
Riemann - Roch Theorem for Surfaces

Goal : Prove Riemann- Roch theorem for surfaces .

Today :

• self- intersection of surfaces .

• Adjunction Formula
Be Riemann - Roch Theorem .

Recall : Last time : D a divisor on the surface X .

We defined : self- intersection D - D =D?

↳ with this idea : Define a numerical invariant of a surface

✗ a surface 1K

I ✗ 1k sheaf of differentials of ✗ / K .

W ✗ = Mr ✗ 1k the canonical sheaf .

K canonical divisor
.

Well - def up to linear equivalence .

K2 : = Self - intersection of the canonical divisor . Depends only on X
.

An anticanonical divisor is - K for K canonical .



Canonical Divisor for 1PM :

Take a rational n-form on an open affine subset of 1PM :

compute what it looks like on the other charts .

Coords ( Xo :
. . .

-

: Xnl on 1pm

On chart Uo = { Xo -1-03 .

W = d In n dian
. . .

a din for Ii = ¥ i > 0

On chart Un = { ✗n to}

• Yi = Xi i=o
, . . - in

- 1

✗n

dIi = d(¥;) = d( ÷ ) for i= ? .mn - ^

din = d(¥÷) = d(÷ )



⇒ w= d(%) ^ d( ÷ )
^

. . .
.
nd / ÷ )

= -

y÷, dyn n - r - n dyn - in dyo d( %) = d÷ - ¥2 dyo

Pole of order nts on hyperplane H given by yo = 0
.

So the canonical divisor : 141pm - - Cnt 1) H

Remark : Phl ( Uo U Un ) is codimension 2 Subvariety , no divisor can be

contained in it .

= >

Enough to consider 2 charts
.

By Def : wipn a 01pm ( Kpn )

⇒ wpn = Upn L- n - 1)
.



Example : ✗ = P ? Compute K2 .

• start with a rational 2- form on one open affine subset of IP?

B Compute its expression in other charts .

(✗ : y : Z) words
. of P2 .

In chart Uz = {2- to} take × :-c ¥ , Y
-

-
= ¥ and take the 2- form

DX n dy → NO zeros
,
no poles .

In Uy := try to } take u := ¥ , vi. = Ey so shat

dxndy = d(%)
^ d( to ) = ( dug - Fado )

a

( -÷, do )
=
- ÷, du

n do .

Has a pole of order 3 on hyperplane 0=0 .

=> K =
- 3h

,
H hyperplane where we have poles

, given by 7=0 .



So K = - 31-1 => K2 = 91-12 = 9

t

Any two lines in P2 are linearly eg .

Two distinct lines meet in 1 point .

Example : ✗ non- singular quadric surface in IP?

✗ = P ' ✗ IP ^
.

Remark : I ✗ = ② ④ 27
.

( = Pic (✗ 1)
.

pn : ✗ → P^
, Pz : ✗→ IP ' projections on factors

Induces : pit ice P
' → Cl ✗ , pz* : el P ' → Cl X

.

Identify Cl ( IPL ) I 27
,
I i→ class of a point .

27 1¥ Cllx) - Cl ( ✗ s {pt} ✗ 1Pa ) ~_ U ( A1 ✗ IP ^ ) I Cl LIP 1) isom .

I UCX)→ ACA
' ✗ lP^)→ 0

→ Cl ( X ) I Impn
* ⑤ Im pz* ~_ 27 ⑤ 27

.



• If D is any divisor on ✗ ,
let Laib) the ordered pair of integers in 27+027 corresponding

to the class of D under this isomorphism .

Then D is of type (a. b) on X .

Since ✗ =P' xp ' : Rational 2- form <→ Rational 1- forms on

on ✗ both copies of IP
'

Zeros on 2-form <→ Pre - images of zeros on

a - forms on IPL
.

So to compute kx : Compute first Kpi

As before : Take words ( ✗ iy ) on 1Pa
.

For the chart Uy = { Y =/ 03 take ✗ = ¥ and the 1- form : DX

⇒ On Ux = { ✗ =/ 0 } :
U = ¥ so the 1- form becomes

DX
= d ( Iu) = ¥ du → Pole of order 2

.



=> Kpi ~ -21-1

↳ Hyperplane in p^ : point

By fact that will be proven below ( on canonical sheaf of product of

two smooth varieties ) :

Kx Ts of type C - 2
,

- 2)

P' xp' l - 11,0)
Recall : C

, D divisors on X ,

C of type Laib ) , D of type ca
'
>
b ' )

••

P
M ~ (0 , 1)

then c. p = ab '
ta ' b

KXZ = ( -2) ( -2) t C-2) C-2) = 8 .

Ll -

m ) p = 1
.



Riemann- Roch for curves :

Def : let ✗ be a curve
.

The genius of X is

g := dim H ' LX ,
Ox) = h

' 10×7

Remark : By Serre - Duality ,

g = dim H ' l ✗ 10x ) = dim H° ( ✗ , wx ) = h° ( wx )

Notation : D a divisor on a curve ✗ ,

LLD ) : = dim Ho L X , Ox (D )) .

Theorem 1 Riemann - Roch) : let D a divisor on a curve ✗ of genus g. Then

I (D) - I CK - D) = deg D + 1 - g



Example : On a curve ✗ of genus g ,
the canonical divisor K has degree 2g -2 .

By Riemann - Roch with D= K .

11k) - t.CO) = deg K + 1 - g

Now llkl = dim +10 ( X , OXLK )) = dim H° ( × ,
wx ) = g

l lot = 1 since H° ( X ,
Ox ( O )) I 1K

.

⇒ g- I = deg k tr - g < = > deg K = 2g -2 .

Adjunction Formula :

Prop : C a non - singular irreducible curve .
For D a divisor on X ,

C . D = deg , Ox
(D) /

a



Prop ( Adjunction Formula) : Let C a non- singular irreducible curve of genus g

on a surface ✗ .

Let K be the canonical divisor on ✗ , then

2g - 2 = C - C C + K ) .

Proof : let i : C → ✗ .

By Adjunction :

We t 10 ✗ (C) ④ ox Wx ) / c where wx = Oxckx)

e Ox ( Kx + c) I c

Now taking degree :

deg we = 2g - 2 from Ex above
.

deg c Ox ( kxt C) Ie = c • ( C tkx) from Previous prop .

⇒ 2g - 2 = C - C Kx 1- c)
.

FDA



Example : C a smooth irreducible curve of degree d in P2
.

We have seen Kipz - -31-1

Hence C ~ DH and Ct KIPZ ~ ( d- 3) H

By adjunction formula
:

2g - 2 = ( d- 3) - d - H2 = (d-3) - d .

=> g = 21 (d- 1) ( d- 2) .

Which is the genus - degree formula for plane curves .



Example : Let C be a curve of type Laib) on the quadric surface in ☒ 3
.

Since Kip' xp ' is of type L -2
,
- 2) then

Ctkpnxipr is of type ( a -2
,
b- 2)

By Adjunction Formula:

2g - 2 = a (b- 2) + ( a- 2) b

= > g = ab - a - b +1
.



Prop 1 : let f : ✗ → Y a morphism
,

let g : y ' → Y also a morphism of schemes ,

and let : fl -

- ✗
'
: = ✗ ✗

y Y
'
→ y ' be obtained by base extension .

✗
'
- X

g
'

f ' f f f
yi
-8s

y

Then ,

I ✗ i / ye E g
" * ( Ix / y l .

where g
'
: ✗ ' → ✗ the projection .

Proof : Follows from properties of modules of relative differential forms .

Prop 2 : Let f :X - Y , g
: Y→ 2- morphism of schemes . There is an exact

sequence of sheaves on ✗
,

f- * Ry iz - Rx /z - Ix/y → 0



lemma : let ✗ ,
Y be non- singular varieties over 1K . Then

Wxxy = path wx ☒ pz* Wy .

for pn : ✗ ✗ Y → ✗ and Pz : ✗ ✗ y - y the projections .

Proof : First of all we prove

-
Rxxy 11k ~_ Pr

*
52×114 ④ patsy 11k .

By Prop 1 writing 1K for Y and Y for Y '
we get ,

f- : ✗ → 1k and g : is
→ 1K morphisms

and ft : ✗ ✗ sky → Y by base extension , then we obtain

D. xxysy = pet ( I -111k)

and also I ✗✗ y / ✗ I pz* ( 5241112 )



Now by Prop 2 writing 1K for 2- ,
✗ for Y and ✗ ✗ 4 for ✗ we have

g- = pn : ✗ ✗my → ✗ . g : ✗ → 1K

morphisms of schemes . Then

(B) I ✗ ✗ y / y I pillar ✗ 11k ) → 52-1×4114→ Dex-14 /✗ =pz*(SYNC) - O

is exact .

Also
,

( AA) P2P lady / 1k ) → Dexxy / 1k
→ pr* ( DX / 1k )- O

is exact .

Both sequences imply that cos) splits so

-2 ✗ ✗911k I pn
*

( I ✗ 11k) ⑦ P2
* (dy / IK )



Now let m = dim ✗
,
n = dim Y .

By def . of the canonical sheaf :

Wxxy = A
" 'm

I✗✗ y

= Ntm Lpn
* ( Dx ) ④ P2

* ( Dy ))

= nm ( pi
* ( Ix )) ⑦ An Cpz * ( Ry ))

= pits ( nm Ix ) ④ pz* ( An cry ))
= pi

*
wx ⑦ pz* Wy .

•

Prop : let f- :X → Y a flat morphism , D an effective divisor on Y ,

then f- 1 D is an effective divisor on ✗ and

Ox ( f - h D) = f-
* ( Oy ( D ))

⇒ H° ( ✗ ,
0×1 f- t D) ) c- H° ( y , Oy ( D))

section def . = f- so -1 so = Section defining D

f -LD

Remark : Prop holds also if f- is an embedding of a divisor that has no common

component with D
.



Example 1 Product of two curves ) :

Let ✗ be a product of two non- singular projective curves C
,
C '

of genus g , g
'

resp .

✗ = C × C '

Let pn :X → C
, Pa : ✗ → C' the projections .

By the Lemma
,

Kx =
pr
* KC + pz* KC '

K ✗ 2 = L Pitt Kc) 2 + 2 pets Kc . pz• Kci + C pot Kei ) 2

✗ = Cxc '
C

'

y [ E pic (C) , pn* L E Pic CX)

• p
,

L' C- Pic ( C ' )
, pz

*
L C- Pic ( X)

pec , pn
-1 ( p ) = { pls × C

'

PK Oc Lp ) = 6×1 { p } ✗ C ' )

prf
p ' C- C

'

,

c
•

p pit Oct ( pi ) = ① ✗ ( C ✗ { pi} )



( 1.) past Occp) • pz• Oci ( pi ) = ( { ply C ' ) • ( C ✗ Ep} ) =L .

It pig C- C , pn* Oc Lp ) . Pr • Oc Cf) =o

• Let LE Picc c)
.

L = Oc ( I. iaipi ) a- c- 27

PPL = Ox ( I, ; ai ( Epi }
✗ C' ) )

(2)

( PML ) 2 = T aiaj ( Lp ,-3 ✗ C' ) . ( { pj} ✗ C
'

) = 0

c.
i. j

Similarly , O = ( P2*L ' )2 for Ll C- pic (d)
.



• let LE Pic ( C ) .
L' E Pic ( C1 )

L = Oc ( I. iaipi ) L' = Oci ( Ij bjcfj )

( pi
' 1) • Cpa • L ' ) = aibj ( { pi} ✗ C 1) • ( C ✗ {9-5} )

i. j

"'T
=L,

aibj =

¥,

ai - ¥,
bj

i. j

= ( deg a
L ) - l degci Ll )

Thus ,

4×2 = ( pa%cÑ + 2 pn
* Kc . pz Kc' + ( pz*¥2
-

Riemann - Roch for curves

212g- 2) (2g
'
- 2)

=3 14×2 = 8 ( g- 1) Cgi - Ll .



Example : Let ✗ be a surface of degree d in 1103
.

✗ ~ dtl for H a hypersurface .

First we compute : Kip 3
.

Same as before : dx n dy n dit in chart Uw = { w -1-03 for

✗ = ¥ , y = 1W ,
2- = Ew .

In chart y -1-0 : u =

Ey ,
v =

Ey ,
r =

wy- ,

dxndyndz = - ¥ dundr
a DV

⇒ KIP 's = - 41-1
.

By Adjunction : Kx = ( Kips t dH ) /
✗

= (d-4) H /
✗

So KXZ = ( d- 4) 2 H /
✗

2



Compute 1-11×2 :

H ! H " general hyperplanes in 1ps
.

NOW i

1-11×2 = 0×1112 = 0ps ( H' ) / ×
- 01ps (H " ) / ×

Non ✗

= ( ✗ n H
'

) - l ✗ n H")

= # ( ✗ MH17 n CXNH
")

= # lxntt' n H " )
= LXNH" ) • I H '

MH
") = do 1 = d.

t t
curve of degree a Line in H"

in H "

=3 K×2 = ( d- 412 -
d

.



Example : Let ✗ be the smooth intersection of 2 quadrics in p4

✗ = Yn n Yz

Exact sequence
-

.

0 → 01pct (- 2)→ 01pct - Oye - ①

Tenuring by - ④ 01pA Oyz :

0→ 01pct C-2) 142 → ① yz - Ox- 0

Exactness of the sequence implies :

Oyz ( X ) = Opt (2) / yz

By Adjunction :

Wyi I ( 01pA (2) ④ Opt 0174 ( -5 ) ) / y ,
= 01Pa l -3 ) / y ;



Again by adjunction :

wx = ( Oyilx) ④ oyi wyi ) /
×

= ( 01Pa (2) ④Opt 0IP4C-3)) /
×

I 01Pa ( - 1) (
✗

= 0×1 - 1)
.

Compute Kxz :

Take Ha
,
Ha C 1P4 general hyperplanes .

01Pa ( Hit = 01Pa (1)

Let Ci : -_ Him ✗ Ci is a smooth irreducible curve .

Hi
,
H2 general => Cr

,
Cz curves meeting transversely on X .

01pA ( Hi ) = Oiptlll = > Optus /
×

= Ox ( Hinxs = Ox Cci)

⇒ 12×2 = 0×(15.0×11) = Cr o Cz = # ( Ca Nes)



Compute # ( Cr n ca) :

Let IT = th n Hz = P2
.

yn n IT

yzn IT
} Plane conics in it

I Betoutis than

They intersect in 4 pts .

Now ,

Lynn 1T ) n l Yz MIT ) = yn n yz N Hn n +12

= ✗ n Hn n Hz

= ( X n Hn) n t ✗ ntlz)
= Cr N C2 .

Finally we get -

. K×2 = # ( cen Cz) = 4 .



Riemann - Roch for surfaces

For D any divisor on the surface ✗ ,
let

LLD ) := dim +10 C X , Ox (D ))

Thus LLD) = dom IDI + I.
, for IDI the complete linear system of D.

Def : The sup-E.es(D) of D is

SCD) = dim H ' 1×10 ✗ (D ))

side Note on Terminology : Before invention of cohomology , Riemann - Roch Formula

was written only with ILD) ,
all D- f) .

Superabundance → Amount by which it failed to hold .



Def : The arI genius pa of ✗ is dom ✗ = ✓

Pax = f-✗ ( Ux ) -11 I C- 2) r

where ✗ 10×7 is Euler - Characteristic of Ox given by

✗ (0×1 =
I C-Hi dim Hickox )

÷

Recall : Euler - characteristic is additive on short exact sequences ,

O → F
' - F → F

"→ 0

e. S
. of coherent sheaves on ✗ , then

✗ ( Fl = ✗ ( F1 ) + ✗ CF " )



Theorem ( Riemann - Roch for surfaces ) :

If D is any divisor on the surface ✗
,
then

llD) - SCD) + llk - D) =

21 Do ( D
- K) 1- 1 + pa×

Proof : By Serre Duality ,
we have

l ( K - D ) = dim 1-10 L X . Ox C K- D ))

= dim H' l ✗ ,
0 ✗ (D)

~ ☒ Oxlk)) where by def . wx = ✗ ( K)

= dim to ( ✗ ,
0 ✗ (D) ✓ ④ Wx )

= dim H2 ( X ,
Ox (D))

.

So we see LHS :

l(D) - SCD) tlck -D) = dim Ho (x , OXCD)) - din H^ IX.Ox (D)) + dim H2 1×16×11)))
= ✗ Cox (D )) .

Hence we have to show : ✗ (0×1131) = 21 Do ( D - K) + n + Pa?

Both sides => Depend only on the linear eq . Class of D.



We can write : D = C - E By choosing linearly equivalent

↳ L non - singular D ' - D
.

Non- singular curves .

Let : Ideal sheaf of C in X = 0×1- C)
4 E in ✗ = 0×1 - E)

We have exact sequence :

0 → 0×1 - El - ox - OE - O

Tensoring with Ox ( C ) :

0 - ① ✗
( C - E ) - Ox (C) - ✗ (C) ④ OE - O (1)

Similarly with

0 → ✗ C- c)
- ox → Oc - 0

Tensioning with Ox (C) :

0 → Ox → 0×( C) - 0 ✗ (C) ⑦ Oc→ 0 (2)



Since ✗ is additive on s.e.si.

(1) => ✗ ( Oxc C - E )) t ✗ Cox (C) ② OE ) = ✗ 10x CC ))

(2) =3 ✗ ( 0×1 t ✗ Cox (C) ⑦ ①c) = ✗ ( ☐✗ ( C)) .

Combining these eats :

✗ (Oxcc - E ) ) = ✗ ( 0×5 1- ✗ ( 0 ✗ (C) ④ Oc) - ✗ ( 0x(C) ④ 0€ ) (3)

By def . ✗ 10×1 = rtpa .

By Riemann- Roch for curves :

dim Hol ✗ ,
6×1 C) ④ Oc) - dsm Ho CX , toxic) ④ Oct

✓ ④ Wx ) = deg ,/ Ox / Cbfc

But
1- 1 - go

dim +10 IX. Cox (C) ④ Oc)
' ④ wx ) = dim Hr ( ✗ ,

0 ✗ (C) ⑦ Oc )



So dim Ho LX , Ox (C) ④ Oc) - dim H' IX. 10×1 C) ④ Oc)
' ④ wx) = ✗ ( Ox (C) ④ Oc)

=> ✗ 10×1 C) ④ Oc ) = deg , 10×41×0 Oc ) /
a

+ 1 - gc .

Now use : C • D= degc ( Ox (D) ④ Oc) /
e

To get ✗ ( Ox ( C1 ④ Oc ) = C2 +1 - gc ( 41

Similarly for Ox ( C ) ☒ OE

✗ ( Oxccl ⑦ 0 E) = C - E th - GE (5)

Finally by Adjunction Formula :

go = Iz c. ( Ctkl +1 , 9€ =

2- E. ( Etks +1 .

(6)



Combining (3) - (6) :

✗ COX ( D)) = ✗ 10×1 C - E))

= ✗ 10×1 + C2 -

go
- l C- E t- g E)

= poet 1 + c- - ( Iz
c. cctks + 1)

- C - E +

( 2- E- (Etkltn )

=

2- ( C
- E) • ( C - E - K) + 1 + pa×

=

21 D. ( D
- K) tr + pax

Boa

Remark : Another formula considered to be part of Riemann- Roch Thom :

12 l l t pa) = K2 t Cz

t

second Chem class of the tangent sheaf of ✗ .



Prop : If D is an effective divisor on the surface ✗ ,

2Pa
☐
- 2 =

D. ( Dt K)

Proof : By Riemann - Rock for surfaces :

✗ ( 0×1- D)) = I C- D) • l - D - Kx ) t 1 t Pax
2

Using the exact sequence : 0 → 0×1-D)→ Ox → OD - O

Using also i ✗ ( 0×1- D)) + ✗ LOD ) = ✗ 10×1

Then : ✗ ( OD ) =

21 D . C - D - Kx) - L - Pax + ✗ ( 0×1

1- pad = 21 D. c - D
- Kx ) -4 - Pat +☒ +4 .

=3 2 paid -2 = D. ( D tkx )

•



☒ IF /
"

✗= Cxc
'

1- = pri
'
(p) = {p} ✗ C

'

i'÷
normal bundle

Nph = Op trivial line
bundle

NIYX = prf Npcc = Op trivial line
bundle

⇒ P2 = deg , Np/✗
= 0

.



f- :X → Y morphism of schemes , feat

☐→ Y effective Cordier divisor

⇒ f-
'
D effective Cartier divisor on

✗ :

tally : Y= Spec A ,

D= (5--0) = Spec Ahs ) SEA

D Cordier iff s is a regular element of
A

A-YAisiry-ect.ve# non -zero -divisor

f :X→ Y
f- 'D= Spec BIBS

BIA
Is 4$) non - zero

divisor in B
? Is B ⇒ B

injective ?
If B is flat over A , yes



Riemann - Roch : ✗ smooth projective , connected .

• dim ✗ = 1
,
LE Pick ) ⇒ ✗( L) = degLt 1 - g

where g=hY0x) = ✗(0×7 tdegl
^

• dim ✗ = 2
,
L C- Pic (X ) ⇒ ✗(L)=LÉ¥4×10×7

depends
only on
topological
properties of

L
.

Hirzebruch -Riemann - Roch :
E locally free sheaf on ✗

✗ (E) = § ch (E) tdctx )



✗ C P
"

complete intersection of codeine re

✗ = Vcf , , - - .

> fr ) deegfi = di > .

0

Wpn = Opnfn - 1)

w×= 0×1 - n - I +dnt -
-
- tdr ) by Adjunction .


