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Abstract

We consider the problem of prescribing the Webster scalar curvature on the unit sphérelof
Using a perturbation method, we obtain existence results for curvatures close to a positive constant
and satisfying an assumption of Bahri—Coron type.
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Résumé
On considére le probléme de déterminer la courbure scalaire de Webster sur la sphére unitaire de
¢+l En utilisant une méthode perturbative nous avons démontré I'existence pour des courbures

proches d'une constante positive lorsque elle satisfont en plus une hypothése du type Bahri—Coron.
0 2002 Editions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

Let SZ'*1 pe the unit sphere of”*! and let us denote by, the standard contact
form of the CR manifold?*+1. Given a smooth functio® on S?**1, the Webster scalar
curvature problem 082*1 consists in finding a contact forthconformal tod such that
the corresponding Webster scalar curvatur® iThis problem is equivalent to solve the
semilinear equation:

* Corresponding author.
E-mail addresseanalchiod@math.rutgers.edu (A. Malchiodi), uguzzoni@dm.unibo.it (F. Uguzzoni).

0021-7824/02/$ — see front mattér 2002 Editions scientifiques et médicales Elsevier SAS. All rights reserved.
PIl: S0021-7824(01)01249-1



984 A. Malchiodi, F. Uguzzoni / J. Math. Pures Appl. 81 (2002) 983-997

bnAgv(£) + Rov(£) = R(O)v() L, ¢ e s, (1)

whereb, =2+ 2/n, Ay, is the sub-Laplacian o5?'+1, 6g) and Ro = n(n + 1)/2 is the
Webster scalar curvature @211, 6g). If v is a positive solution to (1), the2'*+1,6 =
v%/"0g) has Webster scalar curvatuRe Moreover, using the CR equivalenée (given
by the Cayley transform, see definition (9) below) betw8&h ! minus a point and the
Heisenberg groufil”, Eq. (1) becomes, up to an uninfluent constant,

—Apnu(€) = REu ) C+2/(C=2 g em. )

Here A is the Heisenberg sub-Laplaciafl,= 2n + 2 is the homogeneous dimension
of H” and R corresponds t@ in the equivalence”. We refer to [27] for a more detailed
presentation of the problem.

Indeed, in the papers [27-29], Jerison and Lee extensively studied the Yamabe problem
on CR manifolds (see also the recent papers by Gamara and Yacoub [22,23] which treat
the cases left open by Jerison and Lee). On the contrary, at the authors’ knowledge, very
few results have been established on the Webster scalar curvature problem (see [12,33,39]),
in spite of the wide interest on its Riemannian analogue (see [3,6,14-17,26,34,35,37] and
references therein). In recent years there has been a growing interest on equations of the
same kind of (2) and various existence and non-existence results inspired by this topic have
been established by several authors (see [7-10,18,19,24,31,32,38]). On the other hand,
these results are quite different in nature from the one we shall prove in this paper and do
not apply directly to the Webster scalar curvature problem, but are principally related to the
study of the Dirichlet problem for semilinear equations on bounded domaiHs .o¥et
we have to say that non-existence results for (2) can be obtained using the Pohozaev-type
identities of [24] under certain conditions @t In particular, it turns out that a positive
solutionu to (2) in the Sobolev spacﬁ}(H") (with the notation of Section 2) satisfies the
following identity:

/ ((z.2), VRGz. Du(z,1)*2/ @D dz dr =0,
H"

provided the integral is convergent aidis bounded and smooth enough (see [24,39]).
This implies that there are no such solutiong(if, 2r), VR(z, t)) does not change sign
in H* andR is not constant.

In this article, we shall give an existence result for positive solutions to Eq. (2), under
suitable assumptions ak (see Theorem 1). In particular, we will assume tRas of the
form

R(E)=1+¢eK ()

for a smalle and a smooth Morse functiaki satisfying conditions (3) and (4) below. We
remark that our hypotheses @hare very different from the ones in [12,33,39] whete

is assumed to satisfy suitable decaying conditions at infinity. In particular, in [12] it is
required an estimate of the tyg& (p) Amgrp < R < R2(p)Amnp (p is the homogeneous
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norm onH" defined in (6) below) involving the degenerate tetmn- o, which allows to
“radialize” the problem and to apply ODE methods.

In this article, we give a contribution in the same direction as in the papers [3,17,
36] concerning the Riemannian case. As a matter of fact, the main tool in our proof is
an abstract perturbation method due to Ambrosetti and Badiale [1] which applies in our
situation as well as in [3,36]. In this paper we want to give a first example of application of
this powerful and versatile method to a non-elliptic context.

The technique, see Theorem 3, consists in the reduction of the problem to the study of a
finite-dimensional functional. In this study, see Section 3, the positive solutipa®f the
unperturbed problem (7) below play a prominent role. In particular, in Lemma 5 we prove
some uniqueness results for the linearization of (#)at and in Section 4 we study how
the bubblesy, ¢ transform under a Kelvin-type inversion.

Our main result is the following theorem:

Theorem 1. Let K = K o F~1:H" — R be the composition of a smooth functiéh
on $2+1 with the CR equivalenc& ! (see(15)). Suppose thak is a Morse function
satisfying the non-degeneracy assumption

AmK(§)#0 if K'(§)=0, 3)
and the inequality
> (KD 4
K'(§)=0,
Apn K (§)<0

wherem (K, &) denotes the Morse index &f at&. Assume also that the south pole is not a
critical point of K. Then for|e| sufficiently small and foR(§) = 1+ ¢K (§), problem(2)
possesses a positive solution.

The condition onK at the South pole o6%*t1 can be always achieved with a
unitary transformation irC”** and does not affect the generality of the result. We also
remark that the existence result in Theorem 1 holds true for every dimension, as for the
perturbative results in [3,17] regarding the Riemannian case. It is expectable that, in the
non-perturbative case, the hypotheses for an existence theorem should strongly depend on
the dimensiom.

Finally we would like to observe that the solution found in Theorem 1 satisfies the
estimate (5) below, by means of the following result, whose proof is essentially contained
in [31] (see the proof of Theorem 1.1 of that paper).

Proposition 2. Let R € L°°(H"). If u is a non-negative solution to E(R) in the Sobolev
spaceScl,(H"), then there exists a positive constarguch that

u@) <co(§), &eH, ()

wherew denotes the solutiofdefined in(8)) of the unperturbed probleif7) below.
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2. Notation

We denote by = (z,1) = (x + iy, 1) = (x, y, 1) the points of " = C" x R = R*"*1,
The group law orHl" is given by¢ o &' = (z + 2/, + ' 4+ 2Im(zz’)). We also denote by

7: (') = £ o &’ the left translations, by, (§) = (Az, A21), A > 0, the natural dilations, by
0 = 2n + 2 the homogeneous dimension and by

p&) = (1z* + 2" 6)

the homogeneous norm @ff". The sub-Laplacian oH" is the differential operator:
n
M =3 (X4 772),

j=1

whereX; = oy, +2y;0, Y; = dy; — 2x;9;. We will work in the Folland—Stein Sobolev
space?é(]l—]l"), which is defined as the completion G§° (H") with respect to the norm:

2 _ 2
el ey = f |Venul?.
HV!

Here Vi = (X1, ..., Xy, Y1,...,Y,) denotes the so-called subelliptic gradient .
A remarkable result of Jerison and Lee [29] states that all the positive solutions to the
problem

—Agu=u?"t ueSHHY, (7)

(0* =20/(Q — 2) are in the formu = w, ¢ for some i > 0, &€ € H", where
Wy = A2=D)/240 8,-10t-1and

w(z,0) =co(t?+ (1+ 1292 * 9%, )

co being a suitable positive constant. We finally give the expression of the CR equivalence
F:St1\ {(0,...,0,—1)} — H",

&1 Cn -1_§n+1>>
F(t1,...,the1) = e, ,R , 9
(¢1 Snt1) <1+§n+1 Tron e<|1~l—§n+1 9)

that we shall use in Section 4.
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3. Theabstract perturbation method

In this section, we recall some abstract perturbation results, variational in nature,
developed in [1] (see also [2]), which we will use to obtain our existence results Let
be an Hilbert space, and consider a family of functionalst — R of the form:

Je) = fou) —eGu), u€ekE. (10)

Here fp is the so-callecunperturbed functionaland G is the perturbation offy; both
fo and G are assumed to be of claé€ on E. Moreover, the functionafy satisfies the
following conditions:

(i) fo possesses a finite-dimensional manifglaf critical points; we assume that is
parameterized by a functian: A — Z, A being an open subset Bf, 4 > 1;
(ii) forall z € Z, fy(z) is of the form ld— i, wherelC; is a compact operator;
(iii) forall z € Z, there holdg; Z = Ker f;/(2).

We definel’ :A — RasI'=Goa.
The following theorem is proved in [1], see, in particular, also Theorem 2.1 and
Remark 2.2 in [3].

Theorem 3. Assume that propertig$)—(iii) above hold true, and suppose there exists an
open set2 C A such thatl™ £ 00on3£2 and

deg I, £2,0)#0. (11)
Then, for|e| sufficiently small there exists a critical poimt of f..

Remark 4. (a) The inclusionT, Z C Ker f(z) is always true: (iii) is a non-degeneracy
condition which allows to apply the Implicit Function Theorem.

(b) The solutiony, is closeto Z in the sense that there existse Z, «1(z¢) € £2, such
that|lu, — z¢|| < Cle|, for some constanf depending o2, fp andG.

The above abstract theorem will be applied here to the following setting:

1 1 .
E=syay,  foo = [ 19— [l
Hy H
1 .
G(u)=§fK|u|Q )
Hn
In the reminder of this section we will show that conditions (i)—(iii) above hold true. In the

next sections, under hypotheses (3) and (4), we will show that condition (11) is satisfied
for some suitable sa®.
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Let Z be defined as
Z={m e AeRy, EcH"}.
All the functions inZ are critical points offp and Z is clearly a(2n + 2)-dimensional

manifold in E parameterized by the mag A =R, x H" — E, a(A, &) = wy ¢.
About property (ii), one has:

(f5 (@r.)[v], w) = /(Van, Virw) — (Q* — 1)fa)/\Q;72vw, v, w € SFHM).
H’l H"

Using the above formula, it is standard to check tlfigtw;. ¢) is of the formldentity—
Compact(as in the Euclidean case, see [3]). Hence, property (ii) follows.

By the invariance with respect to translations and dilations, it is sufficient to verify (iii)
for (A, &) = (1, 0). This is the content of the following lemma:
Lemma 5. A functionu € S&(H") is a solution of the following equation

—Agru=(0* —1)0? "2 inH", (12)

if and only if there exist some coefficiepts R andv € R%**+1 such that

dwy, 2n+1 dwy,
—n= 4 + >y . & . (13)
M leo=a0 = % lo.o=w0

Proof. SinceT,,Z < Ker fy'(w), a function as in (13) satisfies (12). Let us prove the
opposite implication. It is sufficient to prove that the vector space of the solutions to (12)
has dimension2+ 2. Let us consider the linear isometrys(§%*+1) — S%(H") defined

(up to some constant) by:

(W)@ =0@v(F ). ves (s™H), em"
Heres1(S?'*1) denotes the completion @f*° (S¥**1) with respect to the norm:
19128 gare, = / (a2, + Rou?)éo A .
§2n+1

(see [27]). By means of this isometry, a functierE S&(H") is a solution to (12) if and
only if the functionv = :~1u solves the linear equation

—Agv = v inS¥HL (14)

for a suitable eigenvalug,. The study of the eigenvalues of the operataxy on $2*+1
has been performed by G.B. Folland in [20]. In particular, it turns out that the eigenspace
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correspondingto the eigenvalug is (2n + 2)-dimensional and is spanned by the functions
{Re¢;,Im¢;}j—1 . nq1 restricted td5%*+1. Indeed, a direct computation shows that (up to
some constant)

dw;. dw;, .
t(Reg)) = 3 § , t(Im¢g;) = 3 § , j=1...,m
Xj 16.6)=(1,0) Vi 16.6)=(1,0)
aa))h, aa))h
(Reg,11) = af L Img) == :
(1,6)=(1,0) L lo,6=10

(recall thatt = (x, y, t)). This concludes the proof.00

4. TheKelvin transform in H"

In this section, we study some features of a Kelvin-type inversioH’b(see [30]). We
first recall the expression of the inverBe! of the CR equivalencé& defined in (9):

2iz —r+il-— |z|2)> (15)

-1 _ -1 —
F=@&)=F (Z’t)_<t+i(1+|z|2), t+i(1+|Z|2)

We now define the Kelvin transforiid : H" \ {0} — H" \ {0} to be the map conjugate to
the inversion inC"*+1 of S"*1 through the equivalence:

K =Fo(—ldgu1)o F L. (16)

With some simple computations, one finds thahas the following expression:

ven=(ip5s) “n

Hereafter we simply denote = p(¢) = (|z|* + 24, Our aim is to study the
transformation of the bubbles, ¢ under this Kelvin-type transform. First of all, let us
compute the Jacobian determinaht’ of the functionX. Since K is obtained as the
composition (16), the determinant &f is the product of the determinants of the above
three maps. The first one is given by (z, 1))2", the second one is just 1, while the third
is (w(K(z,1)))~2". In conclusion we get:

(L+ 121/ + 1214)% + r2/08> -
(1+ 222 + 12

_ <(1/p8)[(p4+ Iz|2)2+t2]>Q/2

- A+ 212+ 12

_ <(1/p4)(p4+2|z|2+1)>Q/2_i

NGRS =20

JK(z,t) = (

(18)
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Hence, the natural transformation inducedibwf a functionu : H" — R is given by:

u> A@w),  A@)(z, 1) =

1
pQ_zu(IC(z, 1).

Through the isometry, A is conjugated to the application
SES** s v (o Ao ) (v) = v(—). (19)

We are interested in the transformation underf the functionw, g, which has the
following expression:

w1.(8) = co[R2(A4(t — 10+ 2IM(220)) >+ (1+ 272z — 201D)7)] @72/ (20)

Applying the Kelvin transformation, we find:

- 2
_ t —lz _
A 5) () = Co[kzp“(k 4(—; —to+2lm<t+ilzlzzo))

) 2\ 2 —(0-2)/4
+114+A . —20 ) )} . 21
( t+ilz|? D)
We have:
i 2
Im( iz 220>=_ (xxo+yyo)+|4z| (xoy —yox)
t+1ilz| P
iz o (xot® + xolz|* — yt + x|z|2) +i(yor? + yolz|* + xt + y|z/?)
(i P ‘

Using the last two equations and some elementary computations, the expression of
A(wy. &) in (21) becomes:

A(U))\,SO)(Z, 1)
_ CO[A_Z [t + 10p* + 21 (xx0 + yyo) + 2|z[*(xoy — yox)I*
04
L 20* 4272112 + p*leol® + 2 (xyo — yxo) + 21zP(xxo + yyo)])z}‘(Q‘zV“
A .
Yol

+

(22)

By means of the uniqueness result of Jerison and Lee [29], the above function must be of
the form
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A(w)\,SQ)(Zs t) = wi,go(z’ t)
= o[ F2(A4(t — o+ 2Im(z50))°
+ (14322 —3P))] e (23)

for some suitablé. and&. Indeed a function € S3(H") is a solution to problem (7) iff
v =1"Y(u) (or equivalentlyv(—)) is a solution toAgv + c1v = c2v¢ 1 in S2'+1 (for
suitable constanis, andcz). Recalling (19), we get that is a solution to (7) iffA(u) is.

In order to find the explicit expression bf 7o andZg, we proceed in the following way.
Choosingz = 0 and letting — 0 in the expressions (22)—(23) above, we get:

1. - - 1
56+ (2 + 12 = 5

>

which is

32
2 A

24 (24 120122

Since the transformation is involutive, we have also
e M
12+ (A2 + |z0/)2
The expressions in the square brackets in (22)—(23) are forth-order polynomgafs/an

consider: of degree 2). Comparing the coefficientstoty and¢x we find, with simple
computations:

2. 2 To _foyo— (A +lz0lP)x0  Jo _ foxo+ (A% +|z0/D)y0
2 32 e 32 '

From the last four equations we deduce:

A - 1o

J= R Y (24)
2. ()2 2\2
/tg + ()LZ + |ZO|2)2 15+ (A% +|z0l9)
. toyo— (A% + |z0/Hx0 So= — t0x0 + (A% + [z0%) yo (25)
2+ (A2 +z0/2)2 12+ (A2 + |z0/2)2

In this way we have proved the following lemma:

Lemma 6. For § € H" and > 0, there holdsA(ws. &) = w5 5, wherei andég are given
in (24)and(25).
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5. Study of thefunction I

By our definition in Section 3, the explicit expressioniofi, &) is the following:

1 X
F(A,§)=§wags, A>0, & cH". (26)
Hn

Remark 7. We recall thatX is taken to be equal t& o F~1 for someK € C®(S+1).
Hence,K turns out to be bounded di* together with any derivative.

The main features in the study of the functibrare given in the following proposition:

Proposition 8. The function/™ is of classC?2 in A and can be extended with! regularity
to the hyperplang¢i = 0} by setting

r,&) =coK (&), Wherecozé/wQ*. (27)
HV!

Moreover, for any compact seéf C H", there exists a positive constafif such that

ar
% £) — ClAHnK(g))L‘ < CxA? forall £ € ¥ and for all . > 0,

1

wherec] =
C1 ZnQ*

/Izlza)(z, 12 dzdr. (28)
Hll

In addition, it turns out that
VEZF(A, £) > coV2K(€) asi— 0 uniformly on the compact setsHf. (29)

Proof. The first and the last part of the statement can be proved using the dominated
convergence theorem observing that, using a change of variables,

1 *
F(K,So)=§/K(§oo5xé)w(€)Q dé (30)
Hn

and recalling Remark 7. Let us now prove (28). Let ustfix X~ and letKg, denote the
function K o tz,. Differentiating (30) with respect tb, we get:

ar 1 X
3—A(K,€o)= @7/((1(50)/(5&), (z. 2w (§)¢" dé. (31)

HV!
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Using the smoothness assumption Knand the boundedness &f', we deduce from a
Taylor expansion:

2n
0K, 0K, 92K 7Kg 2 .
— 0 0 C =1,...,2n, 32
‘ %, (m %, 0 - E . 908 —— O | <Czp(m*, j n (32)
Kz, Kz, ‘
- 0| <C 33
‘a§2n+1 €)) Bt ( ) zp(m) (33)

for all n € H" and independently dfp € X.
From the invariance properties of the operatg: with respect to the left-translations,
and using its explicit expression in the origin, we obtain:

292K
A K (§0) = A Ky (0) = Y ——32(0).
= &
By oddness, we have:
/gij*(g)dg=o, j=1,....2n+1, and (34)
/g,g,wQ*(g)dg =0, j,l=1,....2n, j#I. (35)

We explicitly remark that the functions(-)*w ()2 belong toL1(H") for k < Q and hence
the above integrals are well-defined.
From (34) and (35) we deduce that

1 oK
c1Apn K (§0)k = QJ[Z( =20 )+Za€ Ks (O)AE)E
j=1 i?

H~

+ 2)\§2n+1

0) |02 (&) dE. 36
8&+()] (&)dé (36)

Subtracting (36) from (31), using the estimates (32) and (33) fers, &, and taking into
account thap (8,&) = Ap (&), we obtain:

‘ — (A, &0) — c1Apn K(Eo)?»‘

2n
< CEAZ/(Z &1 0(8)? + 12041 p(é))wQ*(é)ds

Hn Jj=1
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<Csi? f p(E)%00 (&) de

HVI

< CxpA2,
This concludes the proof.O

Using Proposition 8 and some properties of the Kelvin transform introduced in
Section 4, we can have information about the degree’ain some suitabljarge subsets
of A.

Proposition 9. Suppose that the functiaki satisfies the hypotheses of TheorenThen
there exists an open sg&t C A such thatl™’ # 0 onds2 and

degl”. 2.0= Y () EH4q
K'(£)=0,
A]H]nK(é)<0

Proof. Let By C R, x H" denote the Euclidean ball

2 1\?
Bs={(k,$)i |(A, &) — (5,0 <<S—;> }

with center(s, 0) and radiuss — 1/s. We note thaf{5,}s invade the wholéd"” x R, as
s — 4o00. We claim that choosing2 = B;, with s sufficiently large, the properties in
Proposition 9 will be satisfied. We define also the Euclidean b&ll'ino be

A =g el g <7}

Since we have assumed that the South po?6f? is not a critical point ofk = K o F,
if » > 0 is chosen large enough, the functikimdoes not possess critical pointghii \ A, .
We are going now to apply Proposition 8 with= A»,.

Let &,..., & denote the critical points oK. By the non-degeneracy assumption (3)
there exist small numbetse (0, r) ands > 0 such that

!

AmK(E)>8 forallge U By (&), (37)
i=1

where B, (§;) is the Euclidean ball of radius and centeg;. Fixing this numbewr and
applying Proposition 8 we find, for sufficiently large,

1
I'#0 ondaBsN ((o, o) x| J Ba(s,»)). (38)

i=1
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On the other hand]" can be extended tp. = 0} as a function of clas§! by (27), and
moreoverK’ £ 0 on Ay, \ {£1, ..., &}. As a consequence, we find:

I
I'#0 ondaBsN ((o, o) x (AZ, \(J B (.g,»))). (39)

i=1
From Egs. (38) and (39) we deduce:
I''#0 ondBsN((0,0) x Az), (40)

providedr ands are sufficiently large. Let us prove now th&t - 0 on the reminder of
dB,. In order to do this, it is convenient to use the Kelvin transform introduced above, see
formula (17). We recall that the determinant’ois given by (18).
Let K : H" — R be defined b)l? =Ko (—ldgn+1) 0 F1 Clearlyl?mn\{o} =KoK.
Since we are assuming that the South polB8%f ! is not critical forK , the North pole is
not critical for K o (—Idgs+1), and hence @ H" is also not critical forK . Using the change
of variables induced by the transformatikirand taking into account Lemma 6,we get:

* 1 ~ o~
roue = Q*/wag Q*/KA(COAS)Q —§/K ;Qg— F(R§), @)
H"

where the parameteisandé are given in (24) and (25), and whefedenotes the coun-
terpart of " when consideringC instead ofK . We note in particular that, since the map
(1.&) — (1, &) is a diffeomorphism, it is”™’ (1. &) = 0 if and only if I/(, &) = 0. Since

0 € H" is not critical forK, and since alsd” is of classC? up to the boundary oft (see
Proposition 8)F # 0 in some neighborhood @0, 0) € [0, +oo[ x H". This implies that
I'" # 0 in someneighborhood of infinitysee (24)—(25)) and, hence,

I'#0 ondBs\ ((0,0) x Az), (42)

providedr ands are chosen to be sufficiently large. Hence, choosihg B with s suffi-
ciently large, (40) and (42) imply”” # 0 onds2.

The computation of the degree is standard. From property (29) and from the fakt that
is a Morse function, it follows that far largeI”|;5, possesses only non-degenerate critical
points, which are in one-to-one correspondence with thosk.ofloreover, from (28),
the critical points ofl"|3, with entering gradient are in correspondence with the critical
points of K with Ag» K > 0. Then the degree formula follows from [25]. This concludes
the proof. O

Proof of Theorem 1. To prove the existence of a weak solution it is sufficient to apply
Theorem 3 and Proposition 9. By Remark 4 and by the positivity of the funcigps it
follows that||u; || o~ — 0 ase — 0, whereu_ denotes the negative partf. On the other
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hand, testing Eq. (2) om;” and using the Sobolev-type embeddisijgH") — L2" (H")
(see, e.g., [29]), one finds:

i e < Clitg g, = C/R|u;|Q* <Clug 11
HVI

Hence, sincélu, || o+ is small, it follows that:, = 0 for |¢| small. Thereforey, > 0 and

u, # 0, again by Remark 4. Moreover, using a standard regularization technique, based
on the results of Folland and Stein [21], it is easy to recognize:thas also smooth.

Then the positivity ofi, follows from the strong minimum principle for the solutions of
Amru — Cu <0, see, e.g., [11]. O
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