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• (Weil) divisor • invertible sheaves

• linear equivalence ~ • isomorphism =

• sum of divisors Dst Dz • tensor product ls ¥ Lz

• divisor class group
• Picard group

QCX ) = {divisors } / ~ Pic (X ) = { invertible sheaves } /=

-

Def A divisor D= E aiDi is called EFFECTIVE

if ai> o ti .

We write DZO



✗ smooth .

KCX) = field of rational functions on ✗

If D is a divisor on ✗
,
then consider ①✗ (D) sheaf of 9-modules

t C- ✗
open non-zero rat . function

0×1137 (E) = { fe KCX )* 1 (dirtf) + D) / e- 30 } u { 0}

• Ox (D) invertible sheaf
• De ~ Dz ←→ Ox (D1) -~ Ox(Dz)

• th inv . sheaf , ID divisor on ✗ s.t.LI Ox (D)

• Dr ,Dz divisors ⇒ Ox CDs 1- Dz) = Ox (Da) ¥ ①
✗
(Dz)

61×1 → Pic ( X )
isomorphism of

linear eq .

Class of ☐
1-,

is 0m .
class

of 0✗ (D)
abelian

groups



Exam_pk ✗ =P
"

s = ① Exo , - - .

,
✗ n]

H = { xo=o} hyperplane ,
prime divisor Opn ( H ) = Opn (1)

fesd
,
f=ff ' . . - frdr, fi irr .

distinct
Opnfvcf )) = Opn (d)

T(f) = Edi Ttf ;) divisor

Ttf ) ~
"

d. H proof : ÷, is a rational function on P
"

div(¥µ)= TH ) - d. H

Clan )→~E I ~→ Pic ( P " )

(H]1→ 1 dl→ [Opncd ) ]
[Vlf) ]t→ d



Example ✗ smooth
,
D effective divisor on ✗

D= Fai Di ai 30 , Di prime
distinct

.

Supp D= Y.

Di closed subset of ✗

Equip supp D with a scheme structure D.

(E.g. ✗ = AT , D= 1. Trx) +
3.Fly)

,

consider the closed subscha

induced by the ideal (✗ y3) )

what is 0×1-D) ? TEX open , fe
KCX)*

f- C- 0×1-D) ( ti ) ¥ Cdivlf) - D) 1-0-70

direct)= I ordeal . E / diulfl -D= [ordelf ) - E t rdp.tt)-¥:
E prime Epd .

i

Odi visors EFDI



(divlf) - D) fu = [ ordeff ) - E t § Cord
,;
(f) - ai ) Di

Epd .

sit .

Et Di ti Din -0--1-0
En-0+-04

fe 0+1-D) (E) ⇐> { V-E : . . ordelf) >
0

tis .t . Din 0=10 , ord
,
,
. (f) za ;

⇒ f c- 0×-0)

⇐ f- EID /✗ (E)
idol of the
closed embedding
D↳ ✗

⇒ 0×1-D) = IDIX

0 → ID /✗ → Ox→ OD → 0

0×1 -D)



Example ✗=P
" S = Clcxo ,- , in]

fe Sd \ { oh D= V (f) with the correct scheme structure

0 → SC- d) →f S → Stef , → 0
s.es. in the cotegory
of 71 - growled 5-modules

s.e.s.in 6h ( tph )
0 → Opnl -d)

f→ 0pm → OD → 0



Exaeupte ✗ smooth projective curve over k=É

prime divisors on ✗ = points on ✗

If D= § ni -

pi ,

then okay D: = § ni c- I

• D= ~ Dz => Oleg Dz = deg Dz

Oleg : ACX ) = Pic ( X ) → I group homomorph .

• ✗ =P
'
⇒ deg isomorphism

• ✗ =/ P1
( i. e. gcx ) > 1)

⇒ Oleg surjective ,

but not injective
The kernel is called JACOBIAN of ✗



✗ smooth variety ,
L inv . sheaf on ✗ , se HEX ,L) section .

If ✗ c- X
,
the number scx) is NOT well defined because

it depends on the trivialstation of L in a nbd of × .

But it makes sense to say if SCX)=0 or scx ) -1-0
.

Ifs is not identically zero , can take
Tls) : = { ✗ c- ✗ I scx)=o }
is an effective divisor on ✗ such that 0×(7-61) =L .

Exauiple ✗=P ! 1=6 (d) , d> 1 , s c- HEX,L)=Q[xo , - , ✗ n ]d

the ✗ it makes sense to say if scx)= 0 or
scx) -1-0 .

Tls) is the hypersurface with equations .



✗ smooth proj . variety ,

L inv
. sheaf on ✗

.

The COMPLETE LINEAR SYSTEM of L is

Ill :={ DEDINCX ) I DZO ,
Ox (D) =L } .

P(H°( X ,
L )) → Ill is a bijection

this equips Ill
[ s ] 1-> f-(s ) with the structure

of a projective
space

Clineor)
A LINEAR SYSTEM is a projective subspace of
IPCHOCX , L )) = Ill .

Abuse of notation : if DE Diva) with D 70 ,
then

IDI := 10x (D) I = { DE Diva) / D
'
> 0

,
D'~D }



✗ smooth proj . Voir over K , L inv
. sheaf on X .

So
,
- - -

, she H°(X
,
L)

B. = { ✗ EX / so 1×7=0 , . . . , sn (✗7--0} closed subset of ✗

to : X - B→ P
"

✗ 1- [ so (X) : - - . : Sn (X) ] The tuple (Soa) , . . . ,Sn(xD E
Knt
"

depends on the choice of
a trivial'scation of L in

morphism a nbd of ✗

But the element

[So Cx) : - - . : Sn CX)] C- 1PM
What is the preimoige of a is well defined

hyperplane ?
In 2 slides we will see the definition of B and

to which doesn't depend on so , . . .

> Sn , but

depends only on span (so , . . . , Sn) C- HEX , L)



Example ✗ = P2 withhomog.coordxo.in/z.L=0(2)H9X,L)--lCEXo,XisXzJz
Consider the sections ✗ § , xox , , ✗ E

The base locus is { Exo :X , :✗z ] c- P2 1×5--0 , ✗0×1--0,15=0 }
=

= [ to :L :O ] } .

So

01 :P't { to :| :o) }→ P2

Exo :X ,
: Xz ] 1- [ ✗ 02 : xox ,

:X? ]



✗ smooth proj . var , L.imv. sheaf on ✗

TE H°(X
,
L ) linear subspace →

V : = Ptv ) c- PCHTX , L )) proj . subspace , i. e. LINEAR SYSTEM

BASE LOCUS BSU := { ✗ c- X Itself , six)=o }
"Éedx

MAP INDUCED 01g : ✗ i BSV → PFVV )
BY V

✗ 1- evaluation at ✗

• Vis called BASE POINT FREE if BSÑ =D .

• L is called BASE POINT FREE if 14 is base point free
• L is called VERY AMPLE if L is base point free and

$14 : ✗ → IPCHYX.LY ) is a closed embedding
• L is called AMPLE if it exists meI

,
m>I sit .

L☒m is very ample .



Exaeupte ✗ = P1 with homog . coordinates xo
,
✗1.

1=062)

• F-= Span ( ✗ 02 , ✗E) C- Q[✗ o , ✗ a ]z=H°( IP? 012 ))

¢ : P1 → IP
" is not injective ;

almost every

point has 2 preimages
[Xo :X ,] ↳ [✗E :X? ]

• HYP ? 01277 has basis ✗E. ✗ox , , ×?

: P1 → P2$101211
[✗ o :X ,] ↳ [×? :Xok :X? ]

is a closed embedding .

So 012 ) is very ample .

the image is try? - yoyz) .

where yo , y , , 42 all
the words on IPZ



Example d> 1

A basis of H°( IP ? Old )) is given by the monomials of

degree d in the variables Xo , . . . >
✗n .

01 lady
: P

"

→ PN N=h%P? Old )) -2

is a closed embedding ,
called VERONESE EMBEDDING

So Opn (d) is very ample td > 1 .



Exampte pmxpn

PYE IPE
1pm pn

ta.be?QpmxpnCa.b)--prE0pmCa)oxprE0pn( b)
01pm ✗ Pn

blog ,z, ,
is a closed embedding ,

called SEGRE EMBEDDING

Ola
,
b) (very) ample ⇐> a> 1,631



✗ →f Y

F locally free sheof on Y of rank n ⇒

f-
*
F " " " X "

"

-

Locally : Y= Spec A A- → B

✗ = Spec B

F- (Atm )~ f*F= (B ☒ Atn)"=(13+0^5
A



(X , 0×7 top . space with a sheaf of 1K - algebras
E.g. : variety /

scheme complex manifold smooth manifold

regular functions
/ hoeomorph .

functions/ c- functions
IT : E→ ✗ VECTOR BUNDLE of rank n:

3- {Oi } open cover it
- ' ( Ti )→ Tix lkn

S.t.
Of ✗ fpr,

the X a-Yx) has a tri
structure of 1K - vector space of oliuen

If c- ✗ open ,
a SECTION of THE→ ✗ on

0 is

s : → E s -

t
. To s is the inclusion ↳ ✗

.



t : E → ✗ vector bundle of rank n

t EX open , El -0 )
: = { sections of EIIX over -0 }

is an 0×10 ) - module

E sheaf of Ox
- modules

IT
- ' (Ti ) → Oi ✗ 1km

t c- tri open

at icpr,
⇒ Etv)={ → 1K " } = 0×1-0 )m

ton

⇒ Etui = Qui

⇒ E is a locally free sheaf of rank n .



Vector bundles locally free sheaf
of rank n = of Ox - modules

of ronk n
on X E 1-2 sheaf of sections

s-pecxsyuio.fi a- E

invertible sheaf
line bundle

( vector bundle of rank 1)
=

@colly free
sheaf of )

rank 1



✗ smooth manifold of dimension n

Tx tangent bundle locally free sheaf of rank n

l l l l 1 1
11 N

AI cotangent bundle

"
" | " " (1)Axi = Aia } bundle of

i. - forms

of CF - modules



This can be done in algebraic geometry :

✗ smooth variety over K of dimension n

Tx tangent sheaf / bundle ,
rank n

RI cotangent sheaf /
bundle ,

rank n

Rix = dirty sheaf of i - fours , rank (7)

Wx :=ÑR} CANONICAL
,
rank 1 ⇒ line bundle

BUNDLE

Def A CANONICAL DIVISOR of ✗ is any divisor Kx
on ✗ such that wx e Ox ( Kx) .

(It is well defined only up to linear equivalence )



E¥pk ✗ =P
"

Wpn -~ 01pm
C- n - 1)

Example ✗ smooth proj . curse over
k=Ñ of genies g=hY0x) .

Then :

• olegwx = 2g -2

• h°(w×) = of

• g=0 ⇐ > ✗ =P
'
⇐ > degwx TO

• 9--1 ⇐> degwx -0 ⇐> wx = Ox

• 972 ⇐> degwx > 0 ⇐> wx ample



Importontexaeupk_ ✗ smooth variety . D prime divisor on X .

Assume D smooth .

i :D ↳ ✗

NORMAL BUNDLE Np ,× differential geometry :

(it is a line bundle)
✗ ED (ND /X ) ✗ = TX

, ✗ / TD , ✗
algebraic geometry :

0×1 D) line bundle on ✗

NDN : = i
* ( Ox (D)) = : Op ( D )

= :@✗ (D ) ) / D
0 → 0×1- D) → Ox → Op → 0

apply - ¥0✗ (D) :

0 → Ox → 0×1D) → ND /✗→ 0



i :D ↳ ✗

i* : Cohl ✗ I → Coh (D)

i* : CohlD) → 6h (X ) fully faithful , exact

i*0☐ ☒ Ox (D) =# (D) ]
Ox



Continuation Dci ✗ smooth divisor in smooth variety
In differential geometry : i

*Tx = TD ④ NDN
n=dimX

In complex / algebraic geometry : o → TD → i *Tx → NDN → 0

is a sequence of lowkey free sheaves of Op- modules .

Llano
,
( •

, Op ) :

Conormal

O → (NDH )
"

→
i
*RI → RI → 0

sequence
"

IDN/ IDYX

⇒ IT i *If = (NDNÑ☒×Ñ
"

sit
* Nri CNDIXY % WD
i*wx



NIE ⑦ F) e ④ HE ☒ AIF
itj=n

E has romhn-1

F has rank 1 ⇒ ME④ F) = An
- '

E ☒ A¥=
F



Dci, ✗ smooth divisor in smooth variety

i*w× e (NDH )
"

☒ WD
OD

WD = NDN ☒ i*W× =
i' 0×113) ☒ i

*
wx

OD OD

o×

ADJUNCTION
= i
* (0×113) ☒ Wx )

"

Kpn ( Dtkx ) / D
, ,



theorem (Serre duality )
✗ smooth projective variety over

K of dimension h

F locally free sheaf on ✗

WX Canonical bundle
dual

[ vector space
⇒ ti > 0

Hill
,
F) = ( Hn

-YX
, Fv¥w× ) )

"

t
FI Homo

✗
( Fox)

dual sheaf


