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Abstract

In this paper, we provide a non-existence result for a semilinear sub-elliptic Dirichlet
problem with critical growth on the half-spaces of any group of Heisenberg-type. Our result
improves a recent theorem in (Math. Ann. 315 (3) (2000) 453).
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1. Introduction and main results

In the last years, a great interest has been paid to non-linear Liouville theorems
within degenerate-elliptic contexts. These results play a crucial role in applying
blow-up techniques in order to obtain existence results for nonlinear subelliptic
equations. Particularly relevant is the study of critical semilinear equations on
stratified groups in connection with the Yamabe problem and the Webster scalar
curvature problem on CR manifolds [11,24,25,33-35,42,43,47].

At the present time, the greatest part of the related literature is devoted to the

Heisenberg group H¥, the simplest case of a non-abelian stratified group. For
instance, in a series of papers by Birindelli et al. [4,5] (see also [3,6,15]), sub-critical
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semilinear equations on H* are investigated: a priori estimates and existence
theorems are established via non-existence results of “Gidas and Spruck type”. We
also refer to the recent papers [7,18] for other non-linear Liouville theorems. A
different approach is followed in some papers by Lanconelli and one of the authors
[38-40.45], where non-linear Liouville theorems in H* are established for variational
solutions. The aim of these papers was to provide some basic ingredients for studying
semilinear problems with critical growth by means of variational techniques.
Following this project, existence of solutions has been obtained in [17] making use of
the uniqueness results of Jerison and Lee [34] and of the non-existence results in
[39,45], for critical problems at infinity on unbounded domains of H¥.

It would be interesting to deal with the case of general stratified groups &, whose
relevance is highlighted by the celebrated paper of Rothschild and Stein [44]. The
variational setting seems to be appropriate in order to obtain existence results also in this
wider case, provided suitable non-linear Liouville theorems are established. More
precisely, in using variational techniques, one is led to characterize the energy levels of the
variational solutions of the following semilinear Dirichlet problem with critical growth

012
—Agu = uo2, (1.1)

ueSH(Q), u>0,

when Q is a half-space of G or the whole space. Here, Ag is a sub-Laplacian on G, Q
denotes the homogeneous dimension of G and S}(Q) is the appropriate subelliptic
Sobolev space (we refer to Section 2 for all the notation and definitions).

The classical analogue of problem (1.1), when G is the Euclidean group (RY, +)
and 4 is the ordinary Laplace operator, has been intensively studied starting from
the early 80s (see e.g., [1,2,13,19,41]). With respect to the classical setting, uniqueness
and non-existence results for (1.1) present new and significant difficulties, even in the
“simplest” case of the Heisenberg group H* [39,45]. These difficulties are mainly due
to the lack of good a priori estimates for the Lie derivatives of the solutions along the
directions of higher commutators. The case of general stratified groups presents
further complications and, at the authors’ knowledge, only very partial results have
been obtained. This is true even in the case of the so-called H-type groups, a
remarkable class of stratified groups of step two introduced by Kaplan [36] and
widely studied in the latest literature. In the same paper [36, Eq. (17)], Kaplan
exhibited an explicit (cylindrically symmetric) solution to (1.1) when G is a H-type
group and Q = G. Moreover, in the recent paper [28], Garofalo and Vassilev have
established a uniqueness result for cylindrically symmetric solutions to (1.1) when G
is a H-type group of Iwasawa-type and Q is the whole G. Furthermore, in [27]
Garofalo and Vassilev deal with the non-existence problem on half-spaces. The
techniques in [27] are based on the use of a Kelvin-type transform: this forces the
authors to work only in the case of the Iwasawa-type groups, a particular sub-class
of H-type groups, where the Kelvin transform possesses several useful properties.
Besides, in [27] only a certain class of half-spaces are covered.
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The aim of this paper is to exhaust the problem for a/l half-spaces and all H-type
groups. Indeed, we prove the following result.

Theorem 1.1. Let G be a H-type group and let Q be any half-space of G. Then the
Dirichlet problem (1.1) has no solution.

Some of the arguments in the proof of Theorem 1.1 (see Remark 4.5) also allow to
prove a non-existence result on general step-two stratified groups, for a certain class
of non-characteristic half-spaces.

Theorem 1.2. Let G be a step-two stratified group. Let Q be any half-space of G whose
boundary is parallel to the center of G. Then the Dirichlet problem (1.1) has no
solution.

We explicitly remark that not every non-characteristic half-space of the step-two
group G has the form in the assertion of Theorem 1.2, if G is not a H-type group.

Though our techniques in approaching Theorem 1.1 are inspired by the ideas
contained in the papers [39,45], we stress that the case of general H-type groups
present several new difficulties. Broadly speaking, these complications are mainly
due to the structure of the second layer in the stratification of the Lie algebra of G,
which (when the group is not H) always has dimension strictly larger than one. In
particular, the different geometry of G makes it harder to construct explicit barrier
functions. Moreover, one has to face with the more general form of the group
composition law at different levels.

We next give a descriptive plan of the paper. The core of our proof consists in
finding suitable asymptotic estimates for the second-layer derivatives of the solutions
u of (1.1), which will allow us to apply some general Rellich and Pohozaev-type
identities. After recalling a few basic notation and definitions (Section 2), in Section 3
we obtain asymptotic estimates at infinity of u in terms of the fundamental solution
of Ag. The main tool here is a result in [46], that some summability properties of u
allow to apply. The proof of the needed L” estimates is post-posed in Appendix B: we
use boot-strap and iteration techniques inspired to those of Brezis and Kato [12];
however, since we aim to obtain global L” summability of u with p strictly lower than
the critical exponent, a significant modification of the standard machinery is needed
(see Theorem 8.4).

We henceforth have to distinguish between two classes of half-spaces, whose
different geometric structures require ad hoc approaches. In Section 4, the needed
estimates for the second-layer derivatives of u are obtained in the case of non-
characteristic half-spaces Q. The main argument (adapted from an idea introduced in
[39]) is based on the representation of the Ag-harmonic part of such derivatives as
the limit of a sequence of iterated mean-value operators modelled on the geometry of
Q. In Section 5, the characteristic case is investigated. A rather elaborated argument
is exploited in obtaining the needed estimates. This argument is based on the delicate
construction of explicit barrier functions. We highlight that the lack of compactness
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of the characteristic set adds remarkable complications in this construction, in
comparison to the case of H¥. Section 6 is devoted to the derivation of the needed
Pohozaev-type identities and to the conclusion of the proof of Theorem 1.1. Finally,
in Appendix A we collect a few results on H-type groups. In particular we give an
“explicit” characterization of such groups (see Theorem 7.2, see also Remark 7.4)
which turns out to be very convenient in an analytical framework. As a consequence,
we are also able to write explicit formulas for the sub-Laplacian on a H-type group
(see (7.11), (7.12), (7.13)).

2. Notation and definitions

The aim of this section is to provide the basic notation and definitions about
stratified groups (and in particular about H-type groups) that we shall use
throughout the paper. We start by giving an operative definition of Carnot group.
Our definition may seem slightly different from the ones given in literature, but it is
indeed equivalent, as we observe below. Let « be an assigned Lie group law on RY.
We suppose RV is endowed with a homogeneous structure by a given family of Lie
group automorphisms {J,},., (called dilations) of the form

0,(x) = 0;(xV, x| xy = (GxW, 225D X)), (2.1)

Here x) e RY fori=1,...,rand N; + --- + N, = N. We denote by g the Lie algebra
of (R¥,) ie., the Lie algebra of o-left-invariant vector fields on RY. For i=
1, ..., Ny, let X; be the (unique) vector field in g that agrees at the origin with 8/8xl(-1)7
ie., Xi(x) = (d/dh),_y(xo(he;)) (where ¢; is the ith versor of the canonical basis of
RY). We make the following assumption:

the Lie algebra generated by Xi, ..., Xy, is the whole g.

With the above hypotheses, we call G = (R",+,6,) a (homogeneous) Carnot group.
We also say that G is of step r and has m = N;| generators. We denote by Q =

Z;:1 JN; the homogeneous dimension of G. The (canonical) sub-Laplacian on G is the

second-order differential operator

m
Ag = Z X2,
i=1

We explicitly remark that in literature a Carnot group (or stratified group) G is
defined as a connected and simply connected Lie group whose Lie algebra g admits a
stratification g = ® ® --- @ ®, with [, ®;] = Gy, [G, ®,] = {0} (we say that 6,
is the ith layer of the stratification). It is not difficult to recognize that any
homogeneous Carnot group is a Carnot group according to the classical definition.
On the other hand, up to isomorphism, the opposite implication is also true (see [10]
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for a detailed proof). Our operative definition of homogeneous Carnot group

is not only more convenient to deal with in an analytic context, but also allows

us to obtain a somewhat explicit knowledge of the group law o. For example, N-

dimensional Carnot groups of step two and m generators are characterized by being

(canonically isomorphic to) (RY, o) with the following Lie group law

(N=m+n, xVeR" xPeR"

m

(), x)o(3V) 1)y = RAREA ]A_ Loy . (22)
@ 4 5@ 1) ) P =

X4y XUV =1, n

where the U(/)’s are m x m linearly independent skew-symmetric matrices (see
Remark 7.4).

We next give a list of known results about homogeneous Carnot groups. Since
X1, ..., X,y generate the whole g (which has rank N at any point), Ag satisfies the
Hoérmander’s hypoellipticity condition

rank(Lie{ X7, ..., X, } (x)) = N VxeR".

Moreover, the vector fields X7, ..., X}, are homogeneous of degree one w.r.t. §, and
X" (the adjoint operator of Xj) is —Xj. In particular, 4¢ is a self-adjoint operator in
divergence form. Moreover, the Lebesgue measure is invariant w.r.t. the left and
right translations on G and meas(d;(E)) = A%meas(E) for any measurable set E. In
the sequel, we denote by Vg = (X, ..., X,,) the subelliptic gradient operator related
to the sub-Laplacian 4g. If Q<G is a smooth open set, we recall that the
characteristic set of Q is the set

{xedQ| Xi(x)eT(09Q), i=1,...,m},

T.(0Q) being the tangent space to 9RQ at the point x. We explicitly remark that in our
setting the problem of regularity of solutions up to the boundary is very delicate,
especially near characteristic points. In the classical paper [37], Kohn and Nirenberg
proved a general result of regularity away from the characteristic set. Moreover, in
the papers [31,32], Jerison investigated in a more explicit way the case of Heisenberg
groups H¥. In particular, the following assertion is proved in [31] when G = H* (here
I* denotes the appropriate Folland and Stein Holder space).

Let Qc G be a smooth domain and consz’derfeF{;f’c(@)7 jeNuU{0}, O<a<1. For
every xo € 0Q not belonging to the characteristic set of Q, there exists a neighborhood U
of xo such that a solution u to Agu =f in Q, u= 0 on 98, belongs to I'***(QNU).

In [27] it is conjectured that the same result holds true for bounded domains of
arbitrary Carnot groups G. Indeed, this is a very natural conjecture, in light of the
results of Kohn and Nirenberg, but no precise reference is provided in literature.
Hence, following the analogous assumption made in [27, (2.8)], we also shall assume
such result (when G is a H-type group, see the definition below). We do not insist on
this topic here, since the aim of this paper is to focus on other kind of problems.
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When Q>3 (which will always be assumed throughout the paper), Carnot groups
possess the following remarkable property: there exists a homogeneous norm d on G
such that

I(x,y)=d> 2y 'ox), x,yeG, (2.3)

is a fundamental solution for Ag (see [21,23]; see also [9] for a detailed proof). We
recall that a homogeneous norm on G is a continuous function d : G — [0, o0 ), smooth
away from the origin, such that d(5;(x)) = Ad(x), d(x~') = d(x), and d(x) = 0 iff
x = 0. Hereafter, we also denote d(y~'ox) by d(x,y). The following quasi-triangle
inequality holds for every homogeneous norm d on G,

dx,y)<p(d(x,z) +d(z,p), x,y,z€eG, (2.4)

for a suitable constant 5. In the sequel, we shall denote by B;(x,r) the d-ball with
radius r>0 and center xeG. We trivially have By(x,r) = x°0,(B4(0,1)) and
|Bd(x7 V)l = rQ|Bd(07 1)'

We now recall the definition of group of Heisenberg-type (H-type, henceforth). A
H-type group is a Carnot group G of step two with the following property: the Lie
algebra g of G is endowed with an inner product {, > such that, if 3 is the center of g,
then [3%,3%] = 3 and moreover, for every fixed ze3, the map J. : 31 —3* defined by

(I (v),w) = {z,[v,w]> Vwe3l,

is an orthogonal map whenever {z,z)» = 1. Similar to general Carnot groups, any
H-type group can be identified with a homogeneous Carnot group with explicit
properties, as we state below (all the details can be found in Appendix A). Indeed, if
m = dim(3%) and n = dim(3), then the H-type group G is characterized by being
(canonically isomorphic to) R™™ with the following group law (throughout the
paper, (x,?) denotes the point of the H-type group G, being xe R” and reR")

xi+¢&, j=1,...,m )

(x,0)q(&,7) = ( (2.5)

lf/+fj+%<x7 U(j)é>a Jj=1...n

where the U)’s are orthogonal skew-symmetric m x m matrices satisfying the
following property:

vnNuY + WU =0, for every r,se{l,...,n} with r#s.

Moreover, the canonical sub-Laplacian on G takes the following form:

Aﬁzi(%>2+%|x|2 Z;( )+ZZ 5 az (2.6)

j=1 s=1 i, j=

Furthermore, (R”*" o) with the family of dilations &;(x,7) = (Ax,2%f) is a
homogeneous Carnot group. The homogeneous norm d realizing the fundamental
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solution for Ag as in (2.3) has the following remarkable explicit coordinate
expression (see [36, Theorem 2]):

d(x, 1) = c(|x[* + 16][})"/4, (2.7)

for a suitable constant ¢>0. We explicitly remark that, whenever the center of a H-
type group G is one dimensional, then G is canonically isomorphic to the Heisenberg
group on R"™! (see Remark 7.7 in Appendix A). For this reason, since Theorem 1.1
for the Heisenberg group was proved in [39,45], throughout the paper we shall
suppose n>2. Furthermore, since m is always even (see the proof of Theorem 7.2 in
Appendix A) and m = 2 gives back the Heisenberg group on R?, it is non-restrictive
to suppose that Q =m + 2n>=8. Motivated by our interest in half-spaces, we
explicitly remark that the general half-space of the H-type group G (here aeR",
beR" ceR)

1= {(x.0) G| <a,x> + (b 1) >c}

possesses characteristic points if and only if 57#0 (see Appendix A for the details).
We finally fix the notation for the Dirichlet problem (1.1). Let G be an arbitrary
Carnot group and let Q denote its homogeneous dimension. We set

x 20
2 ——Q_z.

The exponent 2* — 1 = (Q +2)/(Q —2) is a critical exponent for the semilinear
Dirichlet problem (1.1) as well as the exponent (N + 2)/(N — 2) is critical for the
classical semilinear Poisson equation in RV, N>3. A basic role in the functional

analysis on G is played by the following Sobolev-type inequality (see for example
[21,22]):

|3« <SollVsoll3 VeeCy(G), (2.8)

for a suitable constant Sp>0 (whose best value, for the case of H*, has been
determined in [34]). Hereafter || - ||, will denote the usual L/-norm. If Q is an open

subset of G, we shall denote by S'(Q) the Sobolev space of the functions ue L2* (Q)
such that Vgue L*(Q). The norm in S'(Q) is given by

[l 1) = llutll+ + [Vl (2.9)

We denote by S}(Q) the closure of Cg°(Q) with respect to (2.9). By means of (2.8),
this norm is equivalent in S}(Q) to the norm generated by the inner product
{u, U>S(l] = fQ {Vgu,Vgv). Thus Sé(Q) is a Hilbert space. We emphasize that, for

general unbounded domains, the space S} () is not embedded in L?(Q). A solution
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to the Dirichlet problem (1.1) is, by definition, a function ue S} (), u>0, such that
/<v@u,v@<p> =/u2*—1<p peSh(Q). (2.10)
Q Q

We explicitly remark that every classical solution of the equation in (1.1) satisfies the
integral identity (2.10) since (V)" = —Vg. The exponent 2* is the critical Sobolev
exponent for Ag since, even if Q is bounded, the continuous embedding

SH(Q) < L*™ (Q) is not compact.

3. Some asymptotic estimates

Throughout the sequel, Q will be an open subset of an arbitrary Carnot group G
and u will denote any fixed solution of the boundary value problem (1.1). Moreover,
d will denote the homogeneous norm on G introduced in (2.3). The main result of
this section is estimate (3.8) of u at infinity. Moreover, we give some preliminary
results in order to provide asymptotic estimates for the derivatives of u in the first
and second layer of stratification. We remark that the estimate of the second-layer
derivatives will be derived under the assumption that G has step two.

The starting point of our approach is given by the following a priori L/ estimates,
which will be proved in Section 8.

Theorem 3.1. We have ue L?(Q) for every pe(2* /2, o] and u vanishes at infinity.
Moreover, if Q satisfies the following boundary regularity condition:

30,r0>0:By(&,r)\Q2[>6|Ba(&,r)| VEe0Q, Vre(0,r), (3.1)

then u is a classical solution of

o+2
—Agu=u22 in Q,
u>0 in Q,
u=20 in 09,
u(¢)—-0 as d(&)— oo.

Furthermore, if we continue u on G by setting u =0 outside 2, then there exists
o€ (0,1) such that ueI'*(G).

We now fix some notation which will be used throughout the section. If u is set to

2% 1

be zero outside Q and f = u , we introduce the function

w=Ixf:G->R, wk)= /@ T'(x,»)f(y)dy, (3.2)
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where I' denotes the fundamental solution for A4g as in (2.3). From the L” estimates
of u in Theorem 3.1, it follows that fe L'(G)nL*(G). By means of the results of
Rothschild and Stein [44], we get

wel’(G) Ype(2*/2, ), —Agw=f weakly in G. (3.3)

Moreover, w=0, we C*(Q), Adg(u—w)=0 in @ and (u—w)"eS}(Q). Then
(u—w)" =01in Q, i.e.

0<u<w in Q. (3.4)
We first need the following result.
Lemma 3.2. For every se(0,Q — 2), we have w(x) = O0(d(x)") as d(x)— 0.

Proof. This is a consequence of Theorem 1.1 in [46]: according to this result, if vis a
non-negative weak solution in O of —Agv< Vv (where O is an open neighborhood of
infinity and the potential V' has LY-summability for every ¢ in a neighborhood of
0/2) such that veL?(0) (being p=2%*/2) then we have v(x) = C”‘(a’(x)_Q/”) at
o2
infinity. Our lemma is then proved by choosing O = G, V = u2-2 1, v=w and by
taking into account Theorem 3.1 (in particular we exploit the non-trivial fact that
uel?(Q) for pe(2*/2,2*]) and (3.3). O

We explicitly remark that the proof of [46, Theorem 1.1] cited above is a
consequence of some mean representation formulas related to 4g: we hereafter recall
these formulas since we shall employ them in the proof of Proposition 3.7 below and
in Section 4. If pe C?(Q) and By(z,r) € Q, we have the following representation
formula (for details, see [8,16]):

¢(2) = M,(9)(2) — N:(460)(2), (3-5)

where (here mgp and ng are suitable positive constants only depending on Q)
M 2o Kz 0)p(0)d
H9)(2) =5 (27 0e(0) dg,
By(z,r)
no 7 o 0, _ _
N =25 [ e ( fL @ oo d@) do. (36)
(2,0

In (3.6), d is the homogeneous norm on G introduced in (2.3) and K = |Vq3,d\2. We
explicitly remark that the kernel K is a non-negative smooth function on G\{0},
homogeneous of degree zero with respect to the dilations of G.

We are now able to establish the following “optimal’” asymptotic behavior for w
and then to derive the analogous estimate for u.
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Proposition 3.3. We have w(x) = 0(d(x)*"9), as d(x) - .

Proof. From (3.4) and Lemma 3.2, choosing s = Q/(2* — 1) it follows that there

exist M, R>0 such that f(y)gMd(y)S(z*’l) = Md(y)? if d(y)>R. Hence, for
d(x)>2fR (where f3 is the constant appearing in (2.4)) we obtain

sup  f<M(2p)%d(x)"°, (3.7)
By (x,%)

which yields, since fe L!'(G) and by (2.3)

W) = (/d<x,y)>M " /d<x7y> <@> e )f () dy

27); 28
c , c dy cf
< Sl +—S [ S
dx)27 02 e () dx 0@ d(02

This ends the proof. [
Theorem 3.4. Let u be a solution of (1.1). Then there exists M >0 such that

u(x) <M min{1,d(x)* ¢} (3.8)

Proof. Tt directly follows from (3.4), ue L*(Q) (see Theorem 3.1) and Proposition
33. O

We now turn to prove some preliminary results in order to obtain the asymptotic
estimates of the derivatives of u. First, in Proposition 3.6 we prove the estimate of the
derivatives of w. Then, in Proposition 3.7 we give a general result for 4g-harmonic
functions which will be applied in estimating v := w — u (the Ag-harmonic part of u).
We shall denote by g the Lie algebra of G and by Vg = (X1, ..., X};) the subelliptic
gradient operator related to the fixed sub-Laplacian Ag = Y /-, X? on G. We recall
that g admits the stratification g = ®,® --- ® ®,, where ®| = span{Xj, ..., X}, },
G = [0, 6]

If Q satisfies the boundary regularity condition (3.1), then by Theorem 3.1 and by
the results in [44] it follows that there exists o€ (0, 1) such that (being ' = w1 and
w as in (3.2))

fel™(G), wel**(G), (3.9)

loc

ie, XYwel} (G) for every X,Ye®,. In the following Lemma, I'(x,y)=

loc
d>=2(y~'ox) denotes as usual the fundamental solution for Ag.
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Lemma 3.5. Let G be a Carnot group of step two. Suppose Q<G is an open set
satisfying (3.1). Then, for every Y € ®; and for every Z e ®,, we have

Yw(xo) = /G YT (x0,)f () dy,

Zwt) = [ 200 o)y [ 2 f0) @

\Bu(x0,r)
for every xoeG and r>0.

Proof. Since the proofs of the representation of Yw and Zw follow the same lines, we
only consider the latter case. We remark that the hypothesis on the step of G only
intervenes in this last case. Indeed, we shall use the following fact: recalling the

notations introduced in Section 2 for groups of step two, we have Z =2, =

> z,(@/@xj(z)), for suitable constants zy, ..., z,. As a consequence, considering the

form of operation (2.2) in a group of step two, for any regular function g we have

Z(g(vtox)) = =Z,(g(vox)). (3.10)

Let us now fix xoe G and r>0. If  denotes the constant appearing in the quasi-

triangle inequality (2.4), we set B = By(xo,7/(2f)), Bo = Ba(xo,7), fo =f1p,> 1 =

f —fo. Let ne C* (R, [0, 1]) be such that y =01in [0, 1], s = 1 in [2, c0) and for every

£>0 let us set 5, = n(d/e); we shall also write n,(x,y) = n,(y~'ox). We finally set

wo =T = fo, wi =T xfi, wo, = (I'n,) *fy. Since f is bounded, it is immediate to
verify that

1jn3 wo, = wo uniformly on the compact sets of B. (3.11)

Moreover, wy,€ C*(B) and, for every xe B and ¢<r/(4f), we have (by means of

(3.10))

Zwos(x) = /B O Z(I'n,(x,9)fo(v) dy
5@AUMmmmw—mm®~mnAZUmme
—Agwmmwm@%ﬁmMy

ﬁﬁ@yé%ruhw<zoan>ddw.

The last equality follows from the left-invariance of Z and from the divergence
theorem (we have denoted by do the surface measure and by v the outer unit normal
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on JBy). We set wy: B> R,

Wo(x) = [ ZI'(x,y)(fo(¥) —fo(x)) dy — fo(x) /E)B I(x,p)<Z(y),v(y)) da(p).

By

From the Holder continuity of f/ given by (3.9) and the estimate |ZI'| <ed =2 (since I’
is 0,-homogencous of degree 2 — Q and Z e ®;), we obtain

ZP(x0) (o) — o)) dy<e / d(x,y)" %< o,
By By

which proves that wy is well-posed on B. We now claim that

lim Zwy, =Wy uniformly on the compact sets of B. (3.12)

e—0

Indeed, from the above representation of Zwy, and from the definition of Wy, we
obtain

‘Wo(x) — ZWo,s(x)| =

/B 2 ) ) (A0) ~ () dy
<e / (P )il |Zd e, y)]e™" + |ZT(x,p) ) (x, ) dy
By(x,2¢)

< / (d(x, )2 + d(x,)"H12) dy,
B,;(0,2)

for every xeB and e¢<r/(4p) (here we used the fact that Zd and ZI' are J;-
homogeneous of degree —1 and —Q, respectively). From (3.11) and (3.12), we deduce
that Zwy = W, in B. On the other hand, since fe L'(G) we have (differentiating
under the integral sign)

Zwi(x) :/ ZI'(x,y)fi(y)dy, xeB.
\Bo

Finally, taking x = x, we obtain
Zw(xo) =Z(wo + wi)(x0) = Wo(x0) + Z(w1)(x0)

- / ZI(30,9) (£ () —f (x0)) dy + / ZF (30, 3)f () d.,

G\By



A. Bonfiglioli, F. Uguzzoni | Journal of Functional Analysis 207 (2004) 161-215 173

since the divergence theorem ensures that

/8 I(303)<Z0), () doly) =@ / (Z(y) () do(y)

OBy

:crz’Q/ Z(1)dy =
By

This completes the proof. [

Proposition 3.6. Let G be a Carnot group of step two and suppose Q =G is an open set
satisfying (3.1). Let w be as in (3.2). Then, for every Y € ®, and for every Z e ®,, we
have

Yw(x) = 0(d(x)'"79), Zw(x) = 0d(x)*2) as d(x)— . (3.13)

Proof. If Y e®, from the first identity in Lemma 3.5, we get (since f € L' (G) and
YT is §,-homogeneous of degree 1 — Q)

= [ yrearmars [ oo @

G\By(x,r)

<csp £ [ den) Cdre [ a0
By(x,r) By(x,r) G\By(x,r)

<drosup £+ 79 f, (3.14)

Bd(x‘rr)

Let o be as in (3.9) and set y = 4/(Q + 2 4+ a). If Ze ®,, from the second identity in
Lemma 3.5, we get (since y<1, feL'nL* nI'*(G) and ZTI is §;-homogeneous of
degree —Q)

|[Zw(x)|< c/

By(x.r)

+ C/ d(x, ) %f (y) dy
G\By(x,r)

1—y
d(x,») 2 f(») —f(X)I}’< sup f) dy

By (x,r)

-y
= ( el ) /B< )Ty ],
7 (x,r

Ba(x,r)

1=y
:c”r“7< sup f) +c"r 2. (3.15)

By(x,r)

From Theorem 3.4, it follows that f = (/(d=2~?) at infinity. Choosing r = d(x)/(2p)
in (3.14) and (3.15) (p as in the quasi-triangle inequality (2.4)), for large d(x)
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we get respectively
[ Yw(x)|< er(d(x)™' 72+ d(x)' 79 < (x)' 79,
1Zw(x)| < ¢ (d(x)"d(x) V) 4 d(x)7°)
=cj(d(x)*% +d(x) %)< cJd(x)*°.
This ends the proof of the theorem. [

In what follows, we call Ag-harmonic on Q any smooth function v such that
Agv =0 in the open set Q. The following result provides an estimate for the Lie
derivatives of a general Ag-harmonic function.

Proposition 3.7. Let X €g be a Lie derivative of order k (i.e., X €®y). Let v be a Ag-
harmonic function on Q. Then there exists a positive constant ¢ such that

| Xv(z)|<er™* BSI(,lp) |v], (3.16)
d\Z,1

for every By(z,r) @ Q. The constant ¢ only depends on X (and the structure of G) and
not on v, r>0 or zeQ.

Proof. We begin by recalling a variant of the representation formula (3.5). If
peC?(Q) and By(z,r) €Q, we have the following representation formula on the
annulus By(z,r)\By(z,r/2) (for details, see [8,16])

0(2) = My(0)(z) - N,(460)(2), (3.17)
where (here mg and ng are suitable positive constants only depending on Q)
v mg o
o)) =" [ K(="0)0(0) de
r r/2<|z7Vel|<r
%! ( / ( )(dzfg(z*‘oo — () dC) do.  (3.18)
By(z,0

In (3.18), K still denotes the kernel K = |V@d\2. If vis Ag-harmonic in Q, from (3.17)
we obtain v(z) = M,(v)(z). We then fix $e C° (R, [0, 1]) such that supp(9) <= (1/2,1)
and [, 9 = 1. A simple superposition argument gives

2d(n) 9(1)

0 dz.

o(z) = /R (DO o) 0L, where O(n) = oK (1) /

d(n)

We explicitly remark that the kernel @ is smooth on G and
supp(@) < B4(0,1)\B,4(0,1/2). Finally, let X e®. Since X is left-invariant on G



A. Bonfiglioli, F. Uguzzoni | Journal of Functional Analysis 207 (2004) 161-215 175

and homogeneous of degree k w.r.t. the dilations on G, after differentiating the
above representation of v we obtain

Xz |—\ [ 01/ (x)61 22

<rk sup \v|/ | XO|(n

By(z,r)

This completes the proof. [

4. Estimates of second-layer derivatives: the non-characteristic case

Throughout this section, G will denote a fixed H-type group and we shall use the

notation introduced in Section 2 for such groups (see (2.5)). We shall denote by IT()
any half-space of G without characteristic points for the sub-Laplacian Ag: such a
half-space is by necessity of the following form (see Appendix A for the details):

nY = {(x,0)eG | {a,x>>c}, (4.1)

where ceR and ae R"™\{0} are fixed. Moreover, u will denote any fixed solution of

the boundary value problem (1.1) in IT!"). We are interested in obtaining a priori
estimates at infinity for the derivative Zu, where Z belongs to [g, g], being g the Lie
algebra of G. We shall follow an idea in [39, Section 4], where analogous estimates
are proved for the Heisenberg group. As in the previous section, we shall denote by w
the function

w(z) = (I'xf)(z) = / rz0fQde, f=u""
G
Moreover, v will denote the Ag-harmonic part of u, i.e.
vV=W—u. (4.2)

Since any half-space in G satisfies (3.1), from (3.3), (3.9), Theorem 3.1 and the
hypoellipticity of Ag, it follows that v is a classical solution of

Agv=01in 1V, v=win oV, (4.3)

If Ze(g,q] is fixed, we then claim that Zv is a classical solution of the Dirichlet
problem

Ag(Zv) =0 in IV, Zv = Zw in or1V

This is an immediate consequence of the following facts: since Z is a second-layer
derivative and G has step two, the operators 4 and Z commute; moreover, Z€|g, g
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also yields Z = 27:1 z;0,, for suitable scalars zy, ...,z,; OI (" is invariant with
respect to the Euclidean translations along the z-coordinates (see (4.1)); finally u = 0
on AI1"". Our main tool is then to use these properties for representing Zv as a fixed

point for a suitable mean-value operator modelled on the geometry of IT()), which we
hereafter introduce.

Let (x,7) eI be fixed. Since (x,0) still belongs to IT(V (see (4.1)), there exists a
continuous function r(x) >0 only depending on x such that By((x,0),r(x)) € TV (we
can choose, e.g., r(x) = Jinf{d((x, 0)'o(¢,7)): (&,1)¢IM}). Recalling form (2.5) of
the composition law on a H-type group, we explicitly remark that the left
translations by (0,¢) coincide with the Euclidean translations by (0,7). As a
consequence, if r(x) is as above, we have

Bd((xv t)? r(x)) = (Oﬂ t)oBd((xv 0)7 V(X))
=(0,1) 4 By((x,0),r(x)) € (0,1) + IV = 11V,

In what follows, we shall then assume that r: R”— (0, c0) is a fixed continuous
function such that

By((x,0),r(x) €IV, VY(x,1)eQ. (4.4)

For every we L\ _(IT"V) we finally define

loc
Tw : 1M >R, (Tw)(x,t) = (M,.(X)CO)(X, 1), (4.5)

where M, is the mean-value operator introduced in (3.6) of Section 3. We explicitly
remark that (4.4) ensures that 7" is well defined. The following result holds.

Proposition 4.1. T is a linear operator with the following properties:

(1) T maps Llloc(Hm) into C(H(l)). Hence we can define, by induction, T*''w =
T(T*(w)) for every we L), (V) and every keN.

(i) T is an increasing operator, i.e.

(wl,wzeLfoc(H(l)),wl <w;) = (To<Tw,).

(iii) If we C2 (1T and Agw = 0 then Tw = .
(iv) If we C*(ITY) and Agw<0 then To<w and (T*w),_\ is a non-increasing
sequence.

Proof. We first prove (i). We show that, for every fixed weLlloc(H“)) and zo =
(X(), lo) EH(I),

|Tw(z) — Tozo)| < | My o(z) — M,«X)w(zo)\ + | M,y o(z0) — M,<xO)w(zo)| -0,
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as z = (x, ) > zo. On the one hand, a change of variable gives

m
|M,(w(z) — Myo(zo)| :rQ—(Qx)

/ K(zy"on)(e(zezg"n) — o(n)) di
By(zo,r(x))
mQ”KHao / —1
< ellkll, (zoz5on) — ()] di.
r2(x)  JBy (o) ‘

The continuity of r and the L!-continuity theorem ensure that this last term goes to
zero as z—zo. On the other hand, the continuity of r also yields lim. _, ., M, w(zo) =
M, (0 (20)-

(i1) Follows from the non-negativity of the kernel K. From (3.5) we immediately
get (ii1). Finally, (iv) is a consequence of (3.5) and (i1)). O

Proposition 4.2. If Zelg,g] is any second-layer derivative, the operators T and Z
commute. More precisely, if there exists Zwe C(H“)) then there also exists
Z(Tw)eC(ITWY) and it is Z(Tw) = T(Zw).

Proof. By means of a change of variable, we obtain

(Tw)(x,t) = mQ/ K(&, 1)o((x, l)oé,,(x)(é, 7)) dé d.

B,(0,1)

Here we denoted by {J,},. , the group of natural dilations on G and we used the fact
that K is homogeneous of degree zero w.r.t. 3,. We now explicitly remark that, by
(2.5), we have

i noJ=1,..
(X, Z)Oér(.\')(éy T) = %) + r<x)€/’ J y ,m > .

(tj—&—rz(x)rj—i—%r(x)(x, UYey, j=1,....n

Hence, recalling that Ze(g, g| is a linear combination of partial derivatives in the #-
coordinates, we have

Z(o((x,1)01() (£, 7)) = (Zo)((x,1)°0,() (&, 7))

The proposition now follows by differentiating under the integral sign, taking into
account the continuity of Zw and Proposition 4.1(1). O

Lemma 4.3. TXu is a non-increasing sequence pointwise convergent to zero in IT M as
k— 0.

Proof. Since Agu<0, from Proposition 4.1(iv) we deduce the existence of a function
B 1Y — R such that T%u~h. Moreover, being u>0, from Proposition 4.1(ii) we obtain

0<h<u. (4.6)
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Hence /e L), (IT'V). By the definition of 7, for every z = (x,¢)e [T we have

hz)= lim T*u(z) = lim 'f—QQ /B ( )K(z’loé)T"u(C) d¢
d\Z, 1

_Mo -1, _
=8 [ KGO ac= 1)

Therefore, Proposition 4.1(i) provides
h=Thec(V), (4.7)

Moreover, since u is continuous on the closure of IV, u = 0 in A" and u(z) -0 as
d(z) > oo (see Theorem 3.1), (4.6) yields

hec(IV), h=0in om0V, h(z)—0 as d(z)— . (4.8)

Let us now assume by contradiction that / is not identically 0. From (4.6) and (4.8)

there exists zoeIT") such that /(zy) = max{h(z) |zem}>0. Hence the set 4 =
h='({h(z)}) is closed and non-empty. Moreover, for every z€ 4, (4.7) yields

0= h(z) - Th(z) = ¢ [ L KE D) —HO)dr (49)

Here we used the fact that M,(1) = 1 for every r> 0 (see (3.5)). We now remark that the
set {neG | K() = 0} has empty interior. Indeed, suppose by contradiction that K () =

0 for every 7 in a neighborhood of a suitable 1, 0. Then, since K = |(X,d, ..., X,ud)|*
and the Lie algebra generated by Xj, ..., X;, has dimension dim(G) at any point, d
would be constant in an open set containing #,. As a consequence, the function
A—d(0,(ny)) = Ad(n,) would be constant near A = 1, contradicting the assumption
d(ny) #0. From (4.9), the above remark and the choice of zy, we immediately derive that
h(C) = h(zo) for every { € By(z,r(x)), i.e., B4(z,r(x)) = A. Therefore 4 is also open. This
yields 4 = IT") since 1V is connected. Equivalently, & = h(z9)>0 in IT"", contra-
dicting (4.8). Hence it has to be # = 0 in IT""), and this completes the proof. [J

Theorem 4.4. Let IT'Y be a non-characteristic half-space of the H-type group G. Let u
be a solution of (1.1) in IV, Then, for every second-layer derivative Z€|g, g] it is

|Zu(x)| = 0(d(x)*9), as d(x)— oo in TV,
Proof. Let Z<(g, g be fixed. Let v be as in (4.2). From (4.3) and Proposition 4.1(iii),
itis Tv = v. Lemma 4.3 and the linearity of T give

Trw =T+ T"u = v+ Thu~o, as k- . (4.10)
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Moreover, the continuity of w (see (3.9)) and a repeated application of Proposition

4.2 immediately give T%(Zw) = Z(T*w), for every ke N. We fix &€ C° (I1""). From
(4.10) and the fact that the adjoint operator of Z is —Z, it follows

/ chk(Zw)z/ @Z(Tkw):—/ Zo)T"w' =% — | (zow
18 o J1 o

= DZv. 4.11
(
M

Let zo¢ 111V be fixed. From Proposition 3.6 and the continuity of Zw, there exists
M >0 such that

—MT (z0,2) <Zw< MI (z0,2), VzeG, (4.12)

where I' is the fundamental solution of 4g (see (2.3)). Now, since the map I'(z, -) is
Ag-harmonic on 1TV, from (4.12) we obtain

—MT(z0,-) = T"(—=MT (z9,)) < T*(Zw) < T"(MT (2, -))

=MT(z,-) in 11V, (4.13)

<M [ Ol (z,-) Veecr (), ¢=0,
hi

/ dZv
L

which implies |Zv(z)| < MT (2o, z) for every ze IV, By the definition of v and by
(4.12), we then infer that |Zu|<2MT (z,-) in 1. This completes the proof. [

Remark 4.5. The results in this section (as well as the proof of the non-existence
Theorem 6.3) hold true (with the same proofs) when G is a general step-two Carnot
group and TV = {(x(, x?)eG | (a, x> >¢} (we follow the notation in (2.2)).
We warn the reader that not every non-characteristic half-space has this form, if G is
not a H-type group.

5. Estimates of second-layer derivatives: the characteristic case

Throughout this section, G will denote a fixed H-type group and we shall use the
notation introduced in Section 2 for such groups (see (2.5)). In particular, I" will
always denote the fundamental solution for the sub-Laplacian 4¢ as in (2.3), (2.7).
Furthermore, we shall denote by IT®® any half-space of G with characteristic points
for Ag. It can easily be proved (see Appendix A for the details) that such a half-space
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can always be left-translated into a half-space of the following form:
% = {(x,0)eG | {b,t) >0}, (5.1)

where heR" is a fixed unit vector. Moreover, u will denote any fixed non-negative
weak solution of the boundary value problem (1.1) in IT1®). We explicitly remark
that, since any half-space in G satisfies (3.1), then Theorem 3.1 holds for u. In
particular ue I’ (G) for a suitable e (0,1) and u =0 in oI . Moreover, by a
suitable version of the Kohn and Nirenberg Theorem for H-type groups, u is smooth
up to JIT away from the characteristic set char(IT) = {(x,#)e G |x =0, {(b,t) = 0}.
In this section, we are interested in obtaining global a priori estimates for the second-
layer partial derivative <b, V,u ). This will be done by a very delicate construction of
barrier functions modelled on the geometry of IT>). For this purpose, we need to
introduce some notation which will be used throughout the section.

Let {b,b),...,b,, ,} be a chosen orthonormal system of vectors in R", where b is
the unit vector as in (5.1). The system of Cartesian coordinates w.r.t. this new basis
of R" will be denoted by s = <b,t),1,, ...,t,_,. There obviously exists an orthogonal

matrix O of order n such that r = O - (s, ), ..., 7, )" The following notation will be

used throughout the present section and the next one:
r=lxl, s=<bty, o=/, d=(*+165 +160°)",
d=(r*+165°)"*. (5.2)

We are interested in finding an estimate for the partial derivative dyu that we shall
need in Section 6 in order to apply Pohozaev-type identities. Namely we want to
prove the following result.

Theorem 5.1. Let I1®) be a characteristic half-space of the H-type group G (see (5.1)).

Let u be a solution of (1.1) in I1'®). Then, following the notation in (5.2), there exists a
constant M >0 such that

0| <M -min{1, Y1 +d") in O?.

Proof. The proof will directly follow from Proposition 3.6 and from
Lemmas 5.7-5.8. O

If we consider functions which have radial symmetry both in x and in ¢ =
(#,...,t,_;), i.e. (following (5.2)) u = u(r, s, ¢), then the canonical sub-Laplacian of

G has the following useful and remarkable form (see Appendix A for the details):

R 1 2
AG:83+n178,.+1r283+zr2<8§+ng ag) (5.3)
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For the sake of brevity, we shall also denote the characteristic half-space IT simply
by II. With the notation introduced in (5.2), we have the decomposition: IT =
H1 UHzUH3 UH4, where

I = {(x,)eG\{(0,0)} | *<s<1}, I, ={(x,0)eG|0<s<r’<1},

II; ={(x,0)eG |0<s<r, r=1}, Iy={(x,1)eG|r<s, s=1}. (5.4)

The first a priori estimate of u that we need is the following one.

Theorem 5.2. With the notation in (5.2), there exists a constant M >0 such that

us<M smin{l,I'} in {0<s<l1}. (5.5)

Proof. We first observe that, for some positive constant ¢, we have
u<csP in II. (5.6)

Indeed, recalling the explicit expression (2.5) of the group law, from uel’ 2ﬁ“(G) it
follows that

u(x,s,1) = u(x,s,7) —u(x,0,7)<cd((x,0,7) " o(x,s, 7)) = ¢d(0,s5,0) = ¢sho.
We now consider the family of barrier functions
Fop = (sins)’ (1427 a>0, 0<p<I,

in the strip {0<s<1}. A direct computation (that makes use of the explicit
expression (5.3)) gives

1= B 2a(m—2—20)r2 42 22
—AGFxﬁ:(ﬁ( B)V+ o(m o)r ocm+ﬁ_r Fup.

4sin’ s (1 +12)? 4

Setting oy = %, recalling estimate (3.8) of u, and taking r( large enough, we obtain

0+2
—Agu =ul2<er9< — cAgFyp in {r>ry, 0<s<l1}.

Moreover, from (5.6) and (3.8), it follows that u<cF, g on the boundary of
{r>ry, 0<s<1} and at infinity. Therefore, the weak maximum principle for 4g
gives u<cF,p, in {r>ry, 0<s<I}. Recalling again that also (5.6) holds, we
immediately obtain that

u<cF,p in {0<s<l}.
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We now define (2), ; = (3¢>0: u<cF,p in {0<s<1}). We set oy = 222 (we recall

that m >4 since we are assuming that G is not a Heisenberg group H¥) and we want
to prove that (#), ; holds. Since we have already proved (2), . and obviously

(2)yp = (P)y g for every 0<d'<a, 0<p < B, we only need to prove that

(W)al.(%)ﬁ = (?),p VBe(0, 1]. (5.7)

From (2) 22 it follows that
*o¥2

042 ,“l (@)
—Agu =u@2<c(sins) (1 +2) \22
<c(sins) (P +7)" + (1472 < —cdeFyp in {0<s<1}.

On the other hand, u<cF,, s on the boundary of {0<s<1} and at infinity, by means
of (3.8) (recall that Q = m + 2n>m). Therefore, from the weak maximum principle
for 4, we obtain (#),, 5. This proves (5.7) and completes the proof of (9)%1. More
explicitly, we have proved the following estimate:

2—m

u<c(l+r%) 2 sins in {0<s<l1}. (5.8)

In order to improve the above estimate, we now consider the family of barrier
functions

2-0
4

Gpy = (sins)’ (K +07) 3 (1+r7), 0<p<l, 0<y<2,

Y

in the sets Ag = {0<s<min{l,r*}, r*+¢>>R*}. A direct computation (recall
(5.3)) gives

~A6Gg, = sin )P (r* + 02) T 2
oV Z( JAURE R 4sin’s 4 s

i=0

! 2-0 (ﬁ(l—ﬁ)+ﬁ2+iv(m—2—iv)

L (@=)(m=2iy+ (n+15/8) (Q-2)(Q+ 2)(r* 4 0*/16)
At ( + o)’ |

We first want to prove that for every fixed e (0, 1), there exist positive constants ¢, R
such that

HSCG[;J/)’ in Ag. (59)

Using (3.8) and recalling that m>4, we see that (for R large enough) we have

912 o )
—Agu = uQ*2<CFQ*2<CF<C(SiH S)ﬂ_ r272[31—~< — CﬁgGﬁgl; in Ag.
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Moreover, from (5.8) and (3.8) it follows that u<cGpap in 0AgrU{ o }. By the weak
maximum principle, we then deduce (5.9). We now define the barrier functions

2-0 )
q3p:sﬂg 2 exp(—r°), 0<p<l,

in the sets Dg = {0<s<1, r<l1, ¢>R}. A direct computation based on (5.3) gives

_ B2 a2

We define (2)g 5 = (3¢>0: u<cPg in Dg). We want to show that

for every fe(0,1) there exists R>0 such that (#)g,; holds. (5.10)

We first observe that (#)p ; = (2) rp» Where

~ 2-0 02

(P)rp = (Fc>0: u<cesP(o 2 )02 exp(—r?) in Dg).

Let us now prove that, for every sufficiently large R and for every fe(0, 1], the
following implication holds:

() 02, 3e>0: u<cdyin {0<s<1, r=1, ¢>R})

012
= ((P)ry B €(0,B)). (5.11)

From the hypothesis (Q’)R 02 it follows that (recall that m>4)

012
Qo+2 2-0 ) .
—Agu=u22<csPo 2 exp(—r*)< — cdg®d; in Dg

(if R is large enough). Moreover, from (3.8), (5.8) and the hypothesis, we infer that
u<c®gin 0Dgru{oo}. Therefore, by the weak maximum principle, we obtain (2)g 4

which immediately gives (,J?)Rﬁ/ for every f'e(0,p]. This proves (5.11). We now
observe that (‘@)R‘/ﬂ holds when f, = ﬁ and R is large enough. Indeed (5.8) and
(3.8) give

‘(0

0-2 4 0-2 4 _4  2-0 02
u = u0+t2y0+2 L c[0+250+2 < ¢s0+2(g 2 )0+2 exp(—r?) in Dp.

Moreover, from (5.9) it follows that for every € (0, 1) there exists R>0 such that

2-0
u<cGpap = c(sins)’(1+ %) 7 <cdp, in {0<s<l, r=1, ¢>R}.

Therefore, using (5.11) and starting from (£2) R, WE finally obtain (5.10). Collecting
(5.9) and (5.10), we immediately infer that for every fe(0,1) there exist positive
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constants R, ¢ such that
H<CG/;’() in Ag. (512)
We now prove that

u<cG1,1 in AR, (513)

for suitable positive constants R, c. Choosing § = % in (5.12) and recalling that

m=4, we get (also using the given computation of —4¢Gg;)

o+2 +2 0+2
—Agu =u22< ¢(Gop_a )22 =c(r* +¢*) " # sins
=0
012
sin § rsins m—73 .
< o3¢ Q2< T+ 1) < —cdg Gy 1In Ag,

if R is large enough. Moreover, the choice f§ = % in (5.12) gives

1 N .
u<cG10<cs2F:c—F<cG1“1 in {0<s=r*<1, * +¢°>R*}.
2 r ’

Recalling again (3.8) and (5.8), we obtain that u<cGj; in 04g U { oo }. Therefore, by
the weak maximum principle, (5.13) holds.

From (5.10), (5.11) and (5.13), it now follows that (#),, holds if R is large
enough. As a consequence we have u<c¢sI' in Dg. Collecting (5.8), (5.13) and this last
estimate, we finally obtain (5.5). [

Recalling that u is smooth up to the boundary of II away from the characteristic
set {s = r = 0} and that u vanishes on OI1, from Theorem 5.2 we immediately get the
following important estimate.

Corollary 5.3. We have |Ou| <M min{1,I'} in {s =0, r#0}.

As in Section 4, we henceforth shall denote by w the convolution of I with the

function f = u** 1. Moreover, v = w — u will denote the 4-harmonic part of u. We
recall that v is a 4g-harmonic function in II. In the sequel, we shall use the fact that,
since Ag and 0, commute, also 0,v is 4g-harmonic in I1. Since the estimates of w are
known from Propositions 3.3 and 3.6, we turn our attention on v. Our aim is to apply
Proposition 3.7 for v. In order to do so, we first need the following result concerning
with the geometry of IT.
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Lemma 5.4. For every (x,t)ell, let R(x,t)>0 be the radius defined by
4¢b,1>

]+ \Jnlx + 4¢b, 0y

Then we have By((x,t),R(x,t))<II for every (x,t)ell. Moreover, following the
notation in (5.2) and (5.4), we have R(x,t) Zﬁ(r, s), where

R(x,1) =

(5.14)

1~{( ) cn/s in Iy, cps/rin Iy,
r7s = . .
cus/rin I3, ¢, in Iy,

where ¢, = 4/(\/n + vn+4) is a constant only depending on n.

Proof. Let (x,¢)ell be fixed. We only have to prove that B;((x,?), R(x,?)) €I,
since the rest of the assertion is easily checked from definition (5.4) of the I1,’s and
(5.14). By (2.5), the generic point of B,((x,?), R) has coordinates

xi+¢&, j=1,....m
‘/1 ’ J . , where (£,7)eB,((0,0), R).
i+ 1 +5{x, U(-/).f>, j=1,....n
We have to prove that, when R = R(x,7) and for any (1) such that |¢|*+
16]|* < R*, we have

> bj(zj+fj+%<x, UDEY)>0. (5.15)
j=1

Recalling that || = 1, the U(/)’s are orthogonal matrices, || <R and |t|< R?/4, we
have

1 1
(<o +4 <ol + Llle] <5 & + xR

J

bi{x,UYEY
=1

As a consequence, (5.15) holds whenever %Rz + ‘/7'7|x|R< {b,t), which is certainly
satisfied if R< — /a|x| + \/n|x|* + 4<{b,t> = R(x,1). O
Form the above proof it also follows that, if R(x,¢) is as in (5.14), we have
Bi((x,1),R(x,1))={(&,1)eG: [{b,t)y|<2(b,t>}, V(x,t)ell. (5.16)

With this geometric lemma and Theorem 5.2 at hand, we are able to prove some first
useful estimates for u.
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Proposition 5.5. With the notation in (5.2) and (5.4), for a suitable constant M >0 we
have

1
|83u|<M7§min{l,F} in I, (5.17)

|8Su|<M§min{1,F} in I, (5.18)
2

|8su|<Ms—2F in I3, (5.19)

|Osu| < MT  in M4, (5.20)

|[Veu|<M min{1,I'} in Iy UII,. (5.21)

Proof. In the sequel, we shall write | AI' = min{1, I'}. We fix zo € I1; U I, and we let
(x0, 80, ;) be the coordinates of zy w.r.t. the basis introduced at the beginning of this
section. If v=w —u is the Ag-harmonic part of u, we set vy = v — v(xo,0, ;)
(following the above notation for zp). Let R be the radius defined in (5.14) and set
Ry = R(zp). It is cs/r<R<cy/s on Iy UIl,, for a suitable constant ¢>0. For any
z€ By(z, Ry), we have

[v0(2)] = [w(z) — u(z) — w(xo, 0, 10)]
< |u(z)] + w(z) = w(zo)| + [w(z0) — w(x0,0, 1)
< es(LAT)(z) + ¢d(z,zo) sup IVew| + [so] sup |0w(x0,5", )]
By(z0,ed(z,20)) 0<s* <59

< es(1AT)(z) + cRy(1AT)(z0) + eso(1 AT)(z0)

< ¢80 + Ro) (1 AT)(20).
Here we used the following facts: u vanishes on (xy,0,#,)€0Il; u<cs(1ATl), see
Theorem 5.2; d(z, zy) < Ry < V/4; the estimates for |Vgw| and |d,w| in Proposition 3.6;

s<2sy being ze By(zo, Ry) (see (5.16)). This gives

‘U()(Z)|<C(S()—‘rR())(l/\F)(Z()), VZEB([(Z(),R()), VZ()EH[UHz. (522)
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From (5.22) and Proposition 3.7, we first derive

0.0l(z0) = owol(z0) <Ry sup ool
By(z0,R0)

s+ R
<cS°;2 YA (z0), Vapell Ul (5.23)

0

If in (5.23) we take zpeIl, and we recall that Ry>csy/ro in I, (see Lemma 5.4) we
get [0y|(z0) <cro/so(1 AT)(zp). In particular, from (3.13) and so<r3<ro in IT», we
obtain |0su|(zo) <|0sw|(z0) + |0sv|(z0) < c(LAT)(20) + cro/so(LAT)(z9), for every
zg€Il,. This gives (5.18). Otherwise, if in (5.23) we take zpe Il and we recall that
Ro=c /50 in I (see Lemma 5.4), we get |0s0|(z0)<c/\/So(1AT)(z0) and (5.17)
follows arguing as above. Furthermore (5.19) and (5.20) directly follow from
Propositions 3.3, 3.6 and 3.7, Theorem 3.4 and Lemma 5.4. Finally, if zogeIT; U I,
from (5.22) and again from Proposition 3.7, we have

So + Ro

[Vsul(z0) = [Vstol(z0) <cRy' sup vl <e (IAT)(z0) se(1AT)(20),

Bi(z0,R0)

since in IT; UII, we have so<cRy. Taking into account estimate (3.13) of |Vgw|,
(5.21) follows. This completes the proof. [

We now take up the proof of Theorem 5.1, by proving Lemmas 5.6, 5.7 and 5.8.

Lemma 5.6. There exists a constant M >0 such that |0|<MT in the set {r =
2, 0<s<1}.

Proof. Let us fix f€(0,1), 6>2 and define the barrier function

3
G=5"((r= )3 =) """ (e3((200 — @)@ — 1))
in the set (for large ¢,>0 and small sy € (0, 1])

_3
Quys = {1<r<3, 1<0<20, 0<s<min{so, (r— 1)°(3 =), 0,%(229 — 0) (¢ — 1)}}.

Making use of (5.3), by direct computations (that we omit for the sake of brevity) it
is not difficult to prove that

A6G<0 in Q. (5.24)

if g, is large enough and sy is sufficiently small. We now want to estimate J,v in
08y, s,- Since we are far from the characteristic set of II, we can use Corollary 5.3
and Proposition 3.6 (for Z = 0;) and obtain [J,v|<cI in 0Q, , N {s = 0}. It is easy
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to see that, if g, is large enough, we have

S|

(200 —0)(@—1))'=0™" Voe(l,20). (5.25)

From (5.19) and (5.25), we infer that

Q

20 3
00| < es M <es 2 2 <es 0 F<es(03((200 — @) (@ — 1))

=cG in 0Q, N {s=(r— 1)°(3 1)},

05| < esp T'<eo P <e, G in 92,5 N {s = 50},

[SS1L0%}

(200 —0)(e — 1)}

(we recall that Q>8 since we are assuming that G is not a Heisenberg group H¥).
Therefore we have proved that |0,v| <c,, (G + I') in 09, 5,. Since J; and 4 commute
and (5.24) holds, we also have

) ) . —
o[ <es " I'<es " <ceG  in 09, 5, N {s = g,

—A@(é)sv) =0< — A@(G—i— F) in QQOaSO'
Thus, the weak maximum principle yields
0| <c (G+T) in Q, (5.26)

for large g, and small sy (we remark that ¢,, does not depend on g,). Finally, the
choice ¢ = g, in (5.26) gives the following estimate:

R B2
ol < o (T 458 (0= 13 =) ")
in {l<r<3, 0<s<min{so, (r — 1)°(3 = r)°}} and for g>1.  (5.27)

We shall use (5.27) in order to prove estimate (5.26). To this end, we introduce the
barrier function

/ 27Q
F=sh((r—1)3-n) 02

in the following set:
Q= {l<r<3, 0<s<min{so, (r — 1)5/(3 - r)‘s/7 60}},

where s¢ is small, §' = §(1 +%) and ¢>0 is a suitable constant that can be chosen
small enough to ensure that (we omit the computations for the sake of brevity)

AsF<0 in Q.
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Arguing as above, one can prove that |0,0|<cy(F+1T) in 0Q. Moreover, Ov
vanishes at infinity in Q by means of (5.27) (and by the definition of &'). Since
—Ag(050) =0< — Ag(F + I'), from the weak maximum principle it follows that

|Osv| <cgy(F+T) in Q.
As a consequence, we get
|Osv| < eI in {r=2, 0<s<sp} and for g> 1.

To end the proof, it is sufficient to recall that O;v is continuous up to the boundary of
IT away from the characteristic set {s =0 = r} and finally to use (5.19) in the set
{r=2, so<s<1}. O

Lemma 5.7. For every ¢>0 there exists a positive constant M such that |O;0]| < MT in
the set II\{r<e, s<e}.

Proof. We shall prove the lemma in the case ¢ = 2. The same proof works for every
e, observing that one can adapt the proof of Lemma 5.6 in order to obtain the
estimate in the set {r = ¢, 0<s<1} (with M depending on ¢). Let us fix f€(0, 1) and
a small ¢>0. We define the barrier function

1
i = (R~ (1 + )
in the set (for large R>0)
1
Qr = {r>2, 0<s<omin{r, 2R)> — (* + ¢*)2}}.

By direct computations (which we omit) one can show that, if ¢ is chosen small
enough,

AgPr<0 in Qp, for every R>1. (5.28)

From Corollary 5.3 and Proposition 3.6, it follows that |O,v|<cI' in 9Qr N {s = 0}.
Recalling (5.20), we also have |0,v|<cI’ in 0QgrN{s = or}. Moreover, Lemma 5.6
ensures that |O,v| <cI' in 0Qr N {r = 2}. Finally, from (5.19) it follows that

0| <cr’s 2 M<es™ = c¢Pg  in 8Qr{s = a((2R)* — (* + Qz)%)}
Therefore, we have |0,v|<c(¥Yr + I') in OQg. On the other hand, (5.28) gives
—A6(0) =0< — Ac(Pr+T) in Q.
By the weak maximum principle, we infer that

|Ov|<c(Pr+T) in Qg, for every R>1
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(with ¢ not depending on R). As a consequence, we obtain

X B4, 2 -E 4, o -HE
O] < e(I'+5" (" +07) 2 )se(T+ (M +¢7) )

in Qrn{r* + 0> =R*} = {* + 0> = R*, r>2, 0<s<or}, for every R>1.

This proves that O,v vanishes at infinity in the set 4 = {r>2, 0<s<or}. Since we
also have |0,v|<cI in 94 (by Corollary 5.3, Proposition 3.6, (5.20) and Lemma 5.6)
and —A4g(0;v) =0 = —AgI in 4, we get from the weak maximum principle

|Osv| <l in OA.

In order to end the proof, it is now sufficient to recall that (5.20) also holds. [

Lemma 5.8. There exists a positive constant M such that || < Md ' min{1,T} in
{r<1, 0<s<l1}. We recall that d is defined in (5.2).

Proof. Let us fix fe(0,1) and a small 6>0. We define the barrier function

2—

0
D, = PsP(r—e) P14+ 7 +¢'T

in the set 4, = {e<r<l1, 0<s<or(r—¢)} (for ¢€(0,})). A direct computation
(which we omit) based on (5.3) gives

Ag®. <0 in 4,
(if o is chosen small enough). We now want to prove that
|0v| <c®, in 04,0{o0}, for every ¢€(0,1) (5.29)

(with ¢ not depending on ¢). In the sets 94, N {s = 0}, 94, n{r = 1} and at infinity,
the desired estimate follows from Corollary 5.3, Lemma 5.6 (see also the remark at
the beginning of the proof of Lemma 5.7) and Lemma 5.7, respectively. Moreover,
by Proposition 3.6 and (5.18), we have

00| < |0w| + [Osu| Sc(AAT +rs " IAT)<c(r— &) 1AT
<cd, in dA,n{s=or(r—2e)}.

In the last inequality, we have used the facts that (r —¢) ' <ce! Psf(r —e) > * in
A, {s=or(r—e¢), e<r<2} and (r—e) '<e¢' in  dd,n{s=or(r—
¢), 2e<r<1}. Thus (5.29) is proved. Recalling that —Ag(dsv) = 0< — 4P, in A4,,
by the weak maximum principle we infer

|0s0| <c®, in A,, for every e€(0,4). (5.30)
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Now, the choice r = 2¢ in (5.30) gives
00| <c(r TSP IAT + 7' D) <er™' T in {r<1, 0<s<ar?/2}.

Recalling that also (5.17) holds, we get |0,v] <cd™'T in the set {r<l, 0<s<1}.
Arguing as above, using the barrier function

-1

2-0
4+g’

D, =& PP (r—e) P14 0?)

one also obtains the estimate [dv|<cd ' in {r<1, 0<s<1}. This concludes the
proof. [

6. Pohozaev identities and proof of the main theorem

Apart from Lemma 6.1 and Theorem 6.2, where G denotes an arbitrary
homogeneous Carnot group, throughout this section G will be a fixed H-type group.
We shall make use of the notation introduced in Section 2 for H-type groups (see in
particular (2.5)). Moreover, u will denote any given solution of the boundary value
problem (1.1) in a half-space II = G. The aim of this section is to prove our main
result Theorem 1.1. The proof will be split in two parts: Theorem 6.3 is devoted to
the case of non-characteristic half-spaces, whereas Theorem 6.4 is devoted to the case
of characteristic ones. The proofs mainly rely on the integral identity of Rellich—
Pohozaev type proved in Theorem 6.2 and on the well-behaved estimates of the
derivatives of u, proved in Theorems 4.4 and 5.1 (in the non-characteristic and in the
characteristic case, respectively). We point out that Pohozaev-type identities have
been proved in the previous papers [26] in the setting of the Heisenberg group and in
[27] for general Carnot groups.

We fix some notation. If Q<R" is a domain with boundary regular enough, we
denote by v the outer unit normal to dQ and by do the Hausdorff (N —1)-
dimensional measure on 0Q. The following result is contained in [27, Theorem 3.1];
however we give the proof for the reader’s convenience.

Lemma 6.1. Let G be an arbitrary homogeneous Carnot group and let Ag =" | Xiz.
Let Q be a bounded domain in G, regular for the divergence theorem. Finally, let Z be a
vector field of class C'(G). Then, for every ¢e C*(Q) we have

2 [ 3 X Xuv)Zodo— [ <Zv)|Veol do
0Q 1= 0Q

=2 [ 3" XX Zo+2 [ dc0zo~ [ Vool dvz). (61
folem Q Q
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Proof. By applying two times the divergence theorem (and recalling that X = — X))
we obtain

/ Vool <Z,v) do = / div(|Veo'Z) = / Vool div(Z) + / Z(IVeol)
oQ Q Q Q
=/|v@<p|2div(2>+2/ (Z(Ve9). Vo)
Q Q
= [ Vool divz) +2 | > iz Koo
Q Q=
+2 / S Xi(Zo)Xip
Q=1
:/IV@<p|2diV(Z)+2/Z[Z,Xf]mefp
Q Q=

+2 [ 3" Zoxi iy do -2 [ Zodeo.
1o} Q

Q=1
This ends the proof. [

We now specify the integral identity (6.1) when Z is given by the so-called
generator of the translations. Let o be the group law on the Carnot group G and fix
zoe G. We denote by Z* the following vector field on G,

d

ZZO (Z) = @

((hzo)ez). (6.2)

h=0

For example, if G is a H-type group and zy = (x%,°), then Z%(x, ¢) is given by (see
(2.5))

Z(x.1) o = b (63
(X, t) = ; ) '
4+ 50 Uxy, j=1,.n

We know that, for every i =1, ...,m, X;(z) = (d/dh),_o(z<(he;)), where ¢; is the ith
versor of the canonical basis of RY. From this fact and from the associativity of o, it
follows that the bracket [X;, Z*] vanishes identically. Indeed, for every smooth
function f, one has

[Xi, 22/ (2) = Xi(Z27f ) (2) = Z*(Xif)(2)

::_h h:O((ZZof) (zo(her))) — % s:o((X[ F)((s20)02))
3 o (di Y <<SZo>o<zo<he,->>>>)
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d d
— a =0 (E ho(f(((SZO)oz)o(hei)))>
= (i d )(f((520>020<h3i)) — £ ((sz0)0z0(he;))) = 0.
dh|,_,ds|,_,

On the other hand, the divergence of the vector field Z* vanishes identically. Indeed
(following the notation in (2.1)) we recall that o has the form zo{ =
(20, ..., (z0)"), where

(zoC)<1> O} (ZOC)(j) =) 4 )4 Q(j)(Z,C), 2<j<r,

0') being a function with values in RY and whose components are mixed
polynomials in z and ¢ such that Q)(8,z,9,() = ¥ Q') (z, (). We then recognize that
the components of Z*(z) in the jth layer have the following form

(22N =2 + <2t () + -+ @),

where (for any i=1,...,j—1) qlm is a function with values in R" whose
components are polynomials ¢;-homogeneous of degree j—i. In particular
(z= (z))(j) does not depend on z;, whence div(Z*) = 0. From Lemma 6.1 and the
above remarks, the next result immediately follows.

Theorem 6.2. Let G be a homogeneous Carnot group and let Ag = > i, X?. Let Q be
a bounded domain in G, regular for the divergence theorem. Finally, for a fixed zo€ G,
let Z*% be the vector field defined in (6.2). Then, for every ¢ e C*(Q) we have

m

2/ Z)G<p<x,»,v>zwda—/ <ZZ°,v>|v@qo|2da:2/szm<p. (6.4)
02 11 [219] Q

With the integral identity (6.4) at hand, we can now turn to the proof of
Theorem 1.1.

Theorem 6.3. Let I1'Y) be a non-characteristic half-space of the H-type group G. Then
the Dirichlet problem (1.1) has no solution in IT").

Proof. Any non-characteristic half-space of G has form (4.1). It is non-restrictive to
suppose |a| = 1. For the sake of brevity, we denote 1Y simply by II. Let u be any
non-negative weak solution of Agu = —u?* ="', ue S}(IT). We explicitly remark that
the second statement in Theorem 3.1 holds and, since IT is non-characteristic for 4,
then u is also smooth up to the boundary of IT: this follows by a suitable adaptation
to H-type groups of the Kohn and Nirenberg Theorem (see [37], see also [31] for the
case of the Heisenberg groups). We fix R>1 and we set Bg = B;(0, R). With the
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notation in (4.1), we apply formula (6.4) with zo = (—a,0), Q = IInBg and ¢ = u.
We first consider the right-hand term in (6.4):

2*
—2/ W2 zAy — —2/ div u—’.(ZZ0
N Bg I~ Br 2
uz*
= —2/ —<Z* v) do. 6.5
HﬂaBR 2* ( )

Here we used the divergence theorem, jointly with div(Z#*) = 0 and u = 0 on 9II. We
now turn our attention to the left-hand side of (6.4): since u is smooth up to OII,
u=0 on OIT and u>0 in I, then we have |Vulv = —Vu on OII. This gives

m m
S Kucxn 2= 35 K 6, (70, )
i=1 i=1

= (Z* v)|Vgul* on OII. (6.6)

Since moreover, v = zy on OII, from (6.3) we get {Z*,v) =1 on OII. Collecting
together (6.5) and (6.6), (6.4) becomes

2*
[ Weuldo= [ [z (1wedt 255
BRmBH HnBBR 2
— 22 XudlX;,v) ZZ“u) do. (6.7)
]

The rest of the proof consists in showing that there exists a sequence of radii R 1 oo
such that, when R is replaced by Ry, the right-hand side of (6.7) goes to zero as
k— oo. Indeed, from (6.7) this will give Vgu = 0 on OII; as a consequence, by the
unique continuation result in [27, Corollary 10.7], we shall obtain ¥ = 0 in I1.

We now turn to the estimate of the right-hand side of (6.7). On dBg we have
v = Vd/|Vd|. Hence, from (6.3) and zy = (—a,0), we get

|<ZZ°,V>||V% in 1NOBg. (6.8)

m 1 n .
ai0vd + ~ a, UDx>8,d
; 0 d + 5 ,;< >0,

c
<_
Vd|

Indeed, the functions dyd and {a,U (j)x>8,jd are bounded since they are smooth
away from the origin and homogeneous of degree zero w.r.t. the dilations of G.
Moreover, we have

1z =

j=1
< c(|Veu| +d |Vu|) <c(|[Veu| +d*=9). (6.9)

m 1 n .
Z a;Oyu + EZ {a, U(J)x>8,ju
=1
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Here we used the following facts: since the group law in G is given by (2.5), we have
Vg = (Xl, ooy Xm) with X = 0, + 2Zk DR k>x,8,k, the functions x; and

{a, U x> are bounded by cd, since they are smooth and homogeneous of degree
one w.r.t. the dilations of G; |V,u|<cd?~€ follows from Theorem 4.4, recalling that
any partial derivative J; is a second layer derivative and u is smooth up to the
boundary of II. Finally, again from v = Vd/|Vd| on 0Bg and since |Vgd| is
bounded, one has

| XiuXid| c|V@u|
\Vd| ~ |Vd]

| Xud Xi,v)| = n ITNOBg. (6.10)

Collecting together (6.8)—(6.10), the right-hand side of (6.7) is bounded by

Veul* + 2 / |Veu| d*—2
c — do+c ——— do
»/IY(\DBR |Vd| HmOBR |Vd‘
1/2
Vel 4t o / Veu’
<c ot " do+ R do
/Hm(‘)BR |Vd| I1nOBr |Vd|

dO’ 1/2
. (/Hnm W) ' (6.11)

By Federer’s co-area formula [20], we have

/ |Vd1da—i/R/ Vd| do do—i(
9B dR J, 0B, S dR

=¢RY. (6.12)

Moreover, arguing as in (6.12), the following simple fact holds:

geL'(G) = <EIRkToo: 99% _ L (1/Ry), as k1 oo). (6.13)

a=r, |Vd]

Now, we choose a sequence Ry T oo such that (6.13) holds when g = |V@u|2 +u?*
(this is a L'(G) function since ue S} (IT)). From (6.12), replacing R by Ry, the right-
hand side in (6.11) is then bounded by o(R; ') +R§CS_Q)/20(R,;1/2)—>O, as k— oo
(since Q=4). This completes the proof of the theorem. [l

Although the proof of the next result follows the line of the previous one, the
presence of characteristic points complicates the arguments.

Theorem 6.4. Let 1% be a characteristic half-space of the H-type group G. Then the
Dirichlet problem (1.1) has no solution in I1\%.
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Proof. Any characteristic half-space of G can be left-translated into a half-space of

form (5.1). For the sake of brevity, we denote 11 simply by IT. We explicitly remark
that the characteristic set of IT is (see Appendix A for the details)

char(lT) = {(x,1)eG |x =0, <{b,t) =0}.

Throughout the proof, we follow the notation introduced in (5.2). With this
notation, we have IT = {s>0}, char(IT) = {r = s = 0}. Let u be any non-negative
weak solution of Agu = —u?* ', ueS}(IT). We explicitly remark that the second
statement in Theorem 3.1 holds and, by a suitable version of the Kohn and
Nirenberg Theorem for H-type groups, u is smooth up to OIl away from the
characteristic set. We now aim to apply the Pohozaev-type identity (6.4) on a
suitable domain far from char(IT).
For fixed 0<e<1, ke N, we introduce the set

¥ = {s>0, d<Ry, d>¢},

where R is a divergent sequence of radii, to be chosen in the sequel. With the
notation in (5.1), we apply formula (6.4) with zy = (0, —b), @ = I1* and ¢ = u. We
explicitly remark that Z* = —(9/0;). We introduce the following notation:
Fi* = {s=0, d<Ri, d>z},
oIy = FI* QRS OFY®, where Fy* = {520, d = Ry, d=¢},
F;”’ = {s>0, d<Ry, d =¢}.

The notation F°* and F,"* will also be allowed, with the obvious meaning.
Moreover, we shall write fAg =min{f,g}. Arguing as in (6.5) and (6.6) the
following analogue of identity (6.7) holds:

2%
ot u
n/I;k‘x ‘VGulz do= /F’f.z:qu.e <<Zh07 v> <|VGu|2 - 22_*>

-2y X,u(Xi,v)Z"“u)do-. (6.14)
i=1

We turn to estimate the right-hand side of (6.14). We begin with {(Z% v}: on Féc * we
have v=Vd/|Vd|, whence <{Z% v) =|0d|/|Vd| = csd™*/|Vd|<c/(d|Vd|) =
¢/(R¢|Vd|). Analogously, on ng it is v=-Vd/|Vd|, and we have
|{Z%,v)|<c/(¢|Vd]). This gives

¢/(R |Vd|) on Fi¥,

N (6.15)
¢/(e|Vd|)  on Fy*.

<Z"°7V>|<{
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Moreover, from the estimate of O,u in Theorem 5.1, we obtain

R on Fé“'g,

1
C_
|ZZ°M| — |8Su|< ek
el

+ )M on FP (616

Here we used the fact that on Fy"* itis 1Ad> 2 = 1 a(d* + 1602)* D/ = 1 A (e* +

160294 <o(1 + 0> 9% Finally, being v=Vd/|Vd| on F‘* and v=
0 0 y g b

—Vc?/|Vc?| on F;"*, we have

c|Veu|/|Vd| on Fé"s,

- ‘ (6.17)
c|Veul/|Vd| on F;°*.

I)(,-u<Xi,V>|<{

Here we used |Vgd|<c and the following estimate (see (2.5)):

sx,bh r¥+rs
<c

= <c
4 @2\3/4
/1<nj<m (I” +s )

We claim that the integral over Fé“'g in the right-hand side of (6.14) goes to zero as
k— oo, for every fixed ¢€(0,1). This will give
| [
/ka.( F;m:( )

/ Veul do = lim/ [Veu)* do< 11m
Fll-fi k— o Fl k— oo
*
< LZ2vy|| |Veul” +2
/<| <| ouf 2*>

+2)° |X,-u<X,f,v>ZZ"u|> do. (6.18)

i=1

+

We now prove the above claim: collecting together (6.15)—(6.17) and arguing exactly

as in the estimate of (6.11), the integral over Ff’g in the right-hand side of (6.14) is
bounded by

c IVeul* + 2™ cRiQ/ |VGu|d ~co(1) o(l) r-w 0
{

—_ do + 0=
Rk Jya=r,) |Vd| € a=ryy |Vd| R} aR(Q 272

This proves the claim. We now prove that, by a suitable choice of a sequence ¢; — 07,
the right-hand side of (6.18) goes to zero as j— oo. This will give

/ |Veu|* do = lim/ |Veul* do = 0.
oIl e—0 Flf[..!,

By means of a unique continuation argument, as in the proof of Theorem 6.3, this
will complete the proof. Collecting (6.15)—(6.17), the right-hand side of (6.18) is
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bounded by

2 2x 2-0
[ ety e Do e,
eJrre |V &Jrre |V

Lt )P e N e\
<f/~ A+e) 2 4 .¢ /~ (A+e)? 4 /~ Vel 4i5) . (619)
€ Jd=¢ |Vd| & d=¢ |Vd‘ d=¢ ‘Vd|

Here we applied estimates (3.8) and (5.21) which give

20 .
2 on {d =¢}.

\Veul* + " <c(IAT)* +¢(1 /\F)z* <c(1aT)<e(1+ %)
Following the notation in (5.2), we have

{(x,1)eG|d=¢} = {(x,5)eR™" |d(x,s) =&} x {{eR"'}.

As a consequence, denoting by H’ the Hausdorff j-dimensional measure, one has
(arguing as in (6.12) and taking into account that Q — n>1)

Q
AN m 2—-0
/N %da:% dH~-/ I+ dEm!
d=¢ |Vd| d(x,s)=¢ ‘Vd reR"!

) 2-0
=ceml / (1+0%) 2 ¢"*dg=rce". (6.20)
0

Finally, we make use of (6.20) and of an analogous version of (6.13) when d is
replaced by d and g = |V@u|2: we can thus derive that there exists a sequence of
positive numbers {¢;}; such that lim;_, ;, & = 0 and such that (when ¢ = ¢)) the right-
hand side of (6.19) is bounded by c&]" + & P25(1) >0, as j— oo. This completes the

J
proof. [
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Appendix A. Remarks on H-type groups

The main aim of this section is to prove that (under a suitable system of
coordinates) the group law of any H-type group has the somewhat explicit form
(2.5). Moreover, we furnish several details on H-type groups which have been used
throughout the paper.
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Definition A.1. A H-type group is a Carnot group G of step two with the following
property: the Lie algebra g of G is endowed with an inner product <, » such that, if
3 is the center of g, then [3%,3%] = 3 and moreover, for every fixed ze3, the map
J. 13+ -3+ defined by

(L(v),w) = Lz, [o,w]> Vwezt, (A.1)
is an orthogonal map whenever {z,z) = 1.

By means of the natural identification of a Carnot group with its Lie algebra, it is
always non-restrictive to suppose to deal with groups endowed with a homogeneous
structure. More explicitly, we can suppose that a system of Cartesian coordinates on
R" is given with respect to which the family of dilations (2.1) forms a family of group
automorphisms. We explicitly remark that, if ®; @ --- @ ®, is the stratification of the
algebra of a Carnot group (according to the classical definition), then, following the
notation introduced in (2.1), we have

Ny = dim(6,), ..., N, = dim(6,). (A.2)

Moreover, it is non-restrictive to suppose that the group inverse x~! is given by —x.
As a consequence of these facts, simple arguments (which make use of the explicit
coordinate expression of the group dilations) show that the group law of any step-
two Carnot group has form (2.2).

Let now G be a H-type group according to Definition A.1. We set m = dim(3+)
and n = dim(3). Since G has step two and since the stratification of the Lie algebra g
is evidently 3 @3, in the sequel we shall fix on G a system of coordinates (x, 7) and
we shall suppose that the dilations on G are (see (7.2)) 9,(x,t) = (Ax, )th) and that
the group law has the form

( xi+¢&, j=1,....m

X,[Of;'[: .
(x,2)°(&, 1) z_,+r_,'+%<xaU(])5>v j=1,....n

), x,EeR" t,1eR",  (A.3)

for suitable skew-symmetric matrices U(/)’s. Our main aim is to give a necessary and
sufficient condition on the U(/)’s such that a composition law as in (7.3) defines on
R™" a H-type group. A complete answer is given by the following result.

Theorem A.2. G is a H-type group if and only if G is (isomorphic to) R™"
with the group law in (A.3) and the matrices UV, ... U™ have the following
properties:

1. UY) is a m x m skew-symmetric and orthogonal matrix, for every j =1, ...,n;
2. UDUW) 4+ UDUD =0, for every i,je{l,...,n} with i#j.
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Remark A.3. Conditions (1) and (2) imply that U, ... U™ are linearly
independent.

Namely, as it will appear from the proof, if (1) and (2) holds, then ), z,U ) is
the product of |z| times an orthogonal matrix. For example, the following three
matrices

0 -1 0 0 0 01 0
g |10 0 0 000 1)
0 0 0 -1 100 0
0 0 1 0 0 10 0
0 0

o
|

—_
o o~ o
R R

satisfy conditions (1)~(2) above and hence, through (A.3), they define on R’ a H-type
group whose center has dimension 3.

Proof. First of all, we prove the “only if ”” part of the theorem. Let G be a H-type
group: we make use of all the notation in Definition A.l1. Let By,..., B, and
Zi1, ...,Z, be orthonormal bases for b :=3' and 3, respectively. The hypothesis

[b,b] = 3 ensures that there exist scalars U,(s,). such that

[B;, BJ] ZUSZ Vije{l,...,m}. (A4)

With the notation in (A.4), we define the following square matrices:
s=1,...,n. (A.5)

Since [B;, Bj] = —[B;, Bi], U" is skew-symmetric. We now recall that the group (G, o)
is canonically isomorphic (via the exponential map) to its Lie algebra g (endowed
with the Campbell-Hausdorff operation (X,Y)—X + Y +1[X, Y]). As a conse-
quence, by means of the fixed basis By, ..., B, Z1, ..., Z, on g, we can identify G to
g = R™" with the group law (A.3), Where the matrices Ul)s are as in (A.5).

We fix v=> 7", v;B; and z=> ", z;Z;. We look for xi,...,x,€R such
that J.(v) =", x;B; satisfies condition (A.l1) of Definition A.l, for every
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w= >, w;B,. Precisely

Zm: Xjwj = <zm: x,-B,-,zm: w,-B,-> = {J(v),w) =z, [v,w])
Jj=1

i=1 i=1
m
< Z,*Z,‘, Z U[LVj[B,‘, B/}>
m n ©)
= 2Ziy Y ow Yy U Zs
i=1 i, j=1 s=1

1 ij=1
Z wj (Z v; U,-(‘s]?zs> . (A.6)
1

=1 s=1 i=

HM:

=

Since w is arbitrary, this gives x; =3, > .., Ui U,-(f'}zx, whence

J.:b->Db, Z v;Bj— Z (Z Z U,U zj>
j=1 j=1 s<n i<m
As a consequence, w.r.t. the orthonormal basis By, ..., B,, for b, the endomorphism
J- is represented by the following matrix (hereafter, the transpose of a matrix A is
denoted by A7)

A 7 BT " '
Sal oro = (Z Z“'U(S)> ’ -
s=1 U(S) ces U,Ef,)m -

By Definition A.1, this matrix has to be orthogonal, whenever z:"::l(zs)2 =1.1In
particular, this implies that every U®) is orthogonal (whence condition (1) of the
assertion is proved) We explicitly remark that since U is both skew-symmetric and
orthogonal U has no real eigenvalues, whence m is necessanly even. Moreover,
~UWU® =1, (the unit matrix of order m). If 37, (z,)* =1, the matrix
S, z,UY is orthogonal if and only if

) (£

r<n rS<nr#ES rS<nr#ES

I

|
]
n
N
<
<
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Therefore, we have

n n

Y zzUUY =0, Yz, .z Y o =1 (A8)

rs=1r#s =1
If in (A.8) we take z = (0, ...,1/v/2,...,1/v/2,...,0), we obtain

UOUu) + uDUuD =0, for every i,je{l,...,n} with i#j, (A.9)
which is condition (2) of the assertion. Since we also have

> U= B s UUl + utuh),

rS<nrF#ES rs<nr<s

(A.8) turns out to be equivalent to (A.9).

We now prove the “if” part of the theorem. Let U, ..., U™ be matrices
satisfying conditions (1)—(2) of the assertion. Suppose R”*" is endowed with the
composition law (A.3). It is immediately verified that o defines a Lie group nilpotent
of step at most two in which the identity is the origin and the inverse of (x,?) is
(—x,—t). Moreover, d,(x,?) = (ix,2*t) is a group of automorphisms. An easy
computation shows that the vector field in the algebra g of G = (R""", <) that agrees
at the origin with 9/0x; (j =1,...,m) is given by

= (9/0x) +5 Z(Zx,(ﬂ ) (9/01y), (A.10)

and that g is spanned by Xi, ..., X,,, 9/011, .. 8/81 From (A.10) and the skew-
symmetry of U we obtain [X;,X;] =", U (8/8t) for every i,je{l,...,m}.
Now, since UV, ..., U™ are linearly mdependent (see Remark A.3) the dimension of

the vector space spanned by ( 1(1])7 ey U,-ﬁj)('” as i, je{l,...,m}, equals n. As a

consequence, G is a homogeneous Carnot group. For every s=1,...,n, we set
Z, = 0/0t,.

We claim that 3, the center of g, is spanned by Z, ..., Z,. Indeed, we suppose by
contradiction that (for suitable scalars o;’s) >"7" | o;X;€3, i.e.,

m n m
0= [Zoc,»X,-,X,] = Z Z oinff/? Z, for every je{l,...,m}.
i=1 s=1 =1

Since the Z;’s are linearly independent, this means that 37", o; U ()~ 0 for every
s<n and every j<m, i.e., «a = (o1, ...,0,) belongs to the kernel of the transpose
matrix of U, for every s<n. Since every U is orthogonal, this is possible only if
o = 0, which proves the claim.

Finally, let {, > be the standard inner product on g w.r.t. the basis X7, ..., X},
Zi, ..., Z,. For what has been proved above, we have 3* = span{Xy, ..., X,,} and
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[3%,3%] = span{Z, ..., Z,} = 3. By means of a computation analogous to (7.6), it is
easy to recognize that conditions (1) and (2) of the assertion ensure that (with the
above choice of ¢, )>) G is a H-type group, according to Definition A.l. This
completes the proof. [

From the above proof it is also evident that the following characterization holds
for general step-two Carnot groups.

Remark A.4. The N-dimensional Carnot groups of step two and m generators are
characterized by being (canonically isomorphic to) (RY,o) with the following Lie
group law (N = m +n, x) e R, x? e R"),

x](-l) +y<<l>

v J=1..m

(e, 5oy, ) =

Y

2

; +yj<«2> +3xW, Sy j=1,...n

where the S(/)’s are m x m linearly independent skew-symmetric matrices.

From the explicitness of operation (A.3), we can derive some more properties of
H-type groups. We first describe characteristic and non-characteristic half-spaces;
then we give the explicit form of the canonical sub-Laplacian.

Remark A.5. The general half-space of the H-type group G, II=
{(x,1)eG | (a,x) + {b,t)>c} (here acR", beR" and ceR are fixed) possesses
characteristic points (w.r.t. the canonical sub-Laplacian) if and only if »#0. Any
half-space with characteristic points can be left-translated into a half-space of the
type {(x,1)eG |{b,t) >0}.

Indeed, a point (x, ) edIl is characteristic if and only if for every j<m we have
Xi(x,0)e{(¢&1)eR™ | {a, &) + (b, =0}. Since the canonical sub-Laplacian is

1 X7 where X; is given by (A.10), this is equivalent to a +

IS OO X Ui‘?)bs = 0 for every j<m, or equivalently,

a,xy + {b,1> =c,
- { > b, U x = —2a.

If 5 =0 then a#0 (otherwise I1 would not define a half-space) and the second
equation in (Ch) has clearly no solution. Suppose now b#0. Then, by (A.7), the
matrix (3_,_, bs/|b|U )T is orthogonal hence non-singular. As a consequence, the
second equation in (Ch) admits a solution Xe R™. The characteristic set for IT is then
given by

{(x,0)eG|x=%, (b1) =c—<a,X)}.
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Finally, let IT be as in the assertion with »#0. If (¢, 7)eG is fixed, we set IT =
(¢,7)oM, i.e., I is the set of all points (¥,7)eG such that (see (A.3))

DobGg)+ ) @+ 351’(“/ +% DD @Ui(,s}) >
= = ) =1 ol

As we discussed above, there exists E_e R™ such that a; +13°" by S, & Ul(‘j) =0
for every j<m. With such a choice of £, again from b #0, there also exists 7€ R" such
that Y7, bty = ¢ — Y7 @;&;. In this way, the half-space II is obtained from IT by
the left-translation by (£,7) " and we have IT = {(X,7)eG |{b,7> >0}. Remark A.5
is thus completely proved.

Remark A.6. The canonical sub-Laplacian on the H-type group G is given by

1 2 d (s) 0
g = s + x| At+; o U5 (A.11)
N2
where the U® are as in Theorem A.2 (here we used the notation 4, = S (()%,) )
2 T
A, =570, (%) and V, = (%, ’%) . Moreover, on functions u(x, t) = u(|x|, 7),

Ag has the form

1, » O\? m—19
Ag = Ay +=|x|°4, = | = —
© V—i_4|x| ! <8r>+ ro or

1
—|—Zr2A,7 r=|x|#0. (A.12)

In particular, following the notation in (5.2), 4g on functions u(x, ) = u(r, s, ¢) has
the following form:

ON' m—=10 1 ,(0N\* 1 ,((0\ n-20
A@—(5> 57" (5> i <a_g>+ o 0) r#0#0.  (A.13)

Indeed, since the canonical sub-Laplacian is 4 = Y | X7 where X; is given by
(A.10), one has
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1 n 9 2 m n ] 82
:ch - U(g) T_)2 i IU(X) v
g ;K VG +Z; ; YT G0t

1 n 2
_ U(’) Tx’ X
2r€—lzr<v<( ) ( ) >8I'6ts
Ly ") 1706) o
_ 4 y L r K
3 |X| t+z§:léz: I] ax at rs:zl.;<s<U v X7x>alrat.\‘

82
—Ax+—|X| At+ Z Z xl ,j 8x8t
]

i,j=1 s=

(s) _

Here we used the following facts: U;’; = 0 since U is skew- symmetrlc (U x| =

|x| since U< 9 s orthogonal from (A. 9) we have ((UNTx, (U x) =
CUDX, U)Xy = ( — x, x> = UNUY x,x), for every r#s. Again from
(A.9) it follows that U ( )U ) s skew-symmetric (for r#s), for (UNUT =
(~UN(-UD) = WU = ~UM U whence < UM UWx, x> =0 for every r#s.
This proves the first part of Remark A.6.

We now prove the second part of Remark A.6. On functions u(|x|,?), the third
differential summand in the right-hand side of (A.11) vanishes: indeed, we have

0*u
(35 S wutl )u<|x| L5 (35w () <o
since for every s<n, > ' o1 Xix U = = (UYx,x)> =0, being UY skew-symmetric.
Moreover, with the notation 1ntr0duced at the beginning of Section 5, there exists an
orthogonal matrix O of order nsuch thatr = O - (s, 4, ..., Zn,l/)T. By the well-known
properties of the classical Laplace operator, we hence have 4, = (%)2—#41,/. Finally,

(A.13) follows from the expression of the classical Laplace operator on radial
functions.

Remark A.7. Let (G, <) be a H-type group. Suppose that the center of the algebra of
G has dimension 1. Then G is isomorphic to a Heisenberg group HF (here
k =4(dim(G) — 1)).

Indeed, by Theorem 7.2 (and by the hypothesis n = 1) it is non-restrictive to
suppose that G is R™! equipped with the group law (x,7)o(é,1) = (x+ &t + 1+
L1{x, UM &Y). Let M be a m x m non-singular matrix and consider the following
bijection:

M:G->R™ (x,0)—~(Mx,1).
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Clearly, if G is R™! equipped with the composition (Mx,t)* (ME 1) =
M((x,1)5(&,7)), then M : (G,)—(G,x) is a Lie group isomorphism. It is then
sufficient to show that there exists M such that (G, *) is isomorphic to a Heisenberg
group. In order to prove it, if (X,7), (E,?) e@, we notice that

(%,7) % (£,7) = M(M™'%,7)o(M~'€7))
— MM+ M T+ T+ MR UM IEY)
= (X4ET+T+1E M) U MEy).

It is known that (see e.g., [30, Corollary 2.5.14]) every skew-symmetric orthogonal
matrix is congruent to a block diagonal matrix of the following type:

ol )2}

Hence, if P is a non-singular matrix such that PT UV P = J and if we take M = P!,
Remark A.7 is proved.

Appendix B. L7 estimates of solutions

Throughout this section, G will denote an arbitrary homogeneous Carnot group.
Moreover, we shall always denote by u a solution of (1.1). Finally, Q will be
supposed to be an arbitrary (bounded or unbounded) open subset of . Our aim is
to prove L” summability properties of u. The main results are contained in
Propositions 8.2, 8.3 and Theorem 8.4. Since we will use boot-strap and iteration
techniques inspired to those of Brezis and Kato [12] and of Moser [29, Chapter §],
the proofs of Propositions 8.2 and 8.3 will only be sketched (we refer the reader to
[39, Section 2] for more detailed proofs in the case of the Heisenberg group). On the
other side, we furnish a more detailed proof for Theorem 8.4: indeed, the proof of the
L” summability of u for p lower than 2* leads to novel and significant modifications
of the standard arguments (see also [39, Lemma 2.3]). We shall need the following
technical result which will be useful in constructing suitable test functions.

Lemma B.1. Let g : R— R be a Lipschitz continuous function with g(0) = 0 and such
that ge C' out from a finite set F<R. If ue S§(Q) then g(u) e S§(Q) and Vs (g(u)) =
g(u)Vgu.

The proof of Lemma B.1 follows the line of its classical analogue, provided
classical mollifiers are replaced by ad hoc mollifiers on G. At the end of this section,
we sketch a proof for the reader’s convenience.
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Proposition B.2. We have ue L7(Q) for every pe[2*, ).

Proof. If M >0, let neC*(R,[0,1]) be such that =1 in [0,M] and =0 in
[2M, o0). We set ¥V = (1 —n(u))u*/ @2, g=nu)u ' Then u is the only weak
solution of —Agu = Vu+gin Q, ueS}(Q). If M = M(u, Q)> 1, from (2.8) we have
foVe?<1/2 [Vaolf; for every p e S}(Q). If ke N, we set ¥ = min{ V', k} and we let
up € S§(2) be the (unique) weak solution of —Agux = Viui + g in Q: we then have
|[ue| |+ <280ll9ll20/(0+2)- We claim that

Vpe[2*, w) 3¢, >0: sup ]|, < cp- (B.1)

Since, up to a subsequence, ux —u weakly in S}(Q), this would prove (B.1). We now

sketch the proof of the claim: it is enough to show that, if = 2* /2, then (B.1) holds
for fp, under the hypothesis that (B.1) holds for p. We fix ke N and we set v = u,

v = min{vt,m}, @, =0t f,= e (meN). By Lemma B.1, we remark that
Uy @Oy S €S4(R). Hence, if o, = 4(p — 1)/p?, we get

OCP/ ‘vﬁfmlz = /(VkU(Pm +qq>m)</ kanzq +k Up_"/q(/)m
Q Q {v<m} {v>m} Q
If h=h(p,V,Q)>1, we then have (taking into account (2.8))
2 2 2 2 2
[vi<n | gie [ V<R + 520V fll
Q {V<h} {V>h}
From the above inequalities, it easily follows that (for a suitable constant ¢, >0)
— _ _7% 2*
oy (2S0)||o* 15, <llw* |5 + llgll, o 157" <heh + & lgl| > g5 < oo
Arguing as above for v, (8.1) and hence the proposition are proved. [

Proposition B.3. We have ue L*(Q).

Proof. It is enough to prove that there exist ¢>0 and a sequence p;T oo such that
sup; |[u||,, <c. By Proposition B.2 (following the therein notation) we know that
gel? for all pe2Q/(Q +2), ], Veli for all ge[Q/2, o). Setting r = /B, we
hence have

2 _
ap/QIV@fmI < WAL llonll, + { }v‘”rI\‘fJII,Ap/(,-HH)||vm||’r’,,1

v>m

—1
< c||v+||€,,+k/ ol
{v>m}



208 A. Bonfiglioli, F. Uguzzoni | Journal of Functional Analysis 207 (2004) 161-215

Moreover, since ||vm||’l;p<SQ\|V@ﬁn||§, letting m— oo we obtain (being c¢>0
independent of p)
- -1
oS [0 [[f, < c(llo™[I7, + [lo™[17,™).
By a standard technique, set H, = max{l,|[v"||,} and p; =r/2%, the above
inequality gives
=2

E * 0
o ||, < Hp, <Hp s [J ()™ <0

n=1
Arguing as above for v, the assertion is proved. [

Although the proof of the following theorem follows the lines of the previous ones,
it presents new difficulties. Indeed, we need to choose suitable truncated potentials
and particular test functions.

Theorem B.4. We have ue L7 (Q) for every pe (2* /2,2%].

Proof. We fix ¢(0,1/2) and we set ¢, = (1 — 2¢) 2. Since ue L2 (Q) there exists
M >0 such that [,_,, 1** <(c;So)"¢*. Let e C* (R, [0,1]) be such that n = 1 in
[0,M], =0 in 2M, ). We set V = n(u)u* @2 g= (1 —n))u?*~'. Then
ue S§(Q) is the unique weak solution of —Agu = Vu + g in Q. By Propositions B.2

and B.3, we have VeL2?2nL*(Q), geL?(Q) for all pe[l, ). Moreover, by the
choice of ¢,

/QV¢2<||V||Q/z||</>||§*<C§1||V@<p||§, Yo eSy(Q). (B.2)

We now choose (for any ke N) cut-off functions 7, € C* (R, [0, 1]) such that n, =0
in [0,M/(k+1)], n,=1 in [M/k,c0). We define Vj =, (u)V :notice that
VieL'nL*(Q) and V;1V. By Lax-Milgram’s Theorem, we can see that there
exists exactly one weak solution u; of the Dirichlet problem

—Aguy = Viug +¢g in Q, upeSy(Q). (B.3)

Moreover, we have

Sll];p Huk||Stl)(Q)<c(Q7 u, 8) (B4)

and uy —u weakly in S} (). We now want to prove that supy||u| w1 <C(Q,u, ),
which straightforwardly ends the proof. We fix keN, and (for any meN) we set
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v=u and ¢,, = v)"%, f,, = vl-* where

28/(1728)(04»)1/(1728)

Uy = m if v<1/m and v, = v otherwise.

We explicitly remark that (by Lemma B.1) vy, ¢,/ € S4 (), since 0<1 —2e<1 —
e¢<1. Moreover, vy, @,,,/m =0 and v, —v" pointwise, as m— oo. Choosing ¢,, as a

test function in the weak formulation of (B.3) and setting 4, = (1= )2 we obtain

1-2¢
/ Veful® =(1-2e) b, {Veu,Veo,)
Q v>1/m

2
+ h, mi—2evT=2 2; Ve, V6@,

0<v<1/m

<h1:/ (Vev,Veo, > :hﬂ/(VkU@erg@m)
Q Q

=h, / Vi +m* Viv? +/ go'
v>1/m 0<v<1/m v>1/m

+ m2£ )
0<v<1/m

1-2 -
< hole, IV afl 3 +m* 2|‘Vk||1+||(1||2*/2* 1290112 Cm? M |gll)-

Hence [, |Vefnl” <ci(Q,u,e,k)m* " + ¢2(Q,u, ). Here we have used (2.8), (B.2),
(B.4), the definitions of ¢, and £, the Lp-properties of V,g, Vi, and the fact that

(Ver, V6@, 20 in Q. Hence [[oul[3% )" = | ful 3« <Sol | Vafull<e1Som™ ! +

©2Sg and (letting m— co) Fatouw’s Lemma yields [[v*||,x(_,< <(e280)"/37%) =

¢(Q,u,¢). Since a similar estimate can be proved for v—, the proof is complete. [
We now prove some more properties of u.

Proposition B.5. u vanishes at infinity.

Proof. We extend u to be zero outside . Let d be any homogeneous norm on G
(consider e.g., the one in (2.3)): we aim to prove that u(¢) -0 a.e. as d(¢) — oo. This
follows if we show that the following claim holds:

= ¢(Q,u)>0:||u, L (Ba(&,1))||<ellu, L™ (Ba(&,2))]], VEeG.

Let us fix 1 <r; <r, <2 and choose ae C* (R, [0, 1]) such thatx = 1 in [0,r;], 2 = 0 in
[r2, o) and || <2/(ry — r1). We now fix ¢€G and p>2* and we set n = a(d(& o)),
o=n*w"", =, B=2%/2. By Lemma B.l, ¢,yeS}(Q). Finally, we
define 1 = fnzupfz\V@uf. Choosing ¢ as a test function in the weak formulation
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2% ]

of —Agu=u , we get

/uz*_l(/)> (p— l)/nzup_2<V@u,VGu> _1/2_2/|VG’7|2”p
>1/2—2/|V@nl2u‘7-

Hence, since ||Vgn||,, = ||d(d)Ved||<c/(r» —r1) (being Vgd homogeneous of
degree 0 w.r.t. §,) and taking into account the above inequality, we derive

llu, L2 (Ba(E,11)) P < || [3x < SollVei|[3<ep™T + ¢ |u”*Vien|[3
<c¢p’ (/ uz*‘1<p+/l%nzu”> + || *Venl;

* _
<oulf [

By(&.r2)
< c(Q,u)p?/(r2 — r1)*[[u, L (Ba(&,r))|I".

nzu”+c/(r2—r1)2/ e

Ba(&r2)

By standard iterative techniques, it is then possible to prove that (set p; = f/2* and
H; = ||u, L’ (B4(&,1 4 277))||) there exists a positive constant ¢ = ¢(Q, u) such that

J=1 ;.
I{j <HO H (cc f—m(zﬁ)ch‘lﬁ ) SCHO

m=0

Letting j— oo, we finally obtain ||u, L2* (B4(&,2))|| = Ho>cH;>c||u, L7
(Ba(&,1))|| = c||lu, L* (By(&,1))]]. This proves the claim and hence the proposi-
tion. [

We now want to provide some regularity properties of the non-negative weak
solutions u of (1.1). To begin with, since we have ue I”(Q) for all pe (2* /2, 0], it
can be proved (by means of a standard regularization technique, based on some
results in [21] and in [44]) that ue C* (Q). Let us now also suppose that Q satisfies the
following boundary regularity condition:

30,r0>0:|Bs(&, r)\Q|=5|Bs(&,r)| VEEOQ, Vre(0,ry). (B.5)

Then (extending u to be zero outside Q) u satisfies the following Holder regularity
property (w.r.t. any homogeneous norm d): there exist constants o€ (0, 1) and M >0
such that

u(&) —u(@)|<Md*(&, &) V¢ e,

i.e., following Folland [21] and Folland and Stein [22], u belongs to the Holder space
I'*(G). Indeed, from Proposition B.3 we derive that ueS}(Q)nL*(Q) and
Ague L* (). This enables us to apply an analogue of Moser’s iteration technique
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(see e.g., [29, Chapter 8]), suitably adapted to the case of a general sub-Laplacian. In
order to do so, we only have to replace the Euclidean distance with the quasi-
distance d, to choose ad hoc cut-off functions modelled on d and to use a suitable
version of the John and Nirenberg Theorem adapted to the homogeneous structure

of G (see [14]). In particular, we obtain that ue C(Q2) and u = 0 in 0Q. We summarize
the above remarks in the following proposition.

Proposition B.6. If Q satisfies (B.5), then any weak solution u of (1.1) is a classical
solution of

0+2
—Agu=u22 in Q,
u>0 in Q,
u=20 in 09,
u(é)—-0 as d(&)— .

Moreover, if we continue u on G by setting u = 0 outside Q, then there exists o€ (0,1)
such that ue I'’*(G).

We explicitly remark that every half-space on every Carnot group of step two
satisfies the boundary regularity condition (B.5). Indeed, when & = 0, condition (B.5)
trivially holds with 6 = 1/2, since the d-balls centered at the origin are symmetric
with respect to the group inversion x~! = —x (see (2.2)) and they hence are split into
two isometric parts by any half-space through 0. On the other hand, the case of a
general ¢ can be reduced to the previous one by means of a left translation by &',
which is an affine bijection preserving the Lebesgue measure and mapping half-
spaces into half-spaces (see again (2.2)).

We finally close this section with the proof of Lemma B.1.

Proof of Lemma B.1. Let YeCy°(G,[0,1]) be a cut-off function supported in
B,(0,1), such that [, ¥ =1 and with the following property: ¥(x~') = ¥(x). For
e>0, we set ¥, (x) = e 2 ¥(5,-1(x)) and, for an arbitrary f e L] (G), we define the &-
mollified of f as follows:

fix) = / W, (rox ) £ () dy.

The mollifier has been defined in such a way that, when f is smooth, we have
Ve(f:) = (Vaf),- We now split the proof in six steps. From (I) to (V), we suppose
that u, VeueL] (Q)and we prove that Vg (g(u)) = §(u)Vgu. In (VI) we prove that
ueSH(Q) yields g(u) e S}(Q). We explicitly remark that, from the invariance of ¥
under the group inversion, it is not difficult to recognize that Vg (1;) = (Vgu), in the

sense of distributions.
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(I) We first claim that for every KE€Q, ¢>0 and r>0 such that K* =
By(0,r)°K €Q, there exists veCy°(Q) such that |ju—uv, L'(K)||<o, ||Veu—
Ve, L'(K)||<o. Indeed, let ye C(Q) with y =1 on K* and set o = ju. Fix
¢€(0,r) so small that B;(0,¢&)osupp(y)=Q. Then o,eCy°(G) and supp(«) S Q.
Moreover, lim,_,¢ o; = u and lim,_,o Vg(2,) = lim,¢(Vga), = Vgo in L'(K). Since
o = u about K, the claim follows taking v = o, for ¢ small.

(I) We then claim that there exist wi,w,e L] (Q) and a sequence v, in C°(Q)
such that almost everywhere on Q we have lim,_, o v, = u, lim,_, o, Vguv, = Vgu
and |v,|<wi, |Vgu,|<w;. Indeed, let K, be an increasing exhaustion of Q with
compact sets and r,][0" such that B4(0,r,)°K, €K, ;. From (I), there exist
vpe C§° (Q) such that ||v, —u, L'(K,)||, ||Vevs — Veu, L'(K,)||<27". It is then not
difficult to recognize that, for w; == sup, |v,| and w, = sup, |Vgv,|, the claim is
proved.

(I1T) We first prove that Vg (g(u)) = ¢(u)Veu when ge C'(R) and ||g]|, < oo. Let
Us, Wi, Wy be asin (II). From an integration by parts, for every ¢ € C° () we have
— Jo Veog(vy) = [, 9d(vs)Veo,. The assertion then follows by dominated conver-
gence, taking into account the dominations given by w;, w, and proved in the
second step.

(IV) We claim that the Lebesgue measure of {xeQ:u(x) =0, Vgu(x)#0} is
zero. Indeed, let l,beCOC( ,[0,1]), ¥ =1 out from [-2,+2] and vanishing on
[—1,+1] and set g,(s fo Y (nt) dt. From (III) it follows that for every ¢ e Cj° (Q)
we have — fQ Ve (pgn fg q)lp (nu)Vgu. We end by dominated convergence:
indeed, if A= {er u(x)#0}, we have o@Y(nu)Veu—¢y,Veu and
| (nu)Vgu| < eL'(Q), whence — [, o(Veu—y4Veu) =0 and
the claim is proved.

(V) If g is as in the assertion of the lemma, we prove that Vg (g(u)) = g(u)Vgu.
Let C>0 be a Lipschitz constant for g and let y: R— R coincide with g where ¢ is
differentiable and such that ||y|| , < C. We trivially have J( ) y(u )V@ueLloc(Q) Let
7, be a sequence of classical mollified for y and set g,(s) = [;7,(r) dz. We have
|gn (s )|<C|s| and lim, g, =¢. From (III) we derive that fg Ve pgn(u) =
fg odn(u)Veu for every test function ¢. We now argue by dominated convergence:
first we have Vgog,(u)—Veeg(u), |Veegn(u) < C|Veol|lule L'(Q); moreover
l0dn(u)Veu| < Clo||Veule L'(Q) and ¢g,(u)Veu— ¢@y(u)Veu. This last assertion
also follows from (IV), recalling that Vgu(x) = 0 for almost every x such that u(x) e F.

(VI) We follow the notation in (V). If ue S}(Q), there exist ¢, e C;° () such that

@, —uin L** (Q) and V@, » Veu in L2(). It is also non-restrictive to suppose that

these limits are valid pointwise a.e., and that there exist w, eLz*, wy e L? such that
lp, | <wi, |Vee,|<w,. Moreover, from (V) we have Vg (g(u)) = y(u)Veu. Let i, be
a sequence of classical mollified for g and set g, .= h, — h,(0). In order to end the
proof, it is enough to show that

G (@)29u(0,) > g(u) in L7(Q), Velgu(9,)) > Va(g(w)) in LX(Q).
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To begin with, ¢g,eC*(R), ¢,eCs?(2) and ¢,(0) =0 give g,(¢p,)eCy(RQ).

2 + cfg |gn (1) —
g(u)\z* =:1; + I,. Now, the integrand in I, is bounded by C2*|¢p, — u|2*, whence
I, vanishes as n—co. We also have I, >0 by dominated convergence: g,(s) =
In(s) = a(0) > g(s) = 9(0) = g(s); lga(®) = g(w)*" <ellyl[,Jul*" €L'. We now no-
tice that Vg (gu(9,)) = h(0,)Vee,. Now, for a.e. x such that u(x)eF, (IV) gives
Veu(x) =0. Hence, if A4:={xeQ:u(x)eF}, for ae. xeAd, we have
(0, (x) Ve, (x) =0 = p(u(x))Veu(x), since h, is bounded and Vgo,(x)—
Veu(x) = 0. Let otherwise u(x) e R\F. Since F is finite, for n>1, ¢,(x) belongs to
a compact neighborhood of u(x) contained in R\F. Hence, h,(¢p,(x))
Ve, (x)>yw(x))Veu(x) also ae. outside A. Being | (9,)* Voo, <
C?|wy|*eL!, by dominated convergence we have ||V (g.(9,)) — Va(g(w))|; =

*
Furthermore, we have [ga(¢,) — g()llx <¢ [, |9x(¢,) — gn(u)|

Jo ln(0,)Veo, — y(u)Vgul* —0. This completes the proof of the lemma. [
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