Riomann - Qochh Tnowem for Swfaces

Goal.  frove Remann— Redn Yremcem Lor sucfaces .

Today -
> sef- intersedkion o surfaces.
v ARQUINK N Formule
" QRounann - Roda Theoram .

Recadl s Lasd dme - Vo Avitor sn e wrfase K.

We  dehned Gk takerseckion 9-D =02

l-/> Wikh M tdea:  Debine a numesicad wvadaw of o sucfoce
X o suckace /¥
QA xie  sheak of Affevervials of X/« .

wx = A2 0«1 Me comonicad Nead.
%4 conont cak A usor Wk - del op yp lineas egolvakente .

2 o= (G- nbedechon of e Canonced  davrvor, Dapendt only on K.

An ambicanmitad divisor 16 — v dee K Canonical.



Conontcar Diwidor for PV -

Toke o caonod -focm on o open  affine subgek of R™:
Compute whad & looke \ke on he oter dharts.

Coords (Xo v ...~ Xa\ on "
On Uaark Vo = L% +0Y .

W = A¥a ~ dFz A .. A A% for KT Ke L>0

Ow Unocy Un = I\‘/\\nio'&

g X
Mn



?o\ﬁ 0%’

Co WMe Camonicad dwissc -

Remaxl -

) e )

Yo
L L M) - b
qohk\ Jo ° g~2

oxde NxL  on wyperplwne 3 given by e = 0.

Kipr ~ —(rea) WA

(Pn N (Lo U Und
Contained i 3,

=

16 codmentuisn 2 Qdoxasiedy, no (hvisor Cah be

Cnough *o  conader D dnosks .

wEeEr 2 Opn (Ke")

= wer 2= Ver L-a-1) |



EWVLQ\Q/‘ X = @2 Cpmpu-\re, K2

" Srark i o radionadk  2- form on one open affine subser of P2
P Compoie  Fs  expresstony it o¥es  Unarts.

(7‘ v \ "’b\ ords . of R2.

X y
Ta Jaacd U = Lx 4ol fake x-= = 8T R gnd duke the 2- form
dx nody — N0 et no Poles

—

ITn Uy == 44 40Y dake u-= X, vi= T o shak
9 9

dx v dy = d(%\""‘(%»“ (&/«Lw\~ (/L m\r)

oo o pole of o&der B op hgpap\&h( 2O |

= K = -3, N nypearplane where we hawe poles | 4ivep VA{ tT=0.



o ¥ = -0 => vz o= AWM = 4
\
Ang fwo \Wines in R2 ace \Vinearlq eq .
“Twe dhines Lnese meek n A psing .

Exampe . K non- sngular gquadiic  weface R
X = R = Q1.

Remart - A % = 2oz (= QclX)) .

Prr X — ®* L Pz K —> R prgjedaons sn fadors
Tadocs - pa*r L LR — (A X A TA N S U > L X.
T&U\’V\H cLLRyy ~ 22 , L — Moss of o ()b'\n—\~.

1554
Z — K — AN S Lpr ¥ ROY = (KM * RY) 2 AW RY)  {gom.

K

X
Z — K — WA fN——> ©

\

WEKXY % T AT @ Tmpt ~ Z ® 7



PI5 D e anyg dadisor on %
o e dast of D wder Hais \somorpiiom.

\ek (a.o) Mie ordered pair of Wvegqes in Z© Z (orresponding

Then O 16 of e (ab) on X
Since X = R* x R* Raxionur 2 -form ¢ > RaXionak A - focms on
on ¥ ot copiec o5 W1
Taes on 2 fovm < 7 Pre-imagel of zem¢ n
A< Gorms on P
o 3o wwmedte ¥ x Compure £icey gt
As Yeboce . Take woords  (XP%) on g3
For W daary V9 =LY 40 dake x= }g‘ d e A-form - A%
=5 On Uy = & X$0Yy: U= q/x o M - form  becomes
- fole ol order 2

R



= e~ -2

2y fadk Wak Wi\ e poven  below (on Comonicak
Jwo  swvostn  yorieies ) -

Kx ¢ of Yype (-2, -2

Recart - C., D &awvisds on X, Pr = ¥°
C of ¥Yye (ab) , D of iype (ol b))

then C-p = 0% ¥ a'b

Kx?2 = (-2%(-2) » (=) (-2 = -

Sneach of prodpdk of

0 - (L)

(Qm\p =

A

m ~ (0,4)



Def ek X be o wve  The gqews of Y &
g = dAm W (% V) = W Ox)
Romare By Sexce -~ Quulivy ,

g = 4 MY CX0=) = dim R Yawx) = h®wx)

Nekukion = D a0 dvicor on o curve Y
Loy == dim H° (X, OxLDY).

Thesom [ Rignann = Rodn) - Led O o e o o wrve X of gonus Q. —Then

LCOY - JCE-DY = dy D 1\ — g



Example = O o weve X of gows g | He canonlcak divicor K nas degree
By Remann - Podn with D = ¢

L) = L) = deq ¢+ A _,%—

Now LUEN = dm He (X Ox L¥N) = adm 0% (¥ wx) = Ly
Loy = A sce  He (%, O (oY = \¢
=3 ‘3'/\ - d\c%\L%—’\’(} < =)D (‘AQ}F— cQ%/Q_,
Q(bp PR SR non- cingolar  jrredodble wrve . For . Poa diviar on X,

c-O = de_jc OxLD\\

[

2%—2.



Lop (.D(d:‘)\/lck’\m'\ Tormo\ad © Lk Q o non—sinquUlayr wredwdo\e  wirve of genul o
on a suface X Lok ¥ e Mae cwmentcad divisere on X, Yhen

205/} = Ce CC¥ ¥).

Pl = leax L —> X.
By Adjundaon -

We 2 (VL) ® Py wxhl ¢ where W= = Ox¢x)
~ U)( L Kkx ¥ ) \
c

Now 4aing  degree *
dey We = 24-9  from Ex aeove.

deq ¢ Ox (\Lwt)\c_ = 00 rx)  from Qreviovs  frop.

=> 2%’ 2 - C~ Cex ¥ CY)



Example © L o smeotn wredodlele  wive of degree 4 wn 2

We have sern Y g2z ~ — 3%

Hence C ~ d¥ and  Cr kP (d-3) W

By adywmdion focmola 203 -2 7 (d-23)-ad:- W2 = (d-3)-d.

A (=AY (-2

=] %s 5

whan 16 Mae geans - degres  formolae for pane waves.



J:xayvxp\e : le¥ C be o wrve of iype (@) on the guadec qurfoce 0 ®3.

Cne  Kerxps 1 of Wype (—2,-2) taen
Cricpixpr 16 o Yupe (Q-2, b-2)
By Alundion Formola”

20-2 = &(b-2) ¢ Ca-2)b

=> 4 = ab- a_—-p ¥\



Veop LWk £ X — Y 4 sorpiiim | \ex g0 Y'Y —— Y aleo o0 Mot of cchemed,

and \ek ¢ U X s M %g 4y ———= Y\ be ovhcuned by boce exvension

\5| L \6
Then,
ﬂ\(‘/‘i‘ Nt %“* (O =x/9y)\.
whnere 9" - X' =7 X K Q(o‘\&q,éﬁm<

froog ~ Follows  from prsperyies of  modvlel of relodve differeiod  forms .

Prop 27 Lek  §:X ——= N, 98— % worpmism of sdiemes.  Thue I an exact
Sequence of Sheawes en X,

‘(" N dix  —— Qv —s Q=x/ly ——— O



lemma s ek XY ‘oo non- ango\ar vanedies over Y.  Then
Wy xy o~ \{)1"' wx @ QL* wy .

for v Xx¥ —— X and X x4 —— Y e pegjedions.

Prook - T of Al we  prove
Dxxv /e >» ¥ Oxie ® pa* DYiIw.
By fop b witng K for 4 and ¥ Hoo Y we god,
f@ X — ¢ o 9 - 4 — \k worphitams

and v X=ed — 4 by bate extension |, SMien we dovain

Qwxd g 2 ook ( Q%)

ond. wdso O 3«9 x 2 pf C 29 )



Now by P(o?lwr'\\—“\r\s W Ssc 2, X S Y and XxY Soc X ue ot

£ = 0 XXy — X \ g X

MorQMiSMS  of- cdnemes . Thoen

Dvxy iy 2 (D xhe)
6 exadk .

A\so

P (D) — Dy — PR (%)

18 e ol -
Po ceguenies mp\y Yok

ﬂxx% )\«

>

— QNN —— () %y ";p)f (2901¢)

O

SPWs - <o

2o (A xie) @ pa* (Duyie)

O



Now \e& wm = dim X , n= am Y .

By def. of e woiicg)h tnead -

Wxxy = N0 wwy
N Lpa* (%) © 2% (04))
A" Cp*Lax) @ N (p2* (9))
P (AT ax) @ ¥ (A7 (DY)
PA™ Wx © po¥ Wy

@

(K4 "

Prop = lex £ - X — Y o Mok moepriem ;D o effedive diviker on M,
then § 2D 15 an effedive VTS on X ond
Ox (§-20) = £¥(04 (DY)
=5 M7 (X, OxCE-4 DI — ¥y, 94D
£* 5o — So
Remark :

PFOP holde adso & § 5 an embadding 0fF o dwitor  Yhod— Nos o Lommen
Lomponens ¢ w9



Exoup\e ( Poduk of +wo wrtwes) :

Lk X e w podod of twe non-scnguilar  pesjechve wrves  C, O oof quws g, g resp.

X = ¢~ Q
LQJ\/ p’\ =X —> C ) ?L: X _— C,( ‘R/UL pYSJ&(.*:tSY\.&;
By Yo \Lowma,
K % = ‘),\{ o » ()g,‘“ !
Ex> = L ofeed? x 20 ¥¥re - gaf ey & Cp X v )?
= Q*C\ :
% ¢ YV Le Pclc), pa*L € PlCcX)
_E_a L'e PicCen | 92* L & Orc (O

N pec, ?r’\— L) = Lpt x C°

pr Ve () = Ux ( {9y = Q)

v«L




0¥ O €N v pa¥ O () = (lpyx ) CCxRpy) = A

Vg € Co ot Ocepd t Po¥ OcCy) =0

lexr L E PhclCH

L = OOKZ_\CUQ(\ aie Z

Q/\¥L = Oxkz‘&{ K‘LQ\'H YC))B

T,‘s

Sii\a\y , O = Lp"/* L) for L' e Pic ey .



e ok Le e O, e tcley

L = Oc L\[—'l O.EQl\ L' = O (ZJ bJQ)\
Lpa LY Ca®L) = \7’/‘ alhy (Lpiv xaeny. (L% {a3y)
B
= \_’/ S — — - 7
Q\\D = N O - ( \9
.L‘r N L_[ C/’ Jd
Yo \ J
= (deq o L) - C deg o L)
WUSI
Ex® = (¥ L™ v 2 ¥ ke - pa¥eed v (par ped?
-——
Riemann — o for wurves
2 Lag-2)(2g -2)
=> Kx? = % Cg— ) Lyt — o\



Trxample © Lk Y e oo sordr of dogree 4 in 3

X~ dM for N o wypasorfoce

Ty we Lompuye © \¢e® .
Same o befoce - A% ~ dy ~ 0  in Jdaardk Vw = L w#olY fer
_ X _ Y -2
=K L vE =
T Unark W Fo W= AL v T G = W
Y 9 y
dxnrdy ndar. = — A A ~ hr A~ U
T
=5 LR = — &AW
By Agpndeon. ex = (pes x4 | = -4l n|
x< %

So. ¥y* = (d-4)H7 \&\ 2
X



Compure  H| 2-
Ho WY genorad  wyperplanes n R

Now |

HIXQ' = Ox(4\2’

W\

O(?”(\—\‘\\X - Ope (HYY |
s X "

(X &)Y Uxn ay

# (xOn) NO O RY

i

!

= F LXMW N K ")
— ( K (\ Hn ) . ( H\ n \_\\\}
rve of deqrec o LWe in Qv

in H!Y

x> =  (d—a\2.d.

A

A

\



Exomp\e - Lok X be M smoodn nkercedion =f 2 quadrics P4

X = Ma N Yy

Exadk  Sequence -

4 0\‘1 ————J)O

0O — O« (-2)\—— Op4a

Tenwrmy by - @y g4 Oy -

D —— Up+(-2)\y2 —> Vyy ——> Oy — O
Exaness of the sequrnce wmylies ¢

Ou, [ X) -~ O\Mka—)\

2

By Adjndien -
Wy v (Vwps2) @ ors Ora (—35))
9y
~ Vpa ()
\HL



Agqaan by adjundion

~ Xy 9 { <
wx ~ (04 oyl WY \\\(
v~ (0@« (2 ®yps Vw4 (-32) \
X
= Og« L~L‘)\ = L% (= A).
%
ompuve  ¥x2 ¢

Take MW M2 C R4 Jenesod  hyfperplanes Orpas (HL) = Oga (a

Lﬁ* Cv o= w0 X Cl 98 o0 avoedtn  rredwadhe  conse .

Ha, Hz  qunerax =7 C4, Ca

wewes  maeeking francversaddy o XK.

O ps (W) = Opalry =>

N\

Qg+ (AY \y Ox (Winxy = Ox (L))

=  ¥x2 = Dx(AY-Ox(AY = the Lo = & (G NG



Co
mpove B CCa N )

AN ML, ~ P
2

Ya N TV
1
e
0 ‘ﬁ
U Gereuts
“Theu -
= oy etk i 4 QF
0vs -

LA D 77
2 )

l

9
3(& N M9y N A N
m H A N '\“\L i

(X A
Hm\(\
Ci N Ca. kxn\—\?’\

\!

\

\

Finolly we gok -

K)(?— =
# (O



Tor D any dviesr on e cofase XK, \ot
o) = gm W° X Ox (D))

T ¢ LedY = dm YD\ & AL $or IOV Me compleke Winear syiyom of O.

Vel The &upex&bmd,w\ce— DY o V¢
SCD) = dmn B (% 0x (D))
Side Nore on Teminology - Before wwerdion of wVienloyy,  Riemann- Redn Fermule
Was widren only wa ALDY) | L L D-¢).

S\)?QJ’Q)OLX\WLQ— =>  Pwmoond oy waitdy 3 failed 4o hole.



Ded s The arvhwmelic gqunds  pe of K as
X _
P = X LOXd = &
where  XLON 1 Poler —Unowrakerisirc 28 O quen Y

YO = Z C-OY dm W CXLO%)

U
Rewdh:  Buer- Unaraderidsc 16 additve on  shod exalk cogquences,

0 — ' —™ ¥ —> 5!

> 0

2.5 of  woweronk  Shemes en W, Men

Y LFY = XCF'y + XFY)



Theocomn ( Remann— Roda o Surfaces \E

T4 D 6 any dwissr on Yhe curface X | Awen

LEDY = s(D) + L(E-D) = A D-(D-¥) £\ 5a”
2
?(‘DD% B Y Sexre Quc)..&f\)f\j) we \hagpe
LC=9) = i M2 (% Ox( ¥—D))
=  dm KT (%, OOV 3 OxL¥))  waue by def. wx = Ox (&)
= dm R (Y%, OxOWY® wx)

= A T (%, Ox (DY) .

fo we we LWs -

QP <L) ¥ L(x -DY) -~

dm K (Y, Ox®)) — dwma A (X 0x(DY) 3 dwn M [ X 0.DY)
= X (Ox COM.

Honte we Ware o ghsw) - XLOXIDY) = A D (D-K) »A »pa™.
2

%D-“/\ N\ A.QS

=1}

Depend. only on Mo Linear 24 . Uoss of O



We can  wrive

V= ¢ - ¢ By dhoeSing Vinearly egunalent
von — SNl DY~ V),
Non- singl\us  worves
Lex - Tdeok ek of C v X = Ox(-0Q)
t T in X = Ox(-EF)
We hae gxak Sequence:
O — oLvxl-¢\ O x Oc¢ O
Tenering withh D) -
QO — v, lc-€)Y —/ 0O« 0)
QoY Witk

— O«x(Q) © O¢

0O —> O\ — Ox —5 Qe — O
ooy Witk Oy (LS

O —F—— 0Ox

>

Ox &N

>

Ox) ® e —— Q



Gnce X e oddidvve on s.e.¢
Y (0xCC—E)) +¥ X (O= L) @ Ve = X (Ox(QY)

N LCOxYN ¥ X LOx(SY ® O0<) = X (Ox LW,

Qolvx\o”\m(\g WHece egqs -

K LOXCC-EYY = X (Ox) ¢+ XCLL%L)® VU — X (0x(Q) © Og)

By def .  XLlOx) = A+ pa.
By Qiomann- Redn for wrves

dim WS UR, 6x LB D) = din H® (N (0x0C) @ DY @ W) = deg [Ox(CY|e
Bor Y- 9c

dim Me (X, (0x(L)Y ® V)Y @ Wx) = dim B2 (x, O<CY® Od)



SD (}\W\ e 0%y Vx(C) ® V) ~ L WY Loy (LY VDAY & wy) = X ( Ox (L) & Qt_\

=3 K ALOCC) @0ed = deg (OxAN®LD| 1 7 qc.
Now use - C-D = Q‘Uﬂc (OxLD)@)OL\\L
To ook Y (Ox (CN & 0y = C2Z YA - qc

Gmlarly  for O~ (C) ®» O¢

X (Oxcl®oe) = ¢ € 1 — Q¢

Finaldy oy Adundion  Formula -

g = A C-(Qrg) s \ de = L E-(Type\ ¥ A
2 2



Comis ninoy

KOk (D) = X (Ox(C-EV
= XLlOx) r ¢z ¥" —qc — (C-E \/«/35)

‘?oi(-\/\_ %/C,"/K\Q-(C_H;f\k\ - Cc +(\J
P 2

E- By %—’\3

o

L (C-E) (L-E-F) + 1 ¥pa
Z

S A D (D) YAy pa”

Remaxe s Paostrer  Sormuola  tonstdered Yo oo pory of Remann- Redr Thm -

12 (e pa) = kP v G
Y
Second Unern thass of e dangend Shea) of X,



Qmp CIE D e an effedive divisor on the sorface K,

20+ — 2 T D (D ¥)

Po§ . By Remann — Rodn for Surfaces:

Y LOx=23 = A (=) (=D —px) ¥ 1 4 p

2

Using Mre acadk sequence O — Ox(-9) — Ox — 0p —— 0

LVsng alss X (V% (-DY) + X 1Ve) = XLOx)
Tan - XLLed = A p. (=D - ¥x) - A = 2a* + %X (V%)
oL
A— Pl = A Ou(- D KEx) — & e v e AL
2
=9 Q,QUP—-Q_ = D- (D »¥¥x)



¢ K= CxC’
[ = q)r;\ (p)= {?HXC/

focrnol pund

— ~NO \ b ke
NP/C — O() ’h\/\,\f Q ¢Q/KI‘(\Q un

) Uiol b Lolhe
Nryy = g Npge = O Toaviod o

= [ &Q&WNW/X =0



X =X (W\/Ofup}v\hsw\ A schawen Plok

?AD QMQ(HUQ Canien druisen on ><

=

ocally s Yo Spech, D=(s=0)= Spe A(ey 584

D (osher 8 o s e negulan Juwesk of A
A2 A s lvf/jeu\*oq¥ “%&Jéiiop

1@ V4
o (D = Spee /B

X —
Bt T
syE) non-R¥o 7 T >
Joutsec n B s & T&in‘\m ?
I@%‘(L Bk D\)e/\/l7 Y)Y V\S ‘



Riovamm. Roda = X somooth prusiecie , (onmected.

cdu X =1, Le Pl = %) = deal + L-g
wWhane 0= (0 = X(Ox) +deq L
A

cdimX =2, LePic OO = «x(V) = El L((:\<>O\ X(Oy)
T

Hi rze bt tn ~Ricmainn « Ro dh:
E locoy Pnat shuad on X

(EY = ) (e RACT)

X



X C WDW conp lofe L sedhou o Codl T
><:= \/C{Q{J"‘v Ev'> iﬁx%-ﬁ{:df > 0

-4 dy ) \05 AA\:BUK\(\ Ko .



