5. defined as

F;I,,S,E(wa al ’ 052)

dH -
= 7(“’7 S, 07 09 07 O) H(Mv s, w, o, 03, 8) + (wv aj, a2)~
(w, a1, o2)

To prove the existence of w satisfying (4.11) and (4.12) it is enough to prove that
F,, s,¢ s a contraction in some ball B,(0), with p = p(¢) > Oindependentofz € Z,
whereas the regularity of w(u, s, €) follows from the Implicit Function Theorem.
We have

oH
(7(/¢L7 s, 07 09 07 O)) (wv /317 ﬁ2)

o(w, ay, az)

= (f(;/(zu,s)w - .Bléu,s - IBZ&M,S’ (w’ ép,,s)a (w’ é‘u,s))-

From (b) we deduce that (-—2—(y, s, 0, 0, 0)) is an injective Fredholm operator

[
I(w,op,00)
of index zero, hence it is invertible and

dH !
(7(/1,,3, 07 09 07 O)) (w9 ﬁly ﬁ2)

o(w, ay, o)

= (:Bléu,s + :324.‘//.,5 + fé/(zu,s)_l (w — (w, ";'-p.s)";:p_s — (w, éu,s)éu,s),

- (w’ ép,,s)a _(wa éu,s))-
In view of (4.10), we have that

0" (1.5.0.0.0.0) h
YN ,8,U, 0,0,
dw, ar )

(5 )~ ) = max (1, (£ @) ')
Set C, = max (1, [ (f§(@))~"|l). For any (w, a1, &r2) € B,(0) we have
”F/L,S,S(wv ay, )| < Cy Hfg,(zp.s +w) — f(;/(zu,s)w”

< max (1, |

1
SQ/WWM+M—ﬁWMWMM+MMWmﬁMH
0

1
5@AMﬁ@+mawM—AMwaw+@Mwhw+mu

< Cup sup || fi(@+w) — f{(@)] + Culel sup |G (zs +w). (4.14)

lwll=p lwll=p
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For (wlv ar, /31)9 (U)2, az, /32) € Bp(o)
”FM,S,S(wlv op, ﬁl) - F},L,S,S(wzv o, ,32)”
Cillwr — wa|
< ” fa/(zu,s +wp) — fg/(ZIL,S +wy) — 6/(211,,&)(“)1 — ws) ”
B lwi — wall

1
< / 2 G+ wa + w1 — w2)) — £ )|
0

1
+ lé] / |G (zpus + wa + t(wy — wo))| at
0

< sup |fi(w+w) — fJ )]+ el ” srpg [G"(zps +w)|.  (4.15)
wll<3p

lwli=3p

Choose py > 0 such that C supy, <3, Il fo (@ + w) — ff'(@)|| < 1/2and &9 > 0
such that

—1
2e0<( s 1G'@+wl) ¢ and

z€Z,|wl=3po

/ -1 —1
3eg< (s IGG+wWI) o

z€Z,[wll=po

With these choices, for any z,, s € Z and |¢| < &g the map F, ;. maps B,,(0) into
itself and is a contraction there such that || F), s «(w1, a1, B1) — Fyu 5.6 (W2, a2, B2)|| <
Allw; — wz]|, where the constant A € (0, 1) does not depend on i, s, €. Therefore
F. 5,¢ has a unique fixed point (w(u, s, ), a1 (i, s, €), a2 (i, s, €)) in B, (0). From
(4.14) we also infer that F,, ; . maps B,(0) into B,(0), whenever p < po and

p>2lel( sup [1G' (zp,s +w)|)Ci.

lwli=<p

Consequently for the uniqueness of the fixed point we have

”(w(M’ S’ ‘9)7 al (I'L9 Sa ‘9)7 052(/1«, S, 8))” S 3|‘9|( Sup ||G,(ZM,S + w)”)c*a

llwll<po
which gives (4.13). m|
We are now interested in the behavior of the function

Do (i, 8) = fol(zps + w, s, €))

the critical points of which on R x R give rise to critical points of f on S‘l:yl (H"), as
remarked in Subsection 4.1. In particular we will prove the following proposition.

Proposition 4.5. Assume that k is cylindrically symmetric and continuous on H".
Then for any 5 € R there holds

0-2

(@) 1m0 0.5 Pe (1 8) = fo(@) (1 + k(0. 5) 2
(i) limg, 900 Pe (i, 5) = fo(w)(1 + ek(00)) ™
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Remark 4.6. Thanks to the above proposition we can extend @, to the axis {x = 0}
by setting

-2

_0-2
@:(0.5) 1= fo(@)(1 + k(0. 5))” 2

and to infinity by setting

_0-2
.(00) 1= fo(w)(1 +ek(00)) ™ 2

thus obtaining a continuous function on {(u, s) : © > 0} U {oo}.

For i > 0, s € R, let us consider the functional f/** = f; o U, 1. €.
1L, 1 2 1 2 o*
) = < | Vinu| dzdt——* (l—i—sk(uz,u t—i—s))u+ dz dt.
2 Jun Q* Jun
There results (fsf‘*s)/ = (‘u,t,s)‘l o flo Uy, and
s\ —1 1/
(F2) @) = (Ups) o £/ w) 0 Ups,
forany u € Sgyl (H"). Let us consider the map
H™ ¢ SL(H") x R x R x R —> SL,(H") x R x R,
(w, a1, 02, &) — ((f°) (@ + w) — ardy — axdo, (w. &), (w. &)
where & (resp. £o) is normalized tangent vector %zw| Lo (resp. 5—11#,&} )
pu=1,5= n=1,s=0

‘We have

dHM OH
——(0,0,0,0) = ——(1,5,0,0,0,0)
o(w, a1, a) o(w, ar, az) =l
s=0

H s .. . JHMS -1
hence 522£--(0,0,0,0) is invertible and | (72£-5(0,0,0,0)) || < C.. The
map
dH"*

—1
————(0,0,0,0) ) H"*(w, 1,2, ) +w,ar, o)
o(w, ay, az)

F:\lqs(wa aj, 052) = _<
satisfies

IFE (w, ar, e2) || < Call i @prs + Ups W) = fo @) Ups W) |
and
| FI5 (wy, an, Br) — FE (w2, 0, Bo) |
Cillwi — wa|
2 G + U s i) = fips + Ups(W2))) = f5 @pes) (Upes (w1 — wo)) |
- U s (i) — Uy s (W)l
which imply, in view of (4.14) and (4.15), that F/** is a contraction in the

same ball where F), ;. is a contraction (see the proof of Lemma 4.4). Hence

F/** has a fixed point (w/*, o}, &y’)) such that H™*S(wi*, o, oy}, ) = 0.
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From the uniqueness of the fixed point of F/** and from the fact that
(F1) (@ + (Up) ™ wpe, 5, ) € T,Z
and (W) "' w(n, s, 8) € (T,Z)", it follows that wi* = (U, )~ (w(i, s, £)),

where w(u, s, €) is given in Lemma 4.4. Assume now that & is continuous on H"
and fix s € R. Let us consider the functional

os _ 1 2 1 o*
‘fs Y= = |VHnM| — —(1 —+ 8k(0, S)) M+ .
2 Hn Q* =

_0=2
For wg's = (t(s) — 1)w where 1. (s) = (1 + ¢k(0, s))” % we have

(ff’s)/(a) + wg’s) =0
and

(2o ) = ek (3 g5 ) [ o
2 Q0 H"

and hence H%S(w%*, 0,0, &) = 0 where

H (w, a1, a2, 8) = ((f2°) (@ + w) — a1éo — axdo, (w, &), (w, &)).

We have 21 (0,0, 0, 0) = 2 (1,5.0.0.0.0)|, , andhence (w?*, 0, 0)

o(w,aq,a) (w,aq,a2) =
s=0
is a fixed point of the map

IH

—1
—————(0,0,0,0)) H™(w, a1, @, + (w, @1, @).
o(w, ay, az)

Ff’s(w,al,az)=—<

It is easy to check that FS*S is a contraction in some ball of radius O(|e|). Hence

w?* is the unique fixed point of F** in such a ball.

_0=2
Let us also set w® = (t° — Dw, 12° = (1 + gk(00))™ "7 .
Lemma 4.7. For any 5 € R there holds
w* = w% as (u,s) = (0,3), 4.16)

&
wh — w,  as (u, s) — (0, 00). 4.17)
Proof. We have
| (u,0.0) = £ (u,0.0)|
< C.J|H"* (w25, 0,0, ) — H* (w2, 0,0, ¢) |
= (2 (0wl = (12 o+ w)|
= G| (£) t Do) — (f2F) (t: D).
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Because of (2.2) and the Holder inequality we have

(72 ) = (1) @G, v)|

/ elk(uz, 1%t +5) = k(0.9)] (1. )2 v
H}’L

0* 0* « or] ©
< S—1/2||v||[/ e T k(pz, 1t +5) — k(0,5 21 1,(5) 2 w? ]
H}'l
and hence by the Dominated Convergence Theorem,

1) @) — (£25) (1)) |

*—1

) I
=c lk(uez, 't +5) — k(0,5)| "' — 0.
H" (11.8)—(0.5)

Therefore

F (w?s,0,0) — F5 (w?,0,0), as (i1, 5) — (0,5). (4.18)

&

Since F!** is a contraction with a contraction factor 0 < A < 1 independent of
W, s, and & we have

s = w27] = (o o) = (027,0.0)]
07

= || F/* (w, a‘ﬁ’;, ob) — FO’E(wg‘ ,

+F2 (u,0.0) = F(uf,0,0)]
<l — w4 E(u27,0,0) — FOT (w0, 0,0)]
and hence from (4.18) we obtain (4.16). The proof of (4.17) is analogous. O
Proof of Proposition 4.5. By definition of &, and /-, we have
Do(1t,5) = [ + Wit 5.8)) = f1 (0 + wl). (4.19)
Moreover
1w )
= (o wl?) = 05wk wlt) + O (o ut)
— é /H (k(0,5) — k(uz, Wt + ) (w + wé”).Q: dzdt + [ (w + w)

and hence by (4.16) and the Dominated Convergence Theorem

F1% (0 + wi) " )—?0 . 125 (0 + wd). (4.20)

On the other hand we have that
fos(a) + w? ) = 931, (Hw) = folw)(1 + k(0, 5))_%;2- (4.21)
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From (4.19), (4.20), and (4.21), (i) follows. In an analogous way, using (4.17), it is
easy to prove (ii). O

Thanks to Proposition 4.5 it is now quite easy to give some conditions on k
in order to have critical points of @,. In particular the knowledge of k on the axis
{(0,s) : s € R} and at oo gives exact information about the behavior of @, on the
axis {(0, s) : s € R} and at co.

Proof of Theorem 2.8. As remarked in Subsection 4.1, it is enough to prove that
@, (i, s) : Rt x R — R has a critical point. In view of Proposition 4.5, k(0, 1) =
k(co) YVt € R implies that @.(0,71) = &P.(c0) V¢ € R. Hence, either @, is
constant (and we have infinitely many critical points) or it has a global maximum
or minimum point (it, §), it > 0. In any case, @, has a critical point which provides
a solution to (£). m|

Appendix

In the first part of this appendix, we prove some technical lemmas about the
properties of cylindrically symmetric functions of the Folland—Stein Sobolev space
Sh(H™).

Remark A.1. If u(z,1) = u(|z|, 1) , v(z, ) = V(|z], f) are in S;yl(H"), then u,v €
HILC({(r, 1) € R%|r > 0}). Moreover the following formula holds a.e.

(Vamu, Vignv)(z, 1) = (3,40,7 + 4r°8,ud,0) (|z], 1) (A.1)

Proof. 1tis straightforward to verify that formula (A.1) holds for smooth functions.
In order to extend it to general u,v € S;yl(]HI”), we choose two sequences of
cylindrically symmetric functions ¢y, ¥ € Cg°(H"), converging in S(l) to u, v,
respectively. By a cylindrical change of coordinates, it is then easy to see that
$k, Jk are Cauchy sequences in H 1(§2) for every 2 CCJ0, oo[xR. Moreover,
since ¢ — u, Yy — v, pointwise a.e. (up to subsequences), the limits of 5;{, 1’/7/C
in H'(£2) are necessarily 7, 7. As a consequence, formula (A.1) (which we know
to hold for ¢, ¥y) extends to u, v by means Bf the a.e. pointwise convergences
VH"d)k — VHnu, VHn Iﬂk — VHnU, (8r¢k9 B,qbk) — (arﬁ, 8[1:{'), (8r1ﬂk, B,wk) —
(0,0, 9,0). |

Lemma A.2. Let K(z,1) = l?(|z|, 1), with K bounded and locally Holder con-
tinuous in 10, co[ xR, and let u € Séyl(]HI”) be a (nonnegative) weak solution
of —Awu = Ku? " in the Sclyl(]HI”) sense (i.e., with respect to Sclyl(]HI”) test
functions). Then u is a weak solution of the same equation in the S(l) (H™) sense.

An analogous result also holds for weak solutions of the equation —Agnu =
(Q* — HUL " u.

Proof. Let us prove the statement related to the equation —Agnu = Ku2 ! (the
same proof works also for the other equation). Recalling Remark A.1, for every
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test function $ € C5°(J0, oo xR) we have

Cnf K@ ='@r ' drdr :/ Ku? "¢ = | (Viwu, Ving)
10.00[ xR H o

=, f (8,140, ¢ + 4r23,00,9)r*" " drdt
10,00[xR

where u(z, 1) = i(|z|, 7). Hence U is a weak solution of the elliptic equation
=0, (r*"~"0,) — 0, (4r*" 1 o,) = > K !

in ]O, oo[ xRR. Now, using a classical bootstrap elliptic argument, one can easily
see that # € C?(]0, oo[xR). As a consequence u € C>({(z,1) € H"|z # 0}) is
a classical solution of the equation —Agu = Ku? ~!in {z # 0} and we can
argue as follows. Let us fix a test function ¢ € Cg°(H") with support contained in
R x [T, T]and letus set 2, = {(z, 1) e H" : |z] < &, |t| < T}, 8. = {(z, 1) €
H" : |z| = &, |t| < T}.Letus also choose a vanishing sequence of positive numbers
&i such that

f |Vigu|?dHa, = o(+),  ask — oo

8

€k
€k

(such a sequence does exist since |Vgnu| € L>(H")). Then, setting

L, 0 2y
A=0 I, —2x1],
2y —2x 4|z|2

we have by the Divergence Theorem

/ ((Vinu, Vi) — KMQ*—lqs)‘ -
GNP

f div(pAVu)
H™\ 2,

O (Venu, Van (2))dHo,

/ (pAVu, V(—2))dHa,
5

€k

scf VienildHa, 5c<f
S E)

ek ek

(Sgk
12
|VHnu|2dH2,,> gl b2

= 0(82’1), as k — oo.
Since | [y o, (Vanie. Vang)—Ku@ ' @)| = | [y ((Vemu, Vin$) —Ku@" "),
this proves that [, (Vimu, Vi) = [, Ku@ =g holds for every ¢ € C3°(H")
and thus for every ¢ € S} (H"). o

Lemma A.3. Letu,, be a sequence weakly converging in S éyl (H") to some function

u e Séyl(]HI”). Then (up to subsequences) u,, — u in L4(C) for any set C of the
type{z: 0 < c1 < |z] < 2} X [—c3, ¢3] (and hence on any compact set away from
the axis {z = 0}) and for any 1 < g < +00.
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Proof. Let C = {z: ¢ <|z| < ¢} X [—c3, c3]. From Remark A.1 we have that
for any function w € Séyl (H™)

[Vinw|? = 3,w]* + 4r%|8,w|>. (A.2)

Let now u,, be a sequence weakly converging to u in Séyl (H") (and so in S} (H")
and in L2" (H™)). Thanks to (A.2) we can write

2 2 2 2\ 2n—1
constzf [ Vanitm|© = v /;1<V<C2 (|8rum| + 4r°|0;uy,| )r "“drdt
c <r<

[t]<c3

> yymin {1, 4ct et / (18,um|* + 19 |*) dr dt
[er,calx[—c3,c3]

and analogously for the L?> norm. Hence the sequence u,,(r, 7) is bounded in
the space H! ([61 , 2] X [—c3, C3]) which is compactly embedded in L4 ([cl, o] %
[—c3, C3]) forany 1 < g < +o0. Therefore, up to a subsequence, u,,(r, t) — u(r, )
in L9([c1, 2] x [—e3, ¢3]). Consequently, we get

-1
/ [ty —ul? =y, ﬁl creey Um (1) —u(r, N dr dr
c <r<

[t]<c3

<yt f [t (ry ) — u(r, |9 dr dt —> 0.
[e1,e2]x[—c3,¢3]

Lemma A.3 is thereby established. O

Let us now state the P.L. Lions concentration—compactness principle in H".
Since the proof does not present further difficulties with respect to the euclidean
case (see [17] and [18]), we omit it. Let I =H"U {oo} be the compactification
of H". Let us denote by M(H") the Banach space of finite signed regular Borel
measures on ﬁn, endowed with the total variation norm. In view of the Riesz
representation theorem, the space M(ﬁn) can be identified with the dual of the
Banach space C(H"). We say that a sequence of measures 1, weakly converges
to p in M(ﬁn) if for any f € C (ﬁn) (i.e., continuous on H" with finite limit
at 00)

[ s — [ ran.
Hn Hn

In this case we will use the notation w,, — K.

Theorem A.4 (Concentration-compactness). Let {u,,} be a sequence weakly
converging to u in S(l) (H™). Then, up to subsequences,

(i) |Vnitm|? weakly converges in M(ﬁ”) o a nonnegative measure |4,
(ii) |um|Q* weakly converges in =M(H”) o a nonnegative measure V.
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Moreover there exist an at most countable index set J, a sequence (z;,t;) € H",
v/, v € (0, o0) such that

v=ul? + Z Vj(S(zthj) + 16800
jelJ
.2 2
= [ Vinul® + ) S0 0785 ) + SO) 0 b
jelJ
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