
tek X quasi - projective variety X= Un Z
Zorishi

U E IP
"

open

X CURVE if olive 11=1 ,
X irreducible ZE Ph closed

X SURFACE if olimXi 2 , " "

Goat study birational classification of surfaces .

-

k field
,

can work with separated schemes of finite

type over k
If k -I reduced g. prig .

schemes overk

9. proj .

varieties

in the classical sense

affine
← affine

prog ← prog .



X top space .

Def A CHART on X is (U, y) where VEX open , y
:O→Htt)

is a homers
, y lo ) is open

in IR"
. (E

" )

Two charts are compatible if

X dunt ) → 4 (Unt )

X x te, 4 ( T
'
(x))

v It
yay

is c- ( holomorphic)

A&t'¥¥¥s is a collection of charts
① 4) pwah.IT#wpolible

COMPLEX
.

U = X

A DIFFERENTIABLE( SMOOTH MANIFOLD is X with aortas .



complex smooth
→

topological
www.fobd → manifold manifolds

of olive n of dim 2h n
of olive 2n

bihoeomorph . diffeomorph . I homeomorph .

Freedman
Donaldson
Milnor
" exotic "



X g. proj . von .

,

XEX regular
Ox

,
× lowering of germs of functions

at x

Mx c Ox
,
×
maximal ideal

m×/m§ k - vector space TANGENT SPACE

① X
,
×
= Honk (Milena ,

k ) of X at ×

X V tf , . . . .fr)
CAT Jacobian matrix I =@zfxijcxDesisr1EjEnOx.x

= Ker Tx E kn

- dim Ox
,
× 3 dim ×

X

Det XEX is SMOOTH if dim ⑦x. ×
= dim

,
X

.



XIE
,
XE X smooth ⇒ IMPLICIT FUNCTION THEOREM

a of * in X can be identified with an open

subset of Gen
,
where n = dime, X .↳thetic topology

X C IPN smooth g. proj .
over Q .

metric ( analytic) Euclidean
Ipn Zariski topology topology pN= gNt4oh/¢*

Xan = X with the analytic topology
has a natural complex manifold structure .

from smooth 9.proj . fo complex an
ANALYTHTCARON

varieties over a X manifold
.

X



X projective ⇒ Xan compact .

⇐ay ahg . voor. with the Zariski top is compact )

c-)

• classical algebraic varieties
over k=I

• schemes of finite typeover k

o complex manifold
.



X top . space .

Def A PRE SHEAF (of abelian groups) on
X is the datum Tof

•
an abelian group Flo ) FVEX open
of VEUEX open , group horn . off : Fcs Ff
such that

• VEX open UEU pY= idea ,
• WE VE U EX FCU ) FCV )

commutes

open p
b Tek
FCW )

Example Cox sheaf of continuous functions with
values in IR Cin Cl )

.

FUE X Cf (t ) = {it → IR continuous }
open

'



Example G- abelian group F is constant
FU EX open

FLU ) = A pre sheaf

elf = idq
not a sheaf
local sections

which

Def A presheaf F is a
SHEAF if fore pairwise compatible

glue to a unique
HUEX open ,

t { Uil
.

. open cover of
U global section

si EFCEi )

ti
, j solving

= SI lui ny.

⇒ F ! se FEU ) s
-

t
.

ti
, Sf ;

- si -



Example . X top . space , Cox sheaf of
,

functions X → IR

continuous X → Q

• X smooth Ccf sheaf of functions X → IR
manifold sheaf of IR - algebras

• X complex Ox sheaf of holomorphic
functions

X → ¢
www.folol

sheaf of E- algebras

• X 9. pteoj . Ox sheaf of regular functions
variety
over k-Te FUE X q = { U -> k regular }

Zariski sheaf of K- algebras
open



Exoiupk X tip space , G abelian group

Ex tuff excuse { →
a-
'%noFntt

constant

sheaf on X
with constant

= { U → a continuous }

group G-
where G is

equipped
with

the discrete

Ethyl AIR ,

6=2 topology .

ExGR )={ IR → I toe .

const
. } EE
t IR connected

Ex ( 1129047=1112903 →E
loc -

const
t = I ⑤I



Exauiple X complex manifold ( e.g .

X Een open)

0¥ sheaf of nowhere vanishing holomorphic
functions

0¥01 = { U→ E holomorphic}
the obeliau group
structure is given by
the product in E*



SHCX ) = ( sheaves of obeliou groups on X } category
HOM ORPHISM OF SHEAVES

F. GESHCX ) , f :F→G is the datum of

a group from . fo : FCE ) → ACE ) FUEX such that

it is compatible with the restrictions : VEE

F- (E ) GLO )

PF f f pg for G commutes

for
FCV ) GCT ) fr ,fzEOxW)

F ¥ effitfz) =

efik? eh
#

Exude X complex manifold
t .

Ex → Ox Ox → Ox
't

a 1-7 Zaia f te et etch



f : F→ G- horn . of sheaves .

kerf is the sheaf given by (her f) (O ) = Korff NOT→ 6¥

Ets im€ : FCU ) → Glo ) ) is not a sheaf

F {Oil open cover ,
si E FL Ui ) 9.

t
.

(im f) ( O
'

) = { SE GLO ) l sty. = fo , Csi ) }

maybe s is not the image of
elements

imf is of FEU ) , but it is lonely the image
a sheaf of elements from F

.

I can talk about short exact sequences of
sheaves

0 → F
'
→ F → F

"
→ 0

.



Example X E Cl Open E *

Ex -0> Ox
Ox → Ox

A 1-3 ZITI . a
f r, et

Ker of = O

Ker E : Her E) (E) = Ker (0×(07500×40)) = him 6)
(E )

E is surjective : EX arbitrary , geo# (O )
Uts e't

choose {Oil open coveringEach thot Ei is simply
connected

offer. has a logarithm , F fi EOXC
-

Ui ) s -

t
. efiegfo

,

O → Ex &, Ox E, of → O s.es
. of sheaves .

-4 missing ?
O → Ex (XI → OxCX ) → O# CX)→ o I



VEE

g : →
It hoe .

-

r Cl
Ff : → a fwelcont

.

.

.

'

fexp
It

. exp of
= g ?

-8, et f is a toga

This exists ⇐ Thcg , Zo ) - O .
-

.

D E →
Cl

i

'

fexp .

-

-

fear
①* id, ¥e*



ge #CX) X -8, X connected
Zo EX

complex geometry fr Coop in X

g has a logarithm
⇐'

g gkIdz=0
(Ff :X→ a hoe . gtz )

S.t. expo -f=g
) 8↳

ker2=
J im Ex

0¥ → Hoult
,
Hito)

,

I)=H4x,z,

g ~,

TICK ,Zo) → Z( asu 's.is 's:# a.)



XEQ open subset , connected

0 → Ex → Ox Es OE → O se -s
.
of sheaves

o→ Exam→ 0×1×7 0¥ CX ) Is H'(X.I )

±



X top . space .

HEE SHH) , ti > o integer ,
Hicx

,
F ) abgeli;

ith cohomology
group of F

• HEX
,
F) = FCX )

• O → F
'
-if → F

"
→ O se -

s
.

of sheaves ⇒

O → HEX ,
F) → HoH

,
F) → HEX

,
F
"
) →

→ H' ( X ,F
' ) → H' CX , F) → H' CX

,

F
"

) → long
exact

sequence
→ HEX

,

F
'

) → . .
.



• X decent top space ,
G abelian group

CCW complex )

HYX
. Ex)
e Hicx

,
G)

A singularsheaf constant cohomologycohomology sheaf

• X manifold ,
F sheaf of CI - modules

⇒ Hic X. F) so tri > O ( partition of unity)



• O → G → Fo → F1 → Fz → - - - exact seq .

of sheaves on X

ti > 0
, Tj > o Hic X

,
F
,
-7=0

consider

the complex
Fo CX ) → Fix ) → FIX) →

. . .

of ab . groups

then the ith cohomology of this complex
is tick

,
G)

.



Example X complex ueouifolol , connected

O → Ex → Ox → 0¥ → O exp .

exact seq .

o → HEX
,
E) → HEX , 0×7 → HEX ,

0¥ ) Is
¥

→ H'CX
.

It → thx
,
→ HIX .

6¥ ) first
Chern

→ H'(X.It → . . .

class



Example X CO mouifobd .

Apx sheaf of co p - forms dxizn - - - a dxip

CL - module kernel of d -- closed forms

ol : APX → A 4th
im of d =

exact forms

o → Ex → AI
ft AL d, AZ d→

. . .

exact

since Af, don't have higher
Ivery closed form( is locally exact

cohomology ,

Hix
, 12×7 =

ith cohomology of AIX) → AIX
)→ . - -

"
= Hip(X) de Rham

H'
'

CX ,
IR ) theorem



Example X complex manifold .
Ox→ CQ

A CI - module of Cp , 97 - forms .

A local section is Edziza . . . ndzipadtzj , a - - - a dEjg where

f E CI .

SPX Ox- module of Cp ,o) - forms

A local section of RI is fdzizn - - andZip
where f f Ox .

2 : A → A
'
' 9

,

F : A → A
th

O -s → A I, AMY E, A → .
- -
exact seeinenahofaves

HMX
,
) = qth cohomology of A ( x) # A ( X) -s . . .

= : H
''f9( X ) Dolbeaut

cohomology


