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The ancestor of our problem

o [Gauss-Koebe]
Let Q C RN (N > 3) be open.

Then
1

1Br(x0)| JB,(x)

ueH(Q)={Au=0} < u(x)= u(x)dx VBr(xo) CQ

(IP) [Harmonic characterization of the Euclidean balls]
Let D C RN (N > 3) be open and bounded.

Suppose, for a suitable xp € D,

1
u(xp) = ﬁ /D u(y) dy Yu € H(D),u > 0.

|D| 1/N
Then: D = By(x), r = (7) ,
WN

Epstein (1961), Epstein-Schiffer (1965), Kuran (1972)
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Some weighted Mean Value Theorems for harmonic functions
and the related inverse problem

Let f:]0,00[—]0, 0] be a continuous function, s.t.
r
F(r) == / Ny dp < o0 Vr>0.
0

Let Q be an open subset of RN (N > 3).
Then

ueHH(Q) & ulx)= m /B o) u(x)f(]x — xo|) dx VBr(xp) C Q.

Note: NwNF(r):/ f(Ix — xol) dx.
Br(xo)

(IP)

Let D C RN be open and bounded.
Suppose, for a suitable x, € D and ¢ > 0,

u(x) = %/Du(x)f(|x —xl)dx  YueH(D),u>o0.

Then: c:/f(|x—xo\)dx and
D

D=B(x), r=F" (L)

Nwpy
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Densities with the mean value property for harmonic functions

Let Q C RN, N > 3, be an open set and let
w:Q — [0, 00[

be a l.s.c. function s.t.
int{w = 0} = 0.

We say that
w is a density with the mean value property for harmonic functions in Q w.r.t. xo € Q
if
(i) w(Q) = /ﬂ w(x) dx < oo,

(i) u(xo) = ﬁ /Q u(x)w(x) dx Yu € H(Q), u > 0.

Remark:

Every positive continuous radial function
X = f(|x — xol)

is a density with the mean value property for harmonic functions in B;(xg), r > 0, w.r.t. xg.
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General examples

e Hansen-Netuka (1995); Aikawa (1997)

Every bounded sufficiently regular open set Q C RN supports densities with the mean value
property for harmonic functions with respect to any fixed xp € Q.
Precisely:
Let Q C RN, N > 3, be bounded with Q € Lip.
Then, for every xp € Q,
w(x) = ¢(G(x0, X))V G(x0, X) [,
where G is the Green function of Q and ¢ is a positive measurable function s.t. / p=1,
0

is a density with the mean value property for the harmonic functions in Q, w.r.t. xp.
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A-triples and related inverse problem

Notation:

(22, x0, w) is a A-triple if
e Q CRNisopen
e X €N

e w is a density with the mean value property for the harmonic functions in Q, w.r.t. xo;
ie.

u(xo) = ﬁ /Q u(x)w(x)dx  Vue H(Q), u>0.

A natural extension of the classical harmonic characterization of the Euclidean balls (Epstein,
Schiffer, Kuran) is the following inverse problem:
(IP) If (2, xp, w) and (D, xo, w') are A-triples, such that

wo oW
w(Q) ~ w/(D)

inQND,

isittruethatQ =D ?
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Positive answer to (IP)

With G. Cupini (very recently: 2016) we proved that basically

(IP) has a positive answer if (22, xo, w) is a strong A-triple.
DEFINITION:
(22, X0, w) is a strong A-triple if

(i) (2, x0,w) isa A-triple; i.e.

u(xo) = ﬁ /Q uW(x)dx  Vue H(Q), u>0

(i) u(xo) > ﬁ /Q u(x)w(x)dx YueH(Q), AuzZ0inQ, u>0.

Remark:
e (Br(x0), X0, W) is a strong A-triple for every radial w; i.e. w(x) := f(|x — Xp|),
e (Q,Xxo,w) is a strong A-triple if

w(x) == ¢(G(x0, X))|V G(x0, X)[*.
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Our answer to (IP) for A

THEOREM [Cupini-Lanc. 2016]
Let (22, X0, w) and (D, X, w') be A-triples such that

(i) (€2, x0,w) is strong
7
i) — - W
w(Q) w/(D)
(i) Qis a solid set, i.e., R”\ Q is connected and Q = intQ.

Then D = Q.

in QN D,

Remark:

This theorem contains Epstein-Schiffer-Kuran Theorem.
It corresponds to the case

Q=B(x) and w=w =1.
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Caloric Mean Value Theorem

Notation:
z=(xt) RN xeRN, teR, A=A

e Heat operator in RN+1

H:=A-0
e Gauss-Weierstrass kernel:
0 if t<0,
Mz):=rxt) = 1 X2 ,
W exp T if t > 0.

I is the fundamental solution of H.

e Heat balls:

NJ2
Qr(z9) = {C e RV . Mzop—¢) > (%) } , 20 € RN+1, r>o0.
us

e Watson kernel:
1|x|?
W(z) = W(x,t)= -

T4
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Caloric Mean Value Theorem - Il

//" Biae

- L -1 - - e
L/ — a7r Y
& —(/1 20 )

¥

Note: The center of Q;(zy) is on the boundary of Q,(zy) : zp € 8Q,(2).

Gauss-Kbebe type Th. for caloric functions

THEOREM [Pini (1951), Watson (1971)]
Let O C RN+ be open.
Let u: O — R be a continuous function.
Then:
ueC(0):={ueC>(0): Hu=0} ifandonlyif

N/2
ww) = (35) [ HOWE-dc VA Co
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Caloric characterization of the heat balls

Epstein-Schiffer-Kuran type Th. for H

THEOREM [Suzuki-Watson (2001)]
Let D C RN+! be open and bounded.

Let zy € RN+ be such that:
(i) u(zo) = 15/9 UOW(zo — C)d¢ VueC(DU{z0}), u> 0,
for a suitable ¢ > 0,
(i) 3p> § + 1 such that

¢ (X0 = Xa,2) ) (OW(20 — €) isin LPRNT).

Then D = Q/(zy), with (4rr)N/2 = ¢ — /D W(z — ¢) dc.

Note: (i) = zy € 9D.
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Well behaved Mean Value formulas for caloric functions

e The Watson kernel is not bounded

e With N. Garofalo (in 1989) we obtained a weighted Mean Value Theorem for caloric functions

with good kernels, regular as one wants.
Idea:
If (Ax — 8r)u(x, t) =0, then
(Ax + Ay —O)u(x,t) =0, yeR™
Writing Pini-Watson Mean Value formula for
X, ¥, t) = v(x,y,t) == u(x,t)

as a solution to the heat equation in RV*™+1, one obtains:
wz) = [ ) UOW (20—,
Q7 (20)
where
A (2) = {¢ = (6.7) = (dn(to )2 (2~ C) > (4mr) (VM2 )

and W,(m) is > 0, bounded and C* for every fixed k, if mis large enough.
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General problem

The harmonic and the caloric (IP)’s previously showed are particular cases of an inverse problem

for a wide class of
Picone’s Elliptic-Parabolic PDEs

of the following kind:
L :=div(A(x)D) + (b(x), D), xeX

where
e X is an open setin R"
o A(X) =(ap)ij=1,.-,n @ € C®(X)
A(x) symmetric and A(x) >0 Vx € X,

o b(x) = (by(x), - ,bn(x)), bj € C®(X)

e L hypoelliptic.
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L-fundamental solution - |

L is endowed with a fundamental solution
F:XxX—[0,00]

such that

e (x,y)— I (x,y)isls.c. and smoothin {x # y}

b I—(ay) € L1

loc

(X) VWye X

o I(x,) €Ll (X) vxeX
e VK CC X,

supl(x,y) -0 asx — oo,
yeK

supl(x,y) -0 asy — oo.
xeK
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L-fundamental solution - I

e Vi € C5°(X) the functions
x| Ty, v [ ey
are smooth and satisfy:
0 £ [ eyt dy = — o,
X
2) [ rxycendy = e,
X

3) c* /X F(x, y)e(x) dx = —o(y),

) /X M, )L o (x) dx = —p(y).
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Densities with the mean value property for £-harmonic functions

DEFINITION:

Let © C R" be open and let
w:Q — [0, 00[

be a l.s.c. function s.t.
int{w =0} = 0.

We say that

w is a density with the mean value property for £-harmonic functions in Q w.r.t. xg € Q

(i) w(Q) := /Q w(x) ox < oo,

(i) u(x) = ﬁ /n U(X)W(x) dx VU € £(Q) = {Lu=0inQ}, u> 0.
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Basic examples

Define, for xo € Qand r > 0,
1
Qr(x) = {X €Q : I(xp,Xx) > ?}

and

(ADT, DT
PR

Then, for several classes of operator £, one has

1

u(x) = m /Qr(xo) u(x)w(x) dx Yu € L(Q), VQr(X) C Q.

Hence

w is a density with the mean value property for £-harmonic functions in Q,(xp) w.r.t. Xg.
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L-triples

DEFINITION:

(2, xp, w) is a L-triple if
e Q CR"isopen
® Xy € ﬁ

e w is a density with the mean value property for £-harmonic functions in Q w.r.t. xg.

(IP) If (22, xo, w) and (D, xo, w’) are L-triples, such that

woow
w(Q)  w/(D)

inQnND,

isittruethatQ =D ?
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I-triples - |

(92, xp, w) isa L-triple

(!
1 *
M(x0,¥) = m/ﬂwx,y)dx Yy # QU {x0}. )
Note:
(*) can be rewritten as
M0.) = [ T dut) = Tuly) ¥y €20 ). ™"
where
i) = xa(x) i .
Hence:

p € M(Q) := {non-negative Radon measure y s.t. 4(Q°) = 0}
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I-triples - 1l

DEFINITION:
(22, X0, ) is a [-triple if
(i) Q CR"isopenand xg € Q
(i) pe M(Q2)and
Fu(y) =T(x0,y) Vy¢QU{x}
As we observed above:

(2, Xo, w) L-triple
4

w
Q, xo, ) I-triple, = ———mcL Q.
(2, xo, ) T-triple, u W@
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(IP) for I'-triples

(IP) If (2, x0,1) and (D, xp,v) are I-triples, such that
pLQND=v.QND,

isittruethat Q =D ?

Note:

Positive answers to (IP) for '-triples

4
Positive answers to (IP) for L-triples.
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Strong I-triples

DEFINITION:
(2, xo, 1) is a strong I-triple if
(i) (2, x0,p) is a [-triple; i.e.
Fuy) =T, y) vy EQU{x}
(i) Tu(y) <T(x,y) VyeQ.

This is our key notion to answer (IP) for I-triples.
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Main Theorem

THEOREM [Cupini-Lanc.]
Let Q and D be open subsets of X s.t. (2 U D)¢ # 0.
Assume that
(i) (€2, x0, ) is a strong I-triple
(i) (D, xo,v)is aTl-triple
(i) 'y — T, is a continuous function
(iv) peQND=v.QND
(v) oD C suppv
(vi) Qis a solid set

C

(vii) P((QuUD)e,Q°%) =0°.

Then D = Q.
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A corollary for L-triples

Corollary:
Let Q and D be open subsets of X s.t. (Q U D)€ # 0.
Assume that

(i) (2, x0,w) is a strong L-triple

(i) (D, xp,w')is a L-triple

w w!
iii) I, — I, is a continuous function with p := —— andv (= ———
(iif) n v M W(Q)XQ v w'(D) XD

W/
——=——1inQnNnD
w(Q)  w'(D)

(v) Qis asolid set

C

(vi) P(Qu D), Q% =0°

Then D=Q.
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L-subharmonic functions

DEFINITION:

Q C Xopen, u:Q— [—oo,00[.

u € L(R) := {L-subharmonic functions in Q}

(i) uisus.c.and {u> —oc0} =Q
(i) VCVCQ, Vopenandbounded,
he £(V)NnC(V) : u<hondVv

4
u<hinV

THEOREM [Maximum Principle for u € L ]:
u € L(Q), 2 C X open and bounded,
limsupu(x) <0 Vy e oQ
X—y

4
u<0inQ
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I-potential and £*

Let 1 be a non-negative Radon measure s.t. ;(X) < oco.

Define
r) = [ Fp0duly).  xeX.
Then
o, € LfOC(X)

o LT, =—p InD'(X)

In particular:

e I, is smoothin R\ supp p

e LT, =0 inR"\ suppu.

Ermanno Lanconelli (Universita di Bologna) An Inverse Problem in Potential Theory Seminario Pini 2017 26/30



Propagation of Maxima - |

Note:
L* :=div(A(x)D) — ( b(x), D)

ay;
Let X; = ;] be the j-th columnof A, j=1,---,n
ap;
by
and Y = —
b'n

DEFINITION (L£*-trajectory):

A curve v isa L*-trajectory if
7:7(1)+...+~Y(") +’Y(O)

where:

AV = integral curve of £X; (j=1,---,n)

7 = integral curve of Y.
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Propagation of Maxima - Il

DEFINITION (L£*-Propagation set):

Let @ C R" be open and let x € Q.

Define
P(x,Q) = L*-propagation set of x € Q
= {y | IL*-trajectory v : [0,1] — Q, s.t. v(0) = x, v(1) = y}.
Notation:
If AC Qwe let

P(A,Q) := | P(x,9).
XEA
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Propagation of Maxima - Il
THEOREM:

Let Q C R" be open and let
ue L), u<o.

Assume there exists xp € Q s.t.
u(xp) = 0.

Then u = u(xp) in P(xp, Q).

Note 1 £ elliptic:
Q connected, xg € Q

U
P(x,Q) = Q

Note 2 £ = H heat operator, Q = Ox]a,b[,

O CR"open, z = (xo,1)

U
P(z0,$2) = Ox]ty, b
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Previous results

Our Main Theorem and its corollary improve and extend

e Epstein-Schiffer-Kuran characterization of the Euclidean balls via harmonic functions
(1962-1965-1972)

e Aharonov-Schiffer-Zalcman inverse problem for Newtonian potential (1981)

e Lanconelli characterization of the gauge balls in stratified Lie group G via Ag-harmonic
functions (2013)

e Abbondanza-Bonfiglioli characterization of the level sets of the fundamental solution of
suitable hypoelliptic degenerate elliptic PDEs (2007)

e Cupini-Lanconelli inverse problem for Ag-triples (2016)

e Suzuki-Watson characterization of the heat balls via caloric functions (2001)

e Kogoj-Lanconelli-Tralli characterization of the level sets of the fundamental solutions for
suitable evolution equation in homogeneous groups (2014).
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