
Blowup of AP at the origin
Y = Blo AP = { KX , y ) , [as : y] ) c-

AT ✗ P1 / ✗M - y 5--0 } c Atx
P1

rk( Is 1) £1
Y

% LP
AP P2

what are the fibres of it and p ?

(✗oiyo ) c- AT 1110,0) } Tiko
, yo ) = { Ko , yo) , Exo : Yo] ) } is a point

11--110,0) = { 10,011 ✗ P1 is isomorphic to 191

* / IYAR , { (go, } )
: *
" (A1? { 10.07 } ) → AR { (0,014 is on

isom
.

( 0,0) is replaced via it by a curve Isom
. to P1



t[5o : Yo] c- IT
' F' ( Fso : No] ) = Span GO.no) ✗ { [ So :no] } is

isomorphic to AF ⇒ p is a line bundle

Beo AT

Jp

pg
P1

AT

E- IT -1107C Y is called EXCEPTIONAL DIVISOR
,

isom.to/P1



Recap about line bundles and divisors
✗ normal variety ,

D ↳ ✗ effective Cordier divisor

Let {V2 }✗ be an affine cover which triviolises Ox (D) ; in other

words V2 the divisor Dn V2↳ V2 is defined by an equation
fine 0×(0-2) .

So we are taking isomorphisms

002→ Ox C-D) /is 0oz →~ Ox (D) leg
1 1-> to 1 1- fj

2

What happens on double intersections
? On tsp = Enn -0ps

the divisor

☐ is defined by fin or by fpj so
there exists gape 0×102g)

*
s - t

.

f-✗ = gap fp . [ Notice thot fa , gap are
not uniquely determined by

D
,
but the cohomology class of the cocycle {gap}qp

in TTTU
,0¥ )

is well defined . ]
On trap I have two isomorphisms 0-uzp.es 0×1- D) typ : one

comes from 02
,

one comes from ftp.



V2 a- xp
- tip

%p- 002B£
,

transition for
10 the line bundle

↳ ↳ ✓ I
0×1-137

f-
✗
c- 0×1- D) I -↳p→fp

••ñ%÷÷;:÷
16 transition for

\ \ ✓ /
the line bundle

6×(D)

file ✗
(D) /

02g
⇒

fj
'

so 6-u-ap-0-u.gs is given by Its gj !



Example PK with homogeneous coordinates [5:23 ,
divisor D= n - El :O]

for neE
,
n>0

.

Consider the affine charts -0g = {5-+0} = Al} and
try _- { n -1-0 } - Aft with coordinates s=¥ , t=Iy , respectively .

The ideal of Dr -0g↳ Eg is (Sh )
.

The ideal of Dntty↳ try is (1) .

tightly = k[t , E
' ] = KES

,
51 ] with s-1=1

.

Vis- Og nosy - -0m

k[s±]És k[s± ] ⇒ 1 transition for the line
1°

↳ ✓ [ bundle Oxc-D) = Opal↳
she 0pi-l-D-u-z.nu'm

> 1

=É±]¥- transition for the line
bundle

✓ [ 0×1177 -~ 0ps ( )↳
g-he 0ps (D) I gritty

> 1



Now let's go back to the blowup Y= Be ☐
AT -1T API

, y .

Y has two charts : Y = -0g u Try
• Vg = {5-1-0} n Y on PEG :p use affine coordinate s=¥

Jg = { (✗ , y , [1 :S] ) I ✗ S - y = 0 } = fix , y , s) c- API y=×s} = Atx,s
☒ , y , S) 1- (X ,

S)

(✗ ,
✗S

,
S) (X , S)

How do we write it in this chart?
IT / u}

: % = Atx
,
s
→ ATX

, y

4. s) → ¢ , ✗ S)

What is the exceptional divisor E in this chart ?

En Es = ⇐ 1035210,0 ) = { (as) c- AT / ✗=D
,
✗5--0 } = VIX)

The ideal of En -0g ↳ -0g is generated by × .



• Try -- {9-1-0} n Y .

Use the coffin coordinate t= E
n

Ey = { ( x , y ,
It :D ) / x - ty=0}= {( × , y ,t-API ✗ =yt } = Ayy ,t

⇐ yet ) 1- (yet )

C-y ,y ,
t) ← ( y , t )

* |-O
,
: y= Aidy ,t → A¥y

( y , t) l→( yt ,y )

Exceptional divisor in this chart : the ideal of En Vin
↳ thy is

÷÷::÷÷:
VI. c- ttgn Ey- Ey
k[✗ is]↳ k[x,s± ] ¥ k[y,t±]- k Eyit]

st=1
,

✗ = yt , y = ✗s



What are 6y(-E) and Oy (E) ?

-0g- tightly- tin

1- c- %}nEy1IÉQvgny ⇒ 1

transition for
because

' / [ Oyl- E)the i \ ↳•
Enttgcs 'Ve

•

deal of

✗ e Oyl-E) toga -0g
> Yis generated byx

1 c- Go}nnÉ Chesney
⇒ ?

transition

\ \ ✓ / for Oy (E)

✗
"

c- Oy (E) /↳ ayy
⇒ y
-1

Recall 6-u-gn-uiy-k-x.SE/=k-y,tt- ] while g.On one the charts of
Y=BloAf→ AP



What is the normal bundle NEIY ?

Recall : NEM = Oy (E) /E-
Consider the charts on E= PEG :p : En -0g = At} , Entry = Att

En Es- En
g n

-

Voy- En Ey

OEn-U-gn-U-y-E-tt.GE ,g , y
is the transition

of NEIY

By composing with page 5 we get NE / y = 0ps C- 1)



What is wy ?

↳ = ATE ,s ⇒ 0-vg=k[✗ is]→ Wy / -0g
I 1- DX Ads

0in = Aidy ,t ⇒ 0-u-m-k-ty-3-swy.vn
I 1- dyndt

On the double intersection what is the relation between olxnds
and

dyndt ? s=t
"
⇒ ds= - t

-Zdt
⇐ ty ⇒ d✗= tidy + sdt

} ⇒ dxnds = - Eddy ndt

0} - Dignity- On
transition for1 E Qu} , y

É Quesnoy > 1 WY

\ s ✓ ✓
dxnds E WY /

ttgn -0g 3- dyndt

⇒ Wye Oyl E)



Recap_ IT : Y= Bloat→ AT blowup of AP at the origin
• E- = IT-1 (o) exceptional divisor
• IT birational

,
induces an isomorphism Y - E = AT - {0}

• Y smooth

• Ee P1
,
NE /y = 0ps C- 1)

•• Wy e Oy (E)



C = ( y = x ) C Altay

-4¥ ±

'

☒ E

a-
'
C = { ( (✗ . xD ,

[5 : y] ) I ✗ (5-7)=0
}

= { ""

¥0s
:mile u }☒,×g÷:§],z

set -thug

→

as divisors on Y

or sche methodically
1T¥ = Et c

'



C=V( ✗2- y' + ✗3) CATE
,y

② ¥ TE
c
'

% IT -1C = -V(x?x+x3)=V( ✗41-54×7) _µµg,T

¥13s Y=×s
µ
. i. a :-D)

Y-yniiky-v-kytP-ytlytpt-vlyYE-ltyE.IE#ggAPy,tx=yt



C = V1 ✗2- y
>
+ ✗3) C AT

IT-1C = C
'

v E set - theoretically
D= 152 - m2 + ✗5=0 } c Y = BLOAT strict transform

of C

a-
* C = C

'
+ 2E scheme - theoretically

or as divisors in E- Belo AR

Notice also thot C
'

is smooth



C = Vly? ✗3) CAB
,y

* ± H→
Y} n it

-1C =
V1 ☒sF×7=Vl×¥÷×DT

AH
,
s f- ✗s

set - theoretically it -1C = EUC
'

scheme - theoretically *
* ( = C

'
+ ZE

or or owvisors



C = V (f) E Aix
,y

curve

f- = fo 1- fix ,y ) + fz (Ky ) t
- - -

, filthy) homog .

of degree
;

multiplicity of Cato : µo (C) = min Ii I ficxiy) -1-0}

• µo(C) =D ⇐> 0¢ c

• µo(c) = 1 ⇐> 0 is a smooth point of C

• Mo (C) 32 ⇐> 0 is a singular point of C
" strict

Zariski
c
'
= closure in Y= Bloat of it

- '
(Cn { (0,0 ,} ) transform

of C
"

a-
* C = C

'
+ µo(c) . E



Blowup of a smooth surface at a point
✗ smooth proj . surface over k=Ñ

, pe ✗

IT : Ñ= Bep ✗ → ✗ BLOW - UP of ✗ at p

How to construct this ? Ox
, p
is a regular lowering of

dim 2
,
Choose ×

, y loool poroaueters . ( { I. g- } is a basis

of MPtoupj@x.p-kEx.y]] )
choose open affine s

.
-1

.

✗
,y are defined

over VI

Now repeat what we have done by replacing Aix , y with
0

.

Bep -0 E- -0 ✗ P1 defined by yes - ✗m= 0 .

[girl]

IT : Bep → It induceson Isom on Bep U - E → U - { p}

This can be glued to X - Ipl .



Prep ☒ = Bepx X blowup of p .

Then :

1) I is a smooth proj . surface
2) it is projective and birational
E = IT- Icp) is isom to P1 , NE / I

= 0ps C- 1)

IT / I. E : I - E → X - { ph is an isom .

3) Pick ) ⑦ 7- → Pic ( X ) is an isomor

( L
,
n ) 1→ ñ*L§×O×(nE ) phism

(D , n) 1→ HAD + NE

4) The intersection pairing on Pie CÑ
) is determined by

E-2=-1
,

lT*D . a-
* D

'
= D.D

'

,

a-* D . E =D V-D.DK
DivX

5) NSCX ) ① I = NSC I )



6) WI = iT*w× ☒ O×( E)
Ox

KY -
a-
* Kx + E

F) C E X in . curve
,
m= multplc )

C' = Zariski closure of it
- '
( C - { p } ) in Ñ

Then a-
* C = C

'
+ ME

PI In 1) and 2) we just need to show that it
is projective .

In 4) use the fact that D and D
'

com be replaced by

divisors not passing through p .

5) follows from 3) and 4)
.

7) as in the case of AP .



Prof ✗ normal variety , TEX open subset

DII - - ,

,
Dr are the prime divisors of ✗

which are contained in Xiv

⇒ Er → cecx ) - cetv ) → 0 exact
.

(a , ,
- . .

>
dr) H AID ,

t. - - tarDr

1709--37 E=X'?⃝⇒ cecx ) → UCX
- {pl)

f ¥
I
I -9 CECI )→ Cecil E) → 0
I l→ E

I want to show thot y is injective : by contradiction FNEK

n -1-0 , HE ~ 0 ⇒ 0 = (n E)
2
= n2E2= - h2 §

on + m ⇒ 0 → I -9 U CX ) → UCX ) → 0
.



0 → I → Pic ( X ) → Pic CX ) → 0 splits by
1 l→ E

pic ( X ) → Pic (F)

L 1- ITAL

6) XTE ex - { p} ⇒ KI - a-* Kx is supported on
E

Find NEZ S.t. KI ~ it
* Kx + n E .

E- KI = E- ( IT * Kxtn E) = - n

Ee P1 ⇒ g (E)
= 00 ¥Juntion -2 = E. (EtKI

) = -1- n

⇒ n =L ⇒ KI ~ a-
*

kxl-E.CI(KEY = KI - 1 .



What is left to be done ? To show thot Ñ is projective and
it is projective .

This can be done by using the
"

algebraic
"

construction of blowup :

PEX
, I sheaf of idols of {p}↳ ✗

A = ⑦ In quasi - coherent sheaf of 1N - growled Ox - algebras
n70

Then I = Pnoj_✗ A ✗ is the blowup of ✗ at p .

The exceptional divisor is the fibred product E↳ Ñ

L J fit
{ p} ↳ ✗



Exaeiype ✗=P
'

a- p Ñ= Bepx E, P
'

E rational

p2

±=☒¥✗A

h=H*0pzC1) Pickle # with boris h ,E
.

A~0pzC1) 1T*A=h

Ln pitt ) 4-
* L=h ⇒ L' = h - E

.

IFE (4)2=(h-EP=h2_z¥É=1-1=0


