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1 Introduction

In this note we give an existence result for the following semilinear equation
. N
in R™:

—Apu+uP~t —g(z)u® =0 in RY, W
u >0, u e Whe(RY),
where Ay, is the p-Laplacian omRY, 1<p<2<N,l<a<p—1= Jf;—fp—l and

q € L®(RY) is a positive function with a positive limit go at infinity, satisfying
(5) below.

Only recently it has been established in [DPR] a radial symmetry result for
the solutions of the equation at infinity associated to (1) which, together with the
previous results in [C2], implies the uniqueness of the ground state. Hence some
sophisticated variational techniques known for the Laplace operator can now be
applied also to the p-Laplacian. As a first example we prove Theorem 2 below.
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The classical results known for the p-Laplacian were based on some modifica-
tions of the mountain pass theorem and the concentration-compactness principle.
The first existence results have been obtained when ¢ is radially symmetric (see
[BeL], [C1], [E]; see also the more general and recent results in [GST]). Other
results have been established when ¢ is not radial but ¢, = infg~x g or ¢ € LP° for
suitable values of py (see [DN], [L1], [L2] for p = 2, [BC], [GS], [O], [Y] for general
values of p). In all these works the hypothesis that « is smaller than the critical
exponent is required; however we explicitly notice that existence results of Brezis-
Nirenberg type with @ = p* — 1 have been established also for the p-Laplacian
operator on unbounded domains (see [GA], [NSJ], [SY]).

The uniqueness for the problem at infinity

—Apw + WP — gow® =0 in RY, (2)

initially known only for p = 2, allows to perform a more delicate analysis of the
problem. The Palais-Smale condition of the functional J naturally associated to
problem (1) can be violated only at an increasing sequence of levels {5, },en only
dependent on the unique solution w of (2) (see for example [BeC]). As a conse-
quence very sophisticated existence results for (1) have been established in the case
p = 2: see [BLn], [BeC] (on exterior domains) and [BL] (on RY). In particular
Bahri and Lions introduced a deep topological argument (which contains several
highly technical aspects) for studying the problem when the rate of convergence
of q to gs is comparable with the asymptotic behavior of w. Afterwards Bahri
and Li provided a simpler existence result, based on a min-max procedure, under
a slightly stronger hypothesis on ¢. In [BL] the authors perform an estimate of
the functional J on the set of functions

{tw(- — 1) + (1 —)w(- — z2)|t € [0,1]}, (3)

for suitable choices of z1,zo € RY, and prove the existence of an asymptotic
critical level ¢y €]S7, Sa[, which is a true critical level by the (PS) property.
We also mention the papers [ABC], [DF], [W] where the perturbed equation

—eAu+u — gq(z)u® =0 in RY

is considered for ¢ — 0 and only local conditions are required on g. However it
does not seem possible to use these weak assumptions for problem (1) where the
value of ¢ is fixed.

The new result of Damascelli, Pacella and Ramaswamy [DPR] and the
uniqueness results contained in [C2], [PS] and [ST] allow to establish the unique-
ness for ground states of the equation at infinity (2) for all values of p < 2.

Theorem 1 Forp €]1,2], there exists a unique (up to translations) positive solu-
tion in WHP(RN) of equation (2).
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Then also in this case it is possible to give a complete characterization of the
compactness levels of the functional J (Theorem 3). In particular there exists a
new sequence {Sy,}nen such that the (PS) condition is satisfied in R\{Sy }nen-
Here we use this fact and the min-max procedure introduced by Bahri and Li in
the case p = 2 to prove our existence theorem. First we establish a precise estimate
of the asymptotic behavior at infinity of the ground state of (2):

_N-1 ( || > ,

w(z) ~ [x] 7D exp | — ——— | ~w'(2). (4)
(p—1)7

In the case p = 2, (4) is well-known (see [GNN]) and is based on an estimate of the

Green function of —Au+u in RY; here we obtain estimate (4) with a comparison

method and o.d.e. techniques. Then, under the assumption that ¢,, > 0 and

there exist ¢ > 0 and p > —2— such that
(p—1)7

q(x) > qoo — cexp(—plz]), (5)

we obtain an energy estimate on the set (3) analogous to the one of [BL]. This
estimate is more delicate in our context, due to the nonlinearity of the second
order term of J. Finally the min-max procedure yields the existence theorem.

Theorem 2 Let p €]1,2[, a €]1, p*—1[ and let ¢ € L>°(R™) be a positive function
with a positive limit goo at infinity satisfying (5). Then problem (1) has a solution
uwe WEP(RN) N CLPA(RY), for a B €]0,1].

loc

2 Uniqueness of ground states

We first introduce some notation. We denote by (X, | - |) the Sobolev space
W?(RY) with the norm |ju/|? = [Vul|P + [Ju||b and we introduce the functionals
J,Js € CHX\{O},R), I, I € CY(X,R),

Jull Jull
J(u) = > Joo(u) = > (6)

(J a(@)fuletr) =5 (g2 [ fulo1) =
1) = 3l = o [a@l L) = Sl - 2 [l @)

Hereafter we always assume that p, o and ¢ verify the hypotheses of Theorem 2.
We also set

S={ueX||lu =1}, =*={uex u>0}
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and

Sy = inf Jo, Sp,=n'"a18,  VneN.
X\{o}

The following representation theorem of (PS) sequences is proved in [BC].

Theorem BC Let u,, be a nonnegative sequence in X such that I(uy,) — £ € R
and dI(uy,) — 0 as m — 4o00. Then there exist a nonnegative function ug € X,
a nonnegative integer k, k nonnegative nontrivial functions wy,...,wr € X and k
sequences (Y1,m); - - -, (Ykm) N RY, such that |yj,m| — +00 as m — +oo for every
j=1,...,k and

k
Upm = Ug + ij(' —yjm)+o(l) inX, asm — +oo,
=1
k
I(um) = I(uo) + Zloo(wj) +o(1) asm— +oo,
j=1

dI(ug) = 0,  dlo(w;)=0 Vj=1,... k.

From the regularity results in [S] and [D] and from the strong maximum principle
for A, (see [V]) it follows that the functions w; in the above theorem are solutions
of

—Apw + WP — geow® =0 in R,
0<we CHRY)NWLP(RY), (8)
w(z) —0 as |z| — +o0.

Since 1 < p < 2, we can now deduce from [DPR, Theorem 1.1] that any w;
is radially symmetric about some point in RN . Moreover the uniqueness results
established in [C2] for the ordinary differential equation

(|l (r) P2 (r)) + 22| (1) P20 (1) = w(r)P~ ! + goow(r)™ = 0
0<r<+oco, (9)
w>0, W(0)=0, w(+oo)=0,

ensure that the w; are, up to a translation, all equal to a positive radial function
w which is the unique radial solution of (8). We explicitly remark that such a
solution w exists and verifies

Io(w) = inf{Io (u)|u € X\{0},dI(u)u =0} = (; - i 1) Slaiﬂp’

Jo(w) = inf Jy = Si;
x\{o0}
moreover w is radial decreasing (see for example [BC, Remark 1]).In Lemma 5
of the next section we shall study how w behaves at infinity. If w,, is a (PS)
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sequence for J |y at a level £ € R, then J(um)ﬂﬁ%mum is a (PS) sequence for T
at the level (% — %H)E%; hence from Theorem BC and from the uniqueness
of ground states of (8) we deduce the following compactness theorem for the (PS)
sequences of J.

Theorem 3 Let u,, be a sequence in ¥+ such that J(uy,) — £ € R and dJ|s(un,)
— 0 asm — +oo. If £ ¢ {S,}nen, then there exists ug € X such that ug > 0,
ug Z 0, dI(up) = 0. In other words ug is a weak solution of (1).

Remark 4 If ug is a solution of (1), then by the results in [S] and [D], ug €
C’llotﬂ(]RN) for some 8 > 0, ug(z) — 0 as |z| — 400 and ug is strictly positive, by
the strong maximum principle proved in [V].

3 Proof of the existence theorem

We will prove our main result following an argument introduced for p = 2 by
Bahri and Li [BL]. In order to do so we first study the asymptotic behavior of the
solution w of (8).

Lemma 5 Let w = w(|z|) be the unique radial solution of (8). Then there exist
two positive constants c1,co such that, for large r = ||,
+
cr™ Y exp(—0r) < w(r) < cor Y exp(—0r
{ (=0r) <w(r) (—0r) N> 3

crr ™ exp(—0r) < —w'(r) < car™ exp(—6r)

cir Y exp(—0r) < w(r) < cor™ exp(—0r
{1 p( )— ()—2 _p( ) lfNZQ,
crr Vexp(—0r) < —w'(r) < cor™ exp(—0r)

where we have set 0 = (p — 1)7% and v = p](\;iﬁ) it

(respectively v~ ) stands for
any v + ¢ (respectively v — €) with € > 0.

Proof. From the results in [DPR] we know that w’(r) < 0. Setting k(r) = |w’(r)[P~2
W(r) = —(—w'(r))P~ ! and f(w) = WP~ —geow®, the equation in (8) can be written
as

N-1 N -1

flw)=Fk + — E=(p—1)(-w)P 2" - (=Pt Vr > 0. (10)

r

We now set F(w) = [, f(s)ds and E = pp%l|w’\p — F(w). From (10) it
follows

N -1
E/ = —f|w/|p < 0.
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Hence E is decreasing and, since F'(w) vanishes at infinity, also E has a finite
limit, and this is necessarily 0, since w vanishes at infinity. This gives £ > 0. On
the other hand

0=F= %«p S - WP (L4 o(1),  as T — +oo,

which yields [P > (p—il)’wp (here and in the sequel we always assume that r is
very large) where we have used the convention introduced in the statement of the
lemma to denote v~ a constant smaller than . Using the fact that w’ < 0 and
the definition of 6, we have

W+ 60"w <0. (11)
From (11) we immediately get

w(r) < Mexp(—0~r). (12)

In order to obtain more precise estimates we exploit the comparison results
for A,. For a 3 closed to v we define v = vg as follows

v(r) = rp exp(—0r).

Denoting v(x) = v(|z]) = v(r) we compute

APU — (‘Ul|p_2’l}/)/ + Elv/‘p—Qv/
= w2 (14 2)7 (- 00+ et - 105 - (- 10
+op((p- 1B0+6) - (V- 1)) ). (13)

Taking the Taylor expansion (1 + %)p’Q =1+ % + O(%), as r — 400, and

T

recalling that 6 = (p — 1)7%, v = %, we obtain

1 1
=14+60""'p(B—7)-+0O <2), as T — 4o00. (14)
T T
We now set
v = Av,-, V= EVqt.
We claim that we can choose A > 0, £ > 0 and r¢ > 0 so that

{Apv(r) < f(v(r)) Vr > rg,
B(rg) > w(rg),
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Apu(r) > fu(r)) Yr > 1o

{ ' ’ (16)
(o) < w(ro)

(we recall the definition of f: f(s) = P71 — g.5%). For this purpose we exploit
the estimate (12). We first fix A €]0 — 0, 0] and choose 7 large enough to satisfy

My exp(—(\— (0 —67))ro) < 1, (17)
2qoor are
(9_119(7—’7_)> exp(—(0 —A)r) <1 Vr > rg. (18)

Then we set A = exp(Arg). From (17) and (12) it follows that T(rg) > w(ro).
Moreover (14) and (18) yield
— -1 _ _ —

ApU _ AP Ap'U'r <1-— 0 1]9(’7 -7 ) <1— qooﬁaprrl _ f(U)

Vr > rg.
oL Apflp:jl - 2r - Pt

This proves (15). To prove (16) we only need to take £ > 0 small enough so that
v(rg) < w(rp) and observe that

-1 1 (at _
Apy _ eP A;Dv",/"' >14+ 0 p('y 7) >1>1-¢ p@—Pt1
wp~l ep—1pP ! 2r -
¥
f@
= op-1 Yr > ry,

by means of (14). We can now use the comparison principles in [DPR, Theorem 3.1]:
from (8), (15) and (16) we deduce

er=1" exp(—0r) = v(r) < w(r) <o(r) = Ar~7 exp(—0r) Yr>re.  (19)

We now want to compare w with v = vy, = =7 exp(—6r). Instead of (14) we
consider the second order expansion

Apv

1

1, 1 1
1+§0” fy(pl)(3N)742+O<r3>, as r — 400,

P

which follows from (13) as well. This formula suggests to study separately the
cases N >3, N =3 and N < 3. If N > 3 we set 7 = A'v, and, arguing as above,
we can prove that

w(r) < A'r~7exp(—0r) (20)

(for large r > 0). Analogously, if N = 2 we set v = ¢’v, and we obtain

w(r) > &'r~ 7V exp(—0r). (21)
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Finally, if N = 3 we consider the third order expansion

Apv 4 3 1

_ 3=2p 1
vp—lzl_gp 2p—1)"7 (2—10)703—|—O(r4>7 as r — 400,

and again we can prove (20).
We now look for the estimates of —w’. From (11) we immediately get the
estimates from below. Moreover from (10) we infer w” > 0 (for large 7 > 0); hence

,
—w'(r) < / —W'(8)ds =w(r —1) —w(r) <w(r-—1)
r—1
and we obtain the estimates from above. O

With Lemma 5 in hands, we can now establish an energy estimate for the
functional J. This is the crucial estimate of the paper and we are able to prove it
only if o > 1.

Proposition 6 There exists Ry > 0 such that for every R > Ry, |r1| > R,

lzo] > R— VR, VR < |21 — 22| < (2+ \/Elil)min{|x1|, |x2|}, we have

J(twl + (]. — t)LUQ) < S2 Vt € [07 1], (22)

where w; = w(- — x;), i = 1,2, being w the unique radial solution of (8).

We shall need the following inequalities.

Lemma 7 1) For every T €]0,1[ and z,y € [0, +00] we have
2Ty TS () (L y) T (23)

and the equality holds iff zy = 1.
2) For every T €]0,1] and a1, a2,b1,ba € [0, +00] we have

afay™ T +b7by " < (ay+b1)7(az +ba)' T (24)

and the equality holds if a1bs = asby.
3) For every p €]1,2[ and &, € RY we have

€+ < (€26 + P2, €+ n) 2 (P + [nP) =" (25)

Proof. To prove (23) we study the function of one real variable f,(y) = (14 )7
(14+y)'™" — & — y'~": since at the point y = % it has a strong minimum point
and it takes the value f;(%) = 0, the assertion (23) immediately follows. From
here also (24) is proved simply choosing (if by # 0 # a2) z = 34, y = Z—i and

dividing (24) by bJa3™"; if by = 0 or ag = 0 (24) is trivial. Finally (25) can be
found in [Y, p. 1041]. O
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Proof of Proposition 6. We set for brevity

Y=y — X1, A= Hpra

[w, v] :/|Vu|p_2<Vu,Vv> +/\u|p_2uv Yu,v € X.
From the equation (8), we have

[whua]=qux/wfw2=qmi/agw1=[w%wﬂ,

A=|w,w| = qoo/wo‘+1.
We first consider the case t = % and prove

J(wr +wa) < Ss. (26)

By means of inequality (25) we get

[wr +we|P < /((|le\p+ [Vws|? + [Ver [P~(Vewr, Vas)

|V |P~2(Viws, Vi) E (|Vewr [P + |V |P) 2"
(! 4+ W+ WP + b ) (WF 4+ wh) )

(for (24))

< /((|Vw1\p + | Vws|P + |Vwi [P72(Vwy, Vws) + |Vwa [P~2(Vws, Vwr)

— — D 2-p
+wb + Wb+ WF L +wh 1w1)g(|Vw1\p + |[Vwsa P + Wb + wh) 2,,)

(by Holder inequality)

2—p
2

< (lwnllP + llwa P + [wr, @] + [wa, wn]) 2 ([Jwr [P + lwal?)
1 p
=2A (1 + A[wl,w2]>

5
We now estimate [ g(z)|wi 4+ wa|***. Since @ > 1, there exists ¢, > 0 such
that the following inequality holds for every nonnegative real numbers a, b:

a+1

(a4 b)T > a4 02T 4 (o + 1) (a®b + b%a) — cqo(ab) 2

(see [BL]); hence we get

a+1

Goo /(w1 +w)*M > 24 4 2(a 4 1) w1, wa] — Caloo /(wlwg)T. (27)
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Using the estimates on w established in Lemma 5, it is not difficult to see that

/(MWQ)“T“ = o(jwr,wa]),  as R — +oo. (28)
Indeed |y| > v/R and for large |y| we have
el =g [wfun =g [l =9 ze [ wzcom(-oty) (@9
B(y,1)

and

wiws R ww(- — QTH_C exp(—0|z|) exp(—0|z — %dz
/( ) /( (—y)F < /|z|<y|( p(—0]2]) exp(—0]z — y]))

1 (e
+cexp (_9|ya+ > / w(z—y)%dz
2 21>yl

a+1 a+1
< el exp (01152 )+ conp (<o “ 5 ).

with @+ > 1. Moreover from (5) it follows that

/<q o) (wr + w2)*

v

2
3" [ expl-lelyoc -z s
=1

v

Y <exp(—9(a + 1)\@\)/ exp(—plz|)dz

|z—2i|>|z;|
+ [ exp(—pla]) exp(—0a + 1)z — xi|>dw>
|z—zi| <[z

(we can assume p €]26, (o + 1)6] =]2(p — 1)7%, (a+1)(p— 1)’%])

> —c Z(exp(—G(a + Dli]) + oY exp(—plzi]))

(since |y| = |z1 — z2] < (24 \/E}fl)|xi| fori=1,2)

> —cexp (—25 |y1| ) > —cexp(—0T|y|)
vVR-1

for large R > 0. Recalling (29), where 07 is any number greater than 6, we get

/(q — @oo) (W1 + wo)* T > —o([wr, wa)), as R — +00. (30)



Vol. 9, 2002 Positive solutions of —Apu 4+ uP~! — g(z)u® = 0 in RN 11

Collecting (27), (28) and (30) we obtain

/q(wl Fw)® > 244+ (2a+1) —o()wr,wal, s R — +oo.
We can finally estimate
S P VL e L
(f qlwr + wal o) & T (24) 7 (1 + (252 — o(1))[wy, wa]) 7FF
p 1+ Ejwr, 1 1
_ (2A)1_0‘+1 + 21.;4 [wl WQ]( + 0( ))7 as R — +00.
T+ Bluor,wa)(1+ o(D)
Since

[}

6y = 2shig, gt () ek el
(CIoo fWaJrl)TH

A
= 21_%#AL = (ZA)l_“L‘;la

o+l

this proves (26).

We now turn to prove (22) for arbitrary values of ¢t € [0, 1]. It is easy to verify
that J(wz) = Joo(wz) = S1 < Sa, as R — +o00, and that J(twy + (1 — t)wz) —
J(wz) as t — 0, uniformly with respect to R > Ry. Hence there exists a small
0 > 0 not depending on R such that (22) holds for every ¢ € [0,]. In the same
way we see that (22) holds for ¢ € [1 — 4, 1].

We now consider ¢ € [§,1 — d] and we set v1 = twy, v2 = (1 — t)ws. Arguing

as in the case t = % we obtain

.
lor +v2l” < ([Jor[[” + o IP + [v1, va] + [z, v1]) 2 (Jor | + [Joz ) ="
1 L1 —t) + (1 — )P\
= (P 1-t)PHA(1+ —
(@ + (1= 0714 (14 Flonwnl O
and

/Q(vl ) > (T (114

Ha+ D)% —t) + (1 — t)*) w1, w2] (1 + o(1)),

as R — +oo. Hence

J(v1 + v2) < Sa0(t) as R — o0, (31)

P (1—t)P ot p(1—p)otlt,_ _2_ P (1—t) 4+ (1—t)P 't
_ (2 ) ( (2 ) )TE T, p(t) = (A-t)+(1—t) .t

where o(¥) 2P+ (1—0)P)

m%' We also recall that

[w1,w2] — 0, as R — +o0. (32)
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1

:Ei; = % and v,y are continuous functions, there exists o > 0 such that
2

maxp_ 1<, % < 1. Since p(t) < 1 this implies (22) for |t — | < o. On the other

Since

hand, since

o(t) = Pt + (L= 8)**) (Sﬁ(to‘+1 +(1- t)o‘+1>)1

2 2
where @(s) = s37 is a strictly concave function, we get max, <y 1j<1_s0(t) < 1.
Therefore (by (32) and (31)) (22) holds also for o < [t — 3] < & — 4. |

We are now able to prove the existence result, using the min-max procedure
of Bahri and Li. Indeed they define

and

co = inf max J(h(y)),
o=l max ()

and they prove that S; < ¢y < S3. The estimate S; < ¢y is performed using
a baricenter-type function and a topological degree argument, while the energy
estimates ensure that ¢y < Ss.

Proof of Theorem 2. The same procedure described above can be applied in our
case using the energy estimates contained in Proposition 6. In this way we find
a min-max value at a level ¢y €]S1, S3[ which is a compactness level by means of
Theorem 3. O
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