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✗ = Spec A ( k=I field ,
A reduced finitely generated k- algebra

✗ is the unique affine variety s -
t . 0×1×1 = A

M A-module was Ñ sheaf on ✗

Ñ (✗ f) = Mf
← localisation of

V-fEA
,
✗ f= X

-THI
m at

Copen in ✗ 7 {1- if if?f? - - - }

Def ✗ scheme (g. prof . von . ) F sheaf on ✗ of Ox -modules

( f-VEX
,
FLU ) is an 0×1-0 ) -module

)
is called

QUASI- COHERENT if I {Ui } open officer
cover

,
Ui = Spec Ai ,

COHERENT Mi Ai -modules sit .

^

finite Flu ;
t Ñi

Qcoh (X)
,
Coh (X) category of g. ooh / ooh sheaves on X .



The X affine ,
✗ = Spec A

Moda ~→ Qcoh (X) equivalence of abelian eat .

M l→ Ñ

FMODA = Gh ( X )

Thm_ (Sone) X scheme ( with very
wild assumptions ) .

X affine ⇐> TF c- Qcoh (X )

fi > 0
HYX

,
1--7=0

proper
think field .

✗ projective over k .
FE Coh ( X)

⇒ ti > 0 , Hicx
,
F) finite dimensional

k - vector space .

Euler characteristic

the dimension is devoted hi (F)
-

✗ (F) :=¥otÑhi(F)



✗ scheme

Def A LOCALLY FREE SHEAF of rank n on ✗ is a sheaf

F of Ox- modules such that I { Ui } open ,
cover st .

⑤ n (⇒ coherent) (affine )
Ftvi = Qui

Def An INVERTIBLE SHEAF on X is a locally free

sheaf of rank 1 .

Exauepte ✗ =P ,? ,
DEI

, Op:(d) invertible sheaf

caution 3- ✗ affine and L invertible sheaf on
✗s.t.LI/0X-A=7--LF5J,X=SpecA,I--C2,1+F-J) I is invertible

but I =/ Ñ=0✗



E×auipU_ Op;g( d) DEI homog . polynomials
← of degree ol

H°(P¥
, Opnald ) ) = {

A[×° ' ' - ' ' ✗ n]d dzo

d< O
O

H :( P¥,0pnaCdD=O Osian ,
i > n

HYPE . Op:( DD (m> Serre duolity )



Exaiupk 2- ↳ ✗ closed embedding
Ox sheaf of regular functions on ✗

Oz " " " " " Z

-

Ox → Oz
f l→ flz
I = ideal sheaf of 2-↳ ✗

= } functions on ✗ which vanishes on Z }

_→# s.es .

of

coherent sheaves



If ✗ (and consequently 2- ) is affine :

✗= Spec A

2- = Spec CA / J) =
V (J ) JEA idol

0 → Iz/✗ → Ox
→ Oz → 0 s.es . in Coh ( X )

0 → J → A → A/g- →
0 s.es

. Moda

E.gs ✗ = AP
,

2=110,0 ) }

0→ (x , g) → k[×
, y] → k[×i5k×,y~k → 0

←
it is not an invertible sheaf



Exauipe DEZ ,
d> 0

, f- c- Sd - { 0}

S=k[xo , - -
-

,
✗ n] with standard growling

0 → s Is s → Skf, → 0
s.e-s.in Mods

Is this a sequence in
the category of growled

5-modules ?

cat . of

0 → SC- d) if 5 → S / (f) →0 S.es
.
in z - grouted
5- modules

shift of degrees
PI o TT f) = 2-

s.es
.0-1 Opnfd) → Opn→ Oz → 0

in
11

Coh ( IPL )Izllpn



✗ scheme .

F. G- c- Coh ( X )

Thoma (F , G )
is a new sheaf :

FUEX open (Homq(F. G-7) (E) = Homq.lt/-u-,Gl-v)
coherent .

II : E- Spec A C- ✗

Fly = Ñ , ME Moda
G- tu- = Ñ

,

NE Moda

Homo
✗
(F. G) / g- = (Homalin ,

N ))~

( F G) / g- = ( MOIN )
"



✗ scheme .
DUAL INVERTIBLE SHEAF

• L inv , sheaf on ✗ → I :=Lhomo×( L , 0×7 inv . sheaf on ✗

It is enough to check locally , so can assume ✗ affine

and L trivial :

✗ = Spec A , L = II ⇒ = (How,+(A ,AÑ=Ñ

• L
,
M inv .

sheaves on ✗ → (☒ M inv . sheaf on ✗
Ox

Do it locally .

• L inv . sheaf =) ☒Le Ox
Ox

Ox
p ;d✗)={invertible sheaves } /isomorphism ,

☒

operation
' ¥

PICARD GROUP abelian
group



✗ = R' ✗ P
'

✗0,4 Yo / Yi

f-Go ,x , > Yo , y ,
) bihomog . ofbideojue (die ) d > I

e> I

C = { f- 0 } irreducible curve

I → Pic ( X ) → Pic (X - C ) → 0

12

22

=) Pic ( KC ) -1-0

✗ - C affine !



DVR discrete valuation ring

A domain . A is a DVR if one (and hence every )

of the following eq .

conditions holds ;

/
O) loool PID

1) A normal
,
local

,
olive A = 1

(integrally
closed in the unique
fraction field ) (

2) It c- A - { 07 ,

Tae A- { oh ,
7 ! he 1N , UEA

* s.t.a.at
"

3) If K= Frac A ,
there exists a discrete

valuation

vi.
K*→ I sit .

A = { at K* / orca) 70 } u do}

• group homomoue . w(ab) = Nca It v16 )
• surjective
• aibek# atb -1-0 ⇒ neatb) 3min { real , wtf)

}



2 ⇒ 3 : if a = ut
"

where uEA*
,
n c- IN

N(a) := n

In this way you have defined won A- { o }

HI)=v(a) - Nce)

3 ⇒ 2 : v surjective ⇒ choose TEA s.t.net )=
1

.

Fae A- { 04 a = ÷µaj . total

¥ invertible

Exautple 1) A- = kit] ( t ) t - adic valuation

2) KIT]]
,

3) 7- (p) p-adic valuation



left]

A- = left] ( t )
localisation of kit] at the prime ideal (t)

K
-

- Frac A =
kct )

t - adic
valuation

~: K
*
→ z

t?%¥, t.sn
the order of vanishing
of a rational function

at 0

a.be hit]
alot -1-0 v)=O invertible in
Glo) -1-0 a nbd of 0

HE I

vt¥ ,
)=1



k =I
,
✗ c- k

w
,
:
kct) → I order of vanishing at

the point X



✗ normal ( e. g.
smooth)

Def A PRIME DIVISOR is an irreducible subvariety

Dc ✗ S.t. olive D= olive X - 1 .

KCX ) = function field of ✗

FELD = { rational functions on ✗ }
= I f) 1 TEX open

,
f- C- 0×107 } / ~

-01=0

Ox
,
D= { (Ef ) / EX open

n ☐ =/ 0
' f- c- 0×107 } / ~

LOCAL
MNG

✗ normal ⇒ Ox
,
☐
DVR and the

OX
,
DE K(✗ ) valuation ord

, :
KCX>
*
→ 7- is

fraction field order of vanishing along D.



A- AT

D= VIX) y-axis ord
,>
( Xy) = 1 Orde _- 1

ord
,>
(¥y ) = 1- Orde -- 0

*
ordb ( ÷z+y⇒=°

E=V(y) x-axis ordE= -2



✗ normal . finite

Def A (WEIL) DIVISOR on ✗ is a
" formal sum

-2
Dc ✗

"
D

' D AD C- I

prime
divisor

Dink ) :={divisors on ✗ }
free abelian group

on

prime divisors on ✗

Exaigple-X.ATF=V(x-y2 ) 2. D t E - 5- F c- DivX)

☒was



✗ normal
,
KCX) = function field of ✗

dir : KCX)
*

→ Div ( X )
is a

group
f- 1-7 [ ord

☐
(f) • D homomorphism

DCX a

prime
divisor 3-

im dir = { principal divisors on X } E Diva)

Def De ,DzEDiw(✗ )
are LINEARLY EQUIVALENT if

Dr - Dz is principal . (we write D , ~Dz D)
=

.
Tin

,

E ein

Def DIVISOR CLASS GROUP QCX) :=Div(✗ You .



Example ✗- AT

f- = ¥¥%y- What is divlf ) ?

f=¥y t.gs
D= V4 ) y-axis #E= V (g) x-axis
E- Vtltxy )

diwtf) = - F -
D + 3. E



Example ✗ =P
"

,
5- bixo , - >

✗n]

f- C- Sd ✓ (f) is a prime
divisor

⇒ f is
irreducible

.

I cannot talk about divlf ) because f is not

a rational function on Ph
.

f , g c- Sd ¥ is a rational function on 1pm

What is divttg) ?
f- = fi? . . f-Is diwctg) = § ai Vlfi )

- [ Bi V19:)
i

g- g? ' - . . gfr principal divisor .

irreducible
factorization



f- = fit . . . fir of =g§ - - - - GPS f. gesd
¥e

Edi Vtfo) ~ I
,
pi VCGI ) DEGREE

i

*

⑤0
cubic


