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ABSTRACT. We construct the fundamental solutions for the sub-elliptic oper-
ators in non-divergence form >, sa; ;(%,t) X;X; — 0 and 37, ;a;,;(z) X, X,
where the X;’s form a stratified system of Hérmander vector fields and a;,;
are Hoélder continuous functions belonging to a suitable class of ellipticity.

1. MAIN RESULTS

Let G be a stratified group, i.e., let G be a connected and simply connected Lie
group such that its Lie algebra g admits the decomposition

g=06:® - O 6,, where [1,8;] = &;;1,[&1,8,] ={0}.

If {X1,..., X,,} is a basis of &1, we call the second order linear operator Y .-, X? a
sub-Laplacian on G. The study of general second order linear PDE’s sum of squares
of vector fields (started with Hormander’s paper [13]) has significantly developed
after the works by Folland [1I] and by Rothschild and Stein [23]; in the latter it
has been shown that any general Hormander operator can be locally approximated
by a sub-Laplacian on a (free) stratified group G. Since the appearance of this
result, the study of stratified groups (also known as Carnot groups) has received
great impulse from many authors and from different points of view. Second order
linear and nonlinear PDE’s of sub-elliptic type arise in various settings: geometric
theory of several complex variables, curvature problems for CR-manifolds, sub-
Riemannian geometry, diffusion processes, control theory, and human vision; see,
e.g., [10, 15, 08, 211 22| 241 [25]. The underlying algebraic structures of all these
equations are stratified groups G.

In this note, we present a result from a wider project aimed to apply analysis on
stratified groups to the study of fully non-linear PDE’s of sub-elliptic type arising
in the geometric theory of several complex variables such as the Levi-curvature
equation, which has achieved rising concern in the last few years (see [10] 14}, 201
24]). The core of this project is to study the fundamental solutions for the linear
parabolic-type operators in non-divergence form on G x R = RN +1,

(11) H:ZLjai,j(x,t)Xin — O ({E € G, tGR),

where the X;’s are as above and a; ; are Holder continuous functions belonging to

Received by the editors November 11, 2002.

2000 Mathematics Subject Classification. Primary 35A08, 35H20, 43A80; Secondary 35A17,
35J70.

Key words and phrases. Non-divergence sub-elliptic operators, stratified groups, fundamental
solutions, parametrix method.

Investigation supported by the University of1]03010gna Funds for selected research topics.

(©2003 American Mathematical Society



LEVI’S PARAMETRIX FOR SUB-ELLIPTIC NON-DIVERGENCE OPERATORS 11

a suitable class of ellipticity. Analogously, we study the fundamental solutions for
the linear sub-elliptic non-divergence operators

L= Zm-am- (J,‘) Xin.

Operators such as ‘H and £ naturally intervene in the linearization of non-linear
sub-elliptic equations. Then, the non-divergence form of H and £ is a crucial
requirement in view of our applications in non-linear PDE’s analysis.

Several results concerning divergence form operators — > i X/ (a;;X;) are pre-
sent in the literature, both for linear and quasi-linear equations. Harnack’s in-
equality, regularity results for solutions, existence and size estimates of the Green’s
function can be found, e.g., in the papers [6l [7, [9], 2] 9] 26]. On the contrary, at
the authors’ knowledge, very few papers are devoted to non-divergence form oper-
ators. We may just quote a work by Bramanti and Brandolini [5] and the recent
paper by Capogna and Han [§], where a priori estimates in LP and Holder spaces,
respectively, are proved.

Here we discuss the existence and the well-behaved properties of the fundamental
solutions for H and £. We construct a fundamental solution I' for H by means of
the well-known Levi’s parametrix method, whereas a fundamental solution ~ for
L is derived by a t-saturation argument. We explicitly remark that several new
difficulties arise in the adaptation to our setting of the cited parametrix method.
The major of these difficulties consists in obtaining suitable wuniform estimates
for the relevant frozen operators (see (L4)). The derivation of these estimates
is outlined in Section @1 Here we only point out that we make use of a lifting
procedure to free stratified groups, and of an accurate analysis of the equivalence
(via well-estimated automorphisms) of all sub-Laplacians on such free stratified
groups. Moreover, the lack of knowledge of an explicit expression for the parametrix
clearly makes Levi’s method more involved than in the classical context.

By integrating I' over the time variable t, we are then able to construct also
a local fundamental solution « for £. This can be done provided suitable long-
time estimates of I' are established. We stress that, whereas optimal small-time
estimates of I and of its derivatives can be directly obtained from the construction
of ', a more delicate matter is to show long-time estimates. We are able to obtain
the latter up to a suitable modification of the coefficients a; ; outside a compact
set (see Lemma B.3 below).

We hereafter announce our main results (all the notations are explained below).
For the complete proofs we refer to [2].

Theorem 1.1. Suppose the coefficients a; ; of H belong to the ellipticity class M
and to the Holder space T*(RN*1). Then there exists a fundamental solution T for
‘H, with the properties listed below.

(i) T is a continuous function away from the diagonal of RN+ x RN+1. More-
over, for every fired ¢ € RNt T(5;¢) € TR RN\ {¢}) and we have
H(D(50)) = 0 in RV {C).

(ii)) D(z,t;€,7) = 0 for t < 7. Moreover, there exists a positive constant M
and, for every T > 0, there exists a positive constant ¢(T) such that, for
0<t—71<T, the following estimates hold:

2 X
0 < D(a,t:6,7) < efT) (1 — 1)~ exp (— ot ((t ’ﬁ)),
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| ] 2(a,6)
| Xi(T(5€,7)) (@, )| < e(T) (t—7) (@FD/2 exp ( - m)a
(12) XX (0 7) (1)), [0(T(5€ 7)) (1)

< o(T) (t— 1)~ (@+D/2 oy ( (2,8 )

Mt —7)
(ili) For every ¢ € Cg°(RNTL), the convolution w(z) = [pnii D(2;¢) ¥(¢) dC
belongs to the class Tot*(RN*Y) and we have Hw = —p in RN+,

(iv) Let u > 0 and Ty > Ty be such that (To — T1)u is small enough. Then,
for every f € TPRN x [T1,Ts]) (where 0 < 3 < «) and g € C(RN)
satisfying the growth condition |f(x,t)],|g(z)] < c exp(ud?(z)) for some
constant ¢ > 0, the function (defined for x € RN t € (T1,Ts))

wot) = [ TeteTo@der [ Tanen) fendgdn

N x[T1,t]

belongs to the class T2 (RN x (Ty, To)) NC(RY x [Ty, Ts]). Moreover, u is

loc

a solution to the Cauchy problem Hu = —f in RN x (T1,Ty), u(-,T1) = g.

Theorem 1.2. Suppose that the dimension m of &1 is greater than two. Suppose
the coefficients a; j of L are in the Holder space T*(RYN) and in the ellipticity class
M. For every fized bounded open set Q C RN, there exists a fundamental solution
~ for L in Q, with the properties listed below.
(i) v is a continuous function away from the diagonal of RN x RN. Moreover,
for every fived £ € RN, ~(-,€) € FIQO'EO‘(RN\{f}) and we have E('y(',f)) =0
in Q\ {€}.

(ii) For every compact set K € RY, there exists a positive constant ¢ such that
0< (2,6 <ec(l+d(,)*?), (€K, zeRY.

(ili) For every i € Cg°(RY), the convolution w(x) = [pn v(x;€) (€) A€ belongs
to the class TEZE*(RY) and we have Lw = —1 in Q.

loc

In the above theorems, we have denoted by @ = > 7_, jdim(®;) the homo-
geneous dimension of G, by d a fixed homogeneous norm on G and we have set
d(z,y) = d(y~'ox). Moreover, given A > 1, we have denoted by M the ellipticity
class of the m x m symmetric matrices A such that A=1|¢[? < (A€, &) < A[€]?, for
every £ € R™. Finally we have denoted by I'?, T4 the appropriate sub-elliptic
Holder spaces.

As is well known, Levi’s parametrix method requires the knowledge of several
good properties of the frozen constant coefficient parabolic-type operators

(1.3) Ha=La— 0= Zzljzl aij XiX; — 0,
where A = (a; ;);,; is a fixed matrix in the ellipticity class M. For instance, a cru-

cial role is played by the following uniform Gaussian estimates for the fundamental
solutions I'4 of H4:

}Xil . le (8t)q PA(LL',t) — Xil . 'Xip (8t)q FB(LL',t)|

d2
< apq l|A = BI[VT t=(@Fp+20/2 gy ( _ %),

(1.4)
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for every A, B € My (here, ||Al| denotes the matrix norm max|¢—; |A¢]). Gaussian
estimates, but not uniform, for heat kernels on Lie groups were proved by Jerison
and Sanchez-Calle [16], by Kusuoka and Stroock [I7] and by Varopoulos, Saloff-
Coste and Coulhon [25]. Uniform estimates, but not Gaussian, for families of
Hérmander operators generalizing (I.1]), were proved by Rothschild and Stein [23]
and by Bramanti and Brandolini [5].

Since the derivation of uniform and Gaussian estimates is a non-trivial task
and is a key point in proving the main results we announce here, in Section
we briefly recall how (I4) can be established by a direct approach. In Section
Bl we briefly outline the proof of Theorem [[.1] describing our adaptation of the
parametrix method and how uniform estimates naturally intervene. Finally, we
sketch how long-time estimates are used in order to prove Theorem [[:2] employing
both a t-saturation and an approximation argument.

2. BACKGROUND MATERIAL

The classical Levi’s parametrix method (i.e., if the underlying stratified group is
the usual Euclidean space (R, +)) exploits at various levels the explicit knowledge
of the fundamental solution for the strictly parabolic constant coefficient operator
Zgjzl a; ; 0;0; — 0y (A = (a;,;):,; being a positive-definite matrix). Obviously, this
fundamental solution is given by the composition of the fundamental solution of the
classical heat operator Ef\il (0;)2 — 0; on RN with a linear change of coordinates
related to the matrix A—1/2.

A naive idea in studying the fundamental solutions for (I-3)) and in approaching
(T4) is to ask if something similar may occur in the case of general stratified groups
G. Namely, we ask if all sub-Laplacians on G can be put (via a diffeomorphism)
into a fixed canonical form. To this end, if A = (a; ;)i j<m is a positive-definite
symmetric matrix, we first remark that £4 = Zzljzl a;; X;X; may be rewritten
as > Y2, where Y; = Z;nzl (AY/2), ; X;. As a consequence, it is natural to ask if
there exists a diffeomorphism T4 : G — G such that (in the new coordinate system
defined by T4) the vector field Y; is turned into the (fixed) left-invariant vector field
Z; agreeing at the origin with §;. In this way, if we set Ag = >_1" | Z? (we call Ag
the canonical sub-Laplacian on G), the sub-Laplacian 2111 Y? is turned into Ag,
ie.,

(2.1) La(uoTy) = (Agu)oTy, foreveryue C®(G).

In the classical case when X; = 9/0x;, this problem always has a solution. On the
contrary, counterexamples can be given showing that T4 may not exist for general
stratified groups G and, when it exists, it may be non-linear (see [4]). Broadly
speaking, the problem relies on the commutativity properties of the X;’s: if the
linear dependence relations among commutators up to order r of Xy,...,X,, are
the least possible, then the above problem does have a solution. More explicitly, if
G is a free stratified group (i.e., its Lie algebra is isomorphic to a free nilpotent Lie
algebra) then there exists an automorphism T4 of the group G satisfying 2.1).

As a straightforward consequence, when G is free, we are able to obtain the
fundamental solution I'y for Hy = L4 — 0, simply as the composition of Ty with
the fundamental solution I'g for the fized canonical heat operator Ag — 0;. Indeed,
if G is free, it turns out that

(2.2) Tyu(x,t;¢,7) = |det I, (2)| Te(Ta(z), t; Ta(§),7), =z, &€ RN, t,7eR
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(Jr, denotes the Jacobian matrix of T4). Thanks to this somewhat explicit rep-
resentation of the fundamental solution for H 4, the next step in order to obtain
the uniform estimates in (I4) is to establish ad hoc uniform estimates for T4. To
this end it can be proved that |det Jr, (z)| turns out to be a uniformly bounded
constant and that d(Ta(z), Tg(z)) < ca ||[A— B||*/" d(x) for every A, B € My and
x € G. Consequently (see [I]), when G is free, the uniform Gaussian estimates
(C4) follow from (22) and from the following Gaussian estimates of the (fixed)
fundamental solution I'g:
2
[ Xiy - X5, (00) T (@, 1)] < cg t™ (P02 exp ( - %)
e

In order to handle the case of an arbitrary stratified group G, our main tool
is to lift G to a free stratified group G in such a way that Ag is lifted to Ag.
The lifting technique introduced by Rothschild and Stein in [23] together with
some further remarks on the homogeneity properties of stratified groups, allows
us to prove the following lifting result (see also [B]): If G is an N-dimensional
stratified group then there exists an H-dimensional free stratified group G (with
H > N) such that, denoting by 7 : R¥ — R the projection on the first N
coordinates, for every u € C*(G), we have Z;(u o ) = (Zju) o 7, where S ZE
and ZZL ZQ are the canonical sub-Laplacians Ag and Ag, respectively. Since
&, = span{Zi,..., Zn}, the lifting result leads to a correspondence between the
operators Ha = >, aij X;X; — 9 on G x R and Ha = D1 @ij XX, -0,
on G x R.

The lifting result also allows us to establish a natural relation between the fun-
damental solution I'4 for H4 and r 4 for H 4. Indeed, we have

(2.3) Ca(z,t) = [pu-n Ca((z,7),t)dZ, for every z € G, t € R,

where (z,2) denotes the point of RV x R~V This fact, together with the estab-
lished uniform estimates for free groups, allows us to prove (I4)) in the general case.
Indeed, by means of the integral representation in (23]), it is possible to transfer
the uniform estimates for {T'4} to the uniform estimates for {I'4}.

3. LEVI’S PARAMETRIX METHOD

We first fix some notation. The point of R¥*! will be denoted by z = (z,t)
(z € RN, t € R) and analogously ¢ = (£, 7). The coefficients a; ; of the operator H
in () will be assumed to satisfy

(aij(@.0),, € M, laij(e,1) — ai (2’ )] < Ld(w,a')* + ]t —1'|*/2).

All constants will be meant to depend on A, L, «. Following (IL3)), we set for brevity
Hey := Haqc,) (and analogously, I'¢, := T'4(¢,)). The uniform Gaussian estimates
discussed in Section Bl (see, e.g., (L)) allow us to prove the following estimates of
the fundamental solutions I'¢, for the frozen operators He, (uniform in (p):
¢ E(z, ¢ ) < T (w,t) < cE(, ct);
(3 1) ‘X“ . Xip (at)q FCO (LL', t)| < Cpa t—(p+2q)/2 E(l‘, Ct);
Xy X (00) 1T (s t) = Xy -+ X, (00)Tg, (,1) |

“p
< Cpg (A(§0,62) " + |10 — 1| #) £~ PHO 2 E(z, ct),
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where E(z,t) = t~9/2exp(—d(z)?/t). We remark that the parametrix method
outlined below is classical, but several technical complications arise in our setting.

We set (for z # ()
Zy(2:0) = H(z = Te(§ ot — 7)) (2).
Since H = £ — L¢ + H¢, we have
Tz () = . y y X -1
1(2:¢) = Z (aij(2) —a;j(Q) XiX;Tc(§ o, t —7),
ij=1
whence () gives |Z1(2;¢)| < c(t —7)2 1 T¢, (6 omx,c(t —7)). If we inductively
define
Zj+1(Z;C) = f]RNX[T7t] Zl(z;n) Zj(U;C) d77 (t > T)7

the following estimate holds (for suitable constants ¢1, c2, b;)
1Zj(2:¢)] < e bj(a) (¢ =) 712D (€ o ex (t—7)).

By means of (&I), it can then be proved that the series ®(z;¢) = Z]Oil Z;i(%¢)
totally converges on a suitable domain and satisfies the estimate (here 7' > 0 and
¢(T) > 0 is a constant)

(3.2) |B(2;0)| <e(T)(t—7)2 'E(E L oz,c(t—7)), 0<t—7<T.

It is easy to see that (for t > 7) ®(2;¢) = Z1(2;¢) + fRNX[T’t] Zi(z;n) ®(n;¢) dn. A
crucial tool in the adaptation of the parametrix method is played by the following
non-trivial regularity properties of ®: ®(+;({) and ®(z;-) are continuous functions
and (for 0 <t—7<T)

|¢)((E,t;f, T) - @((E,,t;f, T)|

3.3 o a
33 <e(T)d(z,a")2 (t—7)5 7 (E(E ome(t— 7)) + B oa’,c(t — 7))

We now set, for every z, ¢ € RVt with ¢ > 7,
B JEO= [ DO, T =60+ T,
RN X [7,t]

and extend T'(z;¢) to be zero for ¢ < 7. The good property (B:2) of ® and the
Gaussian estimates (B) ensure that I' is well posed. Exploiting again the estimates
(B) and (B2), it is not difficult to show that I" is continuous away from the diagonal
of RV*1 x RN+1 and satisfies

IT(2;0)| < c(T)E(E Y ox,c(t — 7)) O<t—7<T).

We now show that I' is the fundamental solution for H. The first step is to prove
that H(I'(+;¢)) = 0 in R¥+1\ {¢}. We start by giving the definition of a regularity
class of functions that will be useful in the sequel: given an open set Q C RN*1!,
we shall denote by €2(Q) the class of functions u(x,t) defined on Q which are
continuous in € with respect to the pair (x,t) and such that u(-,t) has continuous
Lie-derivatives up to second order along the vector fields Xy, ..., X,, (with respect
to x, for every fixed t) and u(z, ) has continuous derivative (with respect to ¢, for
every fixed x), in their respective domains of definition. The class €2(Q) is larger
than the natural space I'?(2) (of continuous functions u with continuous derivatives
Xiu, X; X;u, Oyu); nevertheless, we are able to prove a weak maximum principle
for solutions to Hu > 0 in the class €2(€2), as stated below.
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Proposition 3.1. Let Q be a bounded open subset of RNt and ty € R; if u €
€2(Q), Hu >0 in QN {t < to} and limsupu < 0 in QN {t < to}, then u <0 in
an {t < to},

With the above notation we are able to prove the following result.

Proposition 3.2. For every fized ¢ € RN*1 we have T'(+;¢) € €2(RN*T1\ {¢}) and
H(T(5¢)) =0 in RN\ {C}. Moreover, the estimates in (IZ2) hold.

The main tool in the proof of the above proposition is the representation of
the Lie-derivatives of the convolution ([B4]) defining J as principal-value (singular)
integrals. Indeed, we have

X X; (J(, C)) (z) = lim,_,g+ f]RNx['r t—e] X X1 (xlfl ox,t —t')®(2;¢)ds,
0 (J(50))(2) = @(25¢) + lime o+ fon,ppy o Ol (@ 0wt — 1) (2';¢) d2'.

The proof of this fact is not straightforward; one of the main ingredients is the
Holder estimate of ® in (B.3]). It is now easy to see that

H(C(5€)(2) = H(Te(50) ()
+ lim H(Ty(52)) (2)@(25¢) d' — @(2:¢)

e—=0F JRN x[7,t—e]
= 7,(2:0) +/ A 05O dn — #(z50) =0
RN x[7,t

We avoid giving details here on the results (iii) and (iv) of Theorem [Tl concerning
the Cauchy problem related to H.

We now turn to the study of the operator £ = Ei,jai,j (x) X;X;. Starting from
Theorem [Tl one can construct local fundamental solutions for £, by integrating
T" over the time variable ¢, provided suitable long-time estimates of I' can be estab-
lished. We are able to find the needed long-time estimates if the dimension m of
the first layer &; of the stratification of g is strictly greater than two. Indeed, we
can prove the following technical lemma.

Lemma 3.3. Let Q be a bounded domain of RNTY. Up to a modification of the
coefficients a; ;(x,t) of H outside Q, I' satisfies the following estimate: for every
compact set K € R™, there exist positive constants ¢, M such that

Az — )2
 M+t—1 )
(for t > 7+ 1 and €V € K). We have denoted by V) the vector of the first m
coordinates of x.

Dz, t;¢,7) < c(M+t—T)7m/2exp(

The proof of Lemma relies on the weak maximum principle for H in the
class €2 (see Proposition BI) and on a direct comparison argument. The above
long-time estimate of I is certainly not optimal, but it is indeed sufficient to ensure
the convergence of the integral fRI‘(x,t;f,O) dt (for « # &) if m > 2. This allows
us to obtain the result in Theorem [[.2 by arguing as sketched below.

We fix a cut-off function ¢ € C§°(RY) such that 0 < ¢ <1 and ¢ =1 in Q. We
next define a suitable “G-regularization” A® = (a5 ;);,; of the coefficients a; ; of L,
and we set

A (@) = o(a) A(2) + (1 = o)) (44) " L,
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(where I,,, denotes the m x m identity matrix) and

HE =L~ 0= Y0, @5 () Xi X, — .
The coefficients have been suitably modified outside §2 so that we can apply Lemma
B.3 to ensure that the integral

Fe(x,€) = [FTe(x,4;€,0)dt, x#EeRN,

is convergent. Moreover, since the approximating operator £¢ has smooth coef-
ficients, one can prove that ¢ is a fundamental solution for Le by making use
of the well-posedness of the adjoint operators (7‘76)* and (CNE)* Indeed, for every
test function ¢ € C§°(RY), setting ¥y, (2,t) = ¥(z) 8(|t|/n) (where 6 is a smooth
function defined on R, such that 8(s) = 1 for s < 1, and 0(s) = 0 for s > 1) we
obtain

() = —hn(6,0) = / B (2, 1:£,0) (HE) o (2, 1) dE

RN+1
m fRN+1 fe(xv t7 Ev 0) (EE)*w(x) dl‘ dt = fRN ?Y/E(xv g) (EE)*w(x) dx
We finally find a fundamental solution ¥ of
L= Gy (2) X X,

(where A = @A + (1 — ¢)(4A)~'1,,,), by an approximation argument, by letting
¢ tend to zero in 4. This approximation argument is not trivial and it requires
suitable Schauder-type a priori estimates and a careful study of the e-dependence

in the construction of I'®. We omit details here. Finally, observing that £ = £ in
Q, we are then able to prove Theorem
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