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ABSTRACT
We present a generalisation of Meyers-Serrin theorem, in which we replace the standard

weak derivatives in open subsets of R™ with finite families of linear differential operators

defined on smooth sections of vector bundles on a (not necessarily compact) manifold X.

SUNTO
Presentiamo una generalizzazione del teorema di Meyers-Serrin, in cui sostituiamo le
derivate deboli in sottoinsiemi aperti di R™ con famiglie finite di operatori differenziali
lineari, definiti su sezioni regolari di fibrati vettoriali su una varieta (non necessariamente

compatta) X.
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Let us denote by W™P(Q) the class of elements f in LP(Q2) whose derivatives 0% f of
order less or equal than m (in the sense of distributions) belong to LP(Q2). W™P(Q)
becomes a Banach space if it is equipped with its natural norm
(1) 1 llwmry = (Y 10 F o)

la|<m

Let us also denote by H™?(2) the closure of C*(2) N W™P(2) in W™P(€2). Then, in a
quite famous paper ([4]), N.G. Meyers and J. Serrin proved that

H™(Q) = W™(Q).

This identity holds for every open subset 2 of R", regardless of the regularity of its
boundary. Observe that, as the inclusion H™?(§2) C W™P(Q) is obvious, Meyers-Serrin
theorem can be also stated by saying that C'*°(Q2) N W™P(Q) is dense in W™P((Q).

The main aim of this seminar is to illustrate a generalisation of this result that we
have recently obtained (see [2]), which is applicable to many different situations. A first
possible generalisation of the class of spaces WP(€2) could be obtained in the following
way: take a finite family of linear partial differential operators P = {Py,..., P} with
smooth coefficients in 2. Then we could consider the class W7?(Q) of elements f in LP((2)
such that P;f (in the sense of distributions) belongs to LP(Q2) for each j € {1,...,s}. Itis
straightforward to check that W7P?(Q) is a Banach space if it is equipped with the norm

£ lwre == (£, +Z||Pf||m )P,

More generally, we could consider also differential operators in smooth manifolds, not
only defined in spaces of scalar functions, but also defined on sections of vector bundles.
So we begin by recalling some well known definitions (see, for example, [5]): let X be a
smooth abstract m— dimensional manifold without boundary. We always assume that
its topology has a countable basis of open sets, in order to have at disposal the tool of
partitions of unity. Suppose that (E,7ng) and (F,7p) are vector bundles on X. This
means that:
(i) E is a smooth manifold, 7 € C*(E; X);

(ii) E, := 71 ({x}) has the structure of an [p— dimensional vector space on C (I € Ny);
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(ili) Vxo € X there exists a local chart (®,U) in X around zy (U openin X, & : U —
®(U) € R™ diffeomorphism) and a smooth diffeomorphism ¥y : 7' (U) — ®(U) x C&,
such that, for x € U, if v € E,,

Vp(v) = (®(x), Le(z)v)

with Lg(z) linear isomorphism between E, and C'=.

We denote by I'c (X, E) the class of smooth sections with values in E, that is, the
class of elements f € C*(X, F) such that f(r) € E, Vor € X, and with T'ge (X, E) the
class of elements in I'ce (X, E) with compact support. Given ¢ : ®(U) — C'Z, we can

consider the following section f, : U — E:

(2) fo(z) = Lp(x) " ($(2(2))).

If ¢ € C3°(®(U); C'7), then f,, extended with zero outside U, belongs to Iee (X, E).
Let P be a linear mapping from I'cee (X, E) to I (X, F'). We define the following
operator Py in C5°(®(U),C'#), with values in C*°(®(U),C!r):

(3) Ps(9)(y) = Lr(®~ () P(fo) (27" (1))-

We say that P is a differential operator of order less or equal to k if, for every system
(®,U, Lg, Lr), Pp is a differential operator in ®(U), that is,
=Y Auy)Doly
jal<k
with A,(y) lF X lgp—matrix, depending smoothly on y. We say that P is elliptic of order
k if P is elliptic for every (®,U), that is, if Ip = Ir and the matrix 3, {*Aq(y) is
invertible Yy € ®(U), V¢ € R™ \ {0}.
Suppose now that the manifold X is equipped with a smooth density p. We recall that
this means that a positive Borel measure p is fixed in X, so that, V(®, U) local chart in

X there exist ug € C*(®(U)), positive, such that, if A is a Borel subset of U

n(A) = [D " pa (y)dy.

Let (E,7g) be a vector bundle on X. We fix a Hermitian structure (smoothly varying

inner product (-,-)g, in each E;). Let p € [1,00). We denote by I'z» (X, E) the class of



On some generalisations of Meyers-Serrin theorem 5
measurable section of F, i.e., measurable functions f : X — E, such that f(z) € E, for
almost every x and
118,y = [ 115 @) dutz) < .
1 X
As usual, we do not distinguish sections coinciding almost everywhere.

Let P be a differential operator between the vector bundles (E, 7g) and (F,7), both
equipped with Hermitian structures (of course, this means that P maps ['c (X, E) into
o (X, F)). Then one can show (see [6], Proposition IV.2.8) that there exists a unique
differential operator P* (the adjoint of P) between (F,7r) and (E,7g) such that, Vf €
Towe (X, E), Vg € T (X, F)

[ (Pra) g ntn) = [ (@), P gta) o)

X

By simple computation, one can draw the following local expression for P*: if f = f4 as

in (2) and Py is the operator defined in (3), one has, for z € U,

* _ 1 2)* P* T
(4) Prg(x) = —M@(x))LE( )* Py (M) (®(x)),
with Py adjoint of Ps,
(5) U(y) = Le(® ' (9)g(® (), (y € B(U)),
(6) M(y) = pao(y)Le(® ' (y)) " Le(® ' (y) "

This suggests the possibility of defining P f in cases when f is not smooth. So we denote
by I' Ll (X, F) the class of locally summable sections. It is not difficult to see that this
class does not depend on p, as far as we limit ourselves to considering smooth densities.

We can give the following definition:

Definition 1. Let P be a differential operator between the bundles (E,mg) and (F,7F),
both equipped with Hermitian structures. Let f € L' (X, E) and h € I'pa (X, F). We
write Pf = h if, Vg € Tgee (X, F),
[ @) g@)mutde) = [ (7). Pgta))p. )
X X
One can show that, although P* depends on the Hermitian structures and pu, this

definition of Pf is independent of them.
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Lemma 1. Using the notations (2) and (3), if f = fs € 'y (U,E) and Pf € I'rp (U, E)
in the sense of Definition 1, Pp¢ € LY (®(U),Cl¥), where, of course, Py has a meaning

loc

in the sense of distributions.

Proof. Let g € Deee(U, F). We set ¢(y) = Lp(®'(y))g(® ' (y)). Of course, ¢ €
Cee(®(U),Clr). Employing (4), we have

Jof (@), Prg(x) g u(dz) = [y (D), Pa(M)(y))credy

= (M(y)" Poo(y), ¥ (1)),
with (-, -) standing for the duality (D'(®(U),C'r), Cg°(®(U),C!r)). On the other hand,

/U (P (2). g(a)) . p(d) = / (o () Le(® () PF (@ (1)), () ey,

o(U)

so that
Pop(y) = pa(y)M(y)* " Lp(@ ' (y)) “PF(@(y)) € Ly, (@(U); CT).
O

Finally, let f € FL}OC(X’ E). We write f € FWZZ,CP(X, E) if, for all systems (®,U, Lg),
y— Le(® Y (y))f(®(y)) is in WP (¢(U); C's). This definition also does not depend on

loc

i and the Hermitian structures.

After these preliminaries, we introduce our assumptions:

(A1) X is a smooth m— dimensional manifold without boundary, with a countable basis

of open sets. | 1s a fized smooth density in X.

(A2) (E,7g), (Fi,7g),...,(Fs,mg,) are vector bundles on X. Each of them is equipped

with a Hermitian structure.
For simplicity we write E, Fy, ..., Fy instead of (E,7g), (F1,7g), ..., (Fs,7E,).
(A8) For each j € {1,...,s} P; is a differential operator between E and Fj.
Suppose that (A1)-(A3) are satisfied. We define, ¥p € [1,00),

(7) Cypro(X, E) = {f € Tpp(X, E) : P;f € Tpp(X,Fy) Vi€ {l,....s}}
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It is straightforward to check that FWf,p(X , E) becomes a Banach space if it is equipped
with the norm
S
® 1y oty = IR,y + D0 1B )
j=1

Now we are able to state the following generalisations of Meyers-Serrin theorem:

Theorem 1. Suppose that (A1)-(A3) are fulfilled and that the operators Py, ..., Ps are
of order less or equal than k, with k € N. Then, if Wf”’(X, E) C FWlk—l,p(X, E),
Lo (X, E)NWPP(X, E) is dense in WP(X, E).

We show some examples and applications. The first result immediately follows from

Theorem 1.

Corollary 1. Suppose that (A1)-(A3) hold and the operaters P, ..., Ps are of order not
exceeding one. Then T (X, E) NWPP(X, E) is dense in WP (X, E).

A less obvious result is the following:

Proposition 1. Suppose that (A1)-(A3) hold. Moreover, P is elliptic of order k and
Py, ..., Ps_q are of order less or equal than k+1 in case p € (1,00), of order less or equal

than k in case p = 1. Then Loee (X, E)NW]P(X, E) is dense in WP (X, E).

Proof. If p € (1,00), it is a consequence of standard elliptic theory in R™ and Lemma
1 that from u € I';p(X, E) and Pau € I'pp(X, E) it follows u € FWl;z,cp(X, E) (see [5],
Theorem 10.3.6). In case p = 1, it is proved in [2] that, if P is an [ x [—elliptic system
of order k in R™, v € L} (R™C') and Pu € L} (R™C!), then V¢ € C(R™) ¢u
belongs to the Besov space Bf  (R™;C'), which contains W*!(R™;C') and is contained
in Wr=LL(R™; Cl2). As, if P, is elliptic, Py is elliptic for every system (®,U, Ly, Lg,), we
deduce, again from Lemma 1, that, from u € 'y (X, F) and Pu € FLL(X, E), it follows

uel X, E), so that Theorem 1 is applicable. O

k—1,1(
Wloc

Remark 1. It is quite clear that it cannot be expected that Theorem 1 holds for p = oco.
Nevertheless, one can replace '« (X, E') with 'cqp~ (X, E), the Banach space of bounded
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continuous sections. The crucial condition becomes
{u € Tonpe(X,E) : Pju € Denpe (X, Fj)Vj € {1,...,s}} C T (X, E).

Proposition 1, in a weak form, analogous to the one valid in case p = 1, can be extended
to this case, because one can show that, if P; is elliptic of order k, from u € I'cnp= (X, E)

and Psu € Donpe (X, E), it follows u € I'ci-1 (X, E)

Before considering our last example (Sobolev spaces in not necessarily compact Rie-
mannian manifolds), we want to discuss the optimality of Theorem 1.

First of all, it is clear that the condition W?(X, E) C FWZIZZl,p (X, F) is not necessary
to get the conclusion: for example, let X = R™, u the standard Lebesgue measure,
E = R™ x C the trivial bundle and assume that the operators P, ..., P have constant
coefficients and (for simplicity) are defined in C*°(R™) with values in C*°(R™). Then
Lo (X, E) NWPP(X, E) is dense in W]?(X, E). To show this, it suffices to consider
the usual regularisation procedure: fix w € C°(R™), with [p,, w(z)dr = 1 and, set,
for € > 0, we(x) := ¢ ™w(%). Suppose, for simplicity, that u € W7 ?(X,C). Then the
convolutions (we*u)e~o converge to u in LP(R™; C) (as € — 0) and, for each j € {1,..., s},
(Pj(we * u))eso = (we * Pju)eso converge to Pju in LP(R™; C), regardless of the condition
WrP(X,C) C FleZZLp(X, C).

Neverthless, this condition is, in some sense, optimal, because it may happen that
WrP(X,C) C FWlxzzz,p(X, C) and ee (X, E) N WPP(X, E) is not dense in WP(X, E).

In fact let us consider the following example.

Example 1. We consider the following operator P in R, equipped with the Lebesgue

measure:
Pu(z) = —xu(g)(x) + (x — l)u@) (x).

We set P := {P}. We take p € (1, 00), write WP? instead of W”?(R,C), and start by

observing that

WP? = {u e LP(R) : zu” € W' (R)}.
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In fact, P = (1 —9) o x0*> Let u € WP and set v = zu”. Then v is a tempered
distribution and v — v = Pu € LP(R). Employing the Fourier transform F, we see that
v=F (1 —1i&) ' FPu), which belongs to W'?(R) because Pu € L*(R).

We set f := Pu. We have that

u'(z) = 2 o(z) = 27w (0) + 27t /Ox V'(y)dy = 27 '0(0) + h(z), z € R\ {0},

with h(x) = 27! Om v'(y)dy. By Hardy’s inequality, h € LP(R). It follows that

(9) () = v(0)pv-(L) + h(z) + k(z),

T
with £ distribution with support in {0}. From zu” = v it follows xzk(x) = 0, which implies
k(x) = c¢d(z). So from (9) we deduce

u'(z) = v(0) In(|z|) + /0m h(y)dy + cH(x) + const,

where we have denoted by H(z) the Heaviside function. We infer that «' € L] (R), so

that WP» C WLP(R). Nevertheless, WP? is not contained in W2”(R). In fact, set

u(x) = ¢(x)z In(|z]),

with ¢ € Cg°(R), ¢(z) = 1 in some neighbourhood of 0. It is easily seen that u € W,

(10) '’ (x) =1,

in some neighbourhood of 0. u does not belong to I/Vli’f(R), because

W(x) = po.()

in some neighbourhood of 0. Now we check that C*°(R) N W7? is not dense in W7?. We
argue by contradiction: we suppose that there exists a sequence (uy)ren in C°(R)NW PP,
such that

lue — wl|Lrw) + || Pur — Pul|zo@y = 0 (k — 00).
We set v := zu”, vy, := zu}. Then, as v, = F1((1 — €)' FPuy), (vi)ren converges to
v in WHP(R), implying that (vj(0))ren converges to v(0). However, evidently, v;(0) = 0,
while, by (10), v(0) = 1. We have reached a contradiction.
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We conclude by extending the theorem of Meyers-Serrin to (not necessarily compact)
Riemannian manifolds. We begin by defining the Sobolev space W™P(X), with X Rie-
mannian manifold. We take the measure p induced by the metric in X and denote by
T(X) the tangent bundle. We recall that the Riemannian (or Levi-Civita) connection is

the unique connection in X, such that, VX,Y, Z € I'c (X, T'(X)),
Dx(Y) — Dy(X) = [X,Y],
with [X, Y] commutator of X and Y, and
XY -Z)=Dx(Y)-Z+Y -Dx(2),

with (X -Y)(z) := X(x) -, Y(x), Vx € X and -, is, of course, the inner product in T, (X).

In local coordinates, if X =377 X; 82: and Y =37 Y] ax , we have
9Y; 9 -
X; Il XY —
Z Oz, 8:15] Z ! 8.7:
1,j=1 i,5,k=1

Here
Ik
Bzz 8:6 j Z gl 8:Uk

where the functions Ffj are the so called Christoffel symbols.

Given X € T (X, T(X)), we can define Dx(a) Va € Toe (X, T*®7(X)) in a unique
way so that the following conditions are satisfied:

(I) Dx(a) € Tow (X, T*¥(X)) Va € Do (X, T*®7(X));

(1) if f € C*(X), Dx(f) = X(f);
(I1) if o € Do (X, T(X)) and Y € Tow (X, T(X)),

(Dx(a),Y) = X((,Y)) = (a, Dx(Y)),

with (o, Y)(2) := (a(z),Y (z)) € C*(X);
(IV) if @ € Tooo (X, T*9(X)) and f € Do (X, T**(X)),

Dx(a® B) = Dx(a) ® B+ a® Dx(B).
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So, we can easily deduce that, if X € T'ceo (X, T(X)), @ € T'eee (X, T*(X)) and, in local

coordinates, X = >"1" X, 62 a =) ", ajdz;, we have, again in local coordinates,

(11) Z X ao‘ﬂ i = Z I X apda;.

ij=1 0,5, k=1
Now we introduce the operators V7 (j € N), each of which is a differential operator from
C>®(X) to Toee (X, T*®IX)). If f € C®°(X), we define V7 f recursively: given V/f €
Lo (X, T*®7X)) | we define VIt f € Do (X, T*UTDX)) setting, VX', X2,... X7+ ¢
Fee (X, T(X)),

(12) VI (XY X2 XTI = Dy (VI F)(X2 ., X0,

So, for example, we have V'f = df = S°™ L4z, (in local coordinates) and, from

7=1 8:1:
(11),

V2 = Z(’? daci®d ZFUa dzr; ® dz;.

4,j=1 i,5,k=1
In general one can easily see that, in local coordinates,
. n oI f
(13 vii- Y (2
Tiy -

01,505=1 J

------

Now we equip each bundle T*®7(X) with a Hermitian structure in a natural way: if

a, e TiHX), we set

with V(«) € T,,(X) such that (o, w) = (V(«a),w),, Yw € T,(X). Next, we define (o, §).,
with o, 8 € T*®/(X), employing the fact that, given linear spaces X and Y, equipped
with inner products (+,-)x and (-, -)y, there is a unique inner product (-,-) in X ® Y such

that, Vo, a0 € X, V3,8, €Y

(a1 ® B1), (2 @ B2)) = (a1, @) x (81, Ba)y-

See for this [1], Chapter 1.3.
Now we are able to define the Sobolev spaces W*P(X):
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Definition 2. Let X be a Riemannian manifold, equipped with the measure p induced
by the Riemannian structure. For each j € N, we equip each space T*(X)® with the
Hermitian structures previously described and consider the differential operators V7 from

C®(X) to Lo (X, T*(X)®7). Letp € [1,00) and s € N. We set
WP(X) = {f € Lﬂ(X) Vie{l,...,s} V/fe FLZ<X> T*(X)®9)}.

W#P is a Banach space with the norm

(14) ”fHWS’p : Hf”LP(X) + Z HvaHF p (X,T* (X)®J))1/p
From Theorem 1, we easily deduce the following generalisation of Meyers-Serrin theorem:

Theorem 2. Let W*P(X) be the spaces described in Definition 2. Then C°(X)NW*P(X)
is dense in W*P(X).

Proof. Let (U, ®) be a local chart. If x € U, j € Nand F = T*(X)® we can take
Lp(z)( Z Qiy .y () gy @ oodrg) = (i, () 1<y, iy <me

It follows that, if y € ®(U), employing the usual notations (2)-3), we have

Va(@)1) = (i (@7 ) + Pryis ) (@7 (91 i

= (i W) + Qv (D))< iy,

;. of degree less than j. We deduce from Lemma 1 that, if

777777

fs € Wi WP(X), ¢ € WiP(®(U); C™). We conclude that each space W*?(X) is contained

loc loc

with each operator Q;,

in W>P(X). So we can apply Theorem 1. O

loc

Remark 2. The conclusion of Theorem 2 continue to hold if we replace, in the previ-
ous construction of Sobolev spaces W*P(X), the Levi-Civita connection with any other
smooth connection: of course, we obtain a different Sobolev space, for which we have a

corresponding Meyers-Serrin type theorem.
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