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In this talk we deal with the regularity of optimal sets for a shape opti-
mization problem involving a combination of eigenvalues, under a fixed volume
constraints. As a model problem, consider

min
{
λ1(Ω) + · · ·+ λk(Ω) : Ω ⊂ Rd, open , |Ω| = 1

}
,

where λi(·) denotes the eigenvalues of the Dirichlet Laplacian and | · | the d-
dimensional Lebesgue measure. We prove that any minimizer Ωopt has a regular
part of the topological boundary which is relatively open and C1,α regular and
that the singular part has Hausdorff dimension smaller than d−d∗, where d∗ ≥ 3
is the minimal dimension allowing the existence of minimal conic solutions to
the bow-up problem.

We examine the link between this and the problem of regularity of the free
boundary for a vector-valued Bernoulli problem, with no sign assumptions on
the boundary data. More precisely, given an open, smooth set of finite measure
D ⊂ Rd, Λ > 0 and ϕi ∈ H1/2(∂D), we deal with

min

{
k∑
i=1

∫
D

|∇vi|2 + Λ
∣∣∣ k⋃
i=1

{vi 6= 0}
∣∣∣ : vi = ϕi on ∂D

}
.

We prove that, for any optimal vector U = (u1, . . . , uk), the free boundary
∂(∪ki=1{ui 6= 0}) ∩ D is made of a regular part, which is relatively open and
locally the graph of a C∞ function, a (one-phase) singular part, of Hausdorff
dimension at most d − d∗, for a d∗ ∈ {5, 6, 7}, and by a set of branching (two-
phase) points, which is relatively closed and of finite Hd−1 measure having a
stratified structure itself.

Thess are joint works with Dario Mazzoleni and Bozhidar Velichkov.
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