
Castelnuovo's Contractibility Criterion



Castelnuovo 's Contractibility Criterion
Theorem : Lets be a smooth projective surface and
-

let EES be a prog curve isomorph
.

to P^ sit
.

E-2=-1
.

Then

Eis an exceptional curve on s

1¥ : Assume Sfpd and let 17 be a

hyperplane in Pd
.
Lett :=snn as a hyperplane

section on S
.

I

assume this is a curve

on S

1-1 is a very iaruple divisor on S
.



Let ties be a hyperplane section such that

1-1^(5,91*-11)=0
For every hyp .

seat- Ho there exists Moeen
(Serre 's vanishing &

s.tn Ctu? Uf ) tl^ IS, Os ( nfl )) =D triteness adapted)

L

Define k=H
.
E

te
'
= 1-It KE

Thiele : Let ✗ be a smooth pref . surface
Cs ✗ - is a smooth projective curve
D is a divisor on ✗

•
C - deg , 0×1011,7



Now
,

0s (H) / E is a coherent sheaf of
0s - modules on E. it is also invertible

.

since E=~1P^
,
invert

. sheaf on E

are determined by their degree .

deg# CHILE = H' E=k ⇒ Os (ft )/⇐
I OEIK)

deg⇐ Is (E) IE = E- E-
= -1 ⇒ Osc E) IE -50+-1-1 )

deg ⇐ Is (ti )1E=(H+k'EtE=O ⇒ ISHI 'S /EIDE

choose s c- Hols
, Us (E)7 which defines E-

by divots ) = E



0 → IE→ Is → OE → 0 s.es
.

of sheaves
C-E) (ideal sheaf of 8)

For every it c- c-k consider tetiE with the

associated sheaf OgltltiE) invertible and in past. flat
Cas an Os -module)

0→ Osl-E) ☒gosltlti E)→ OgoxgosltttiE) →0E☒¥tiE
-0

¥ I
0 → Oscttlñ - a) E) → Osltltie)

→ osCHtiEHE→O
→ ⇐ OE /ki )

Rule
, using :

④+ iE) ' E = k -i



Long exact sequence in cohomology induced by s.es .

0-71-106
, Osltctci-1) E)) -31-1990,1*+12--1 → HYE, Eskil)→

THIS,Os(THE -e)E) ) → to /90s /Htit)) → HYE, OELK - i))→ .
. .

-

EHYP'cop.lk -it)=O

0-71-106
, Osltctci-1) E)) -34990,14427 → HYE, Eskil)→

tills,Os(THE E) ) -41-019%1THE)) → 0

Lumina : +14s
, Oslfltitl) -0 for all Osiek

Proof : By induction on i

Bass : to(9%(1-1))=0 by assumption
Conclude by looking

*
at long exact sequence .



0-97106,91+1+4=11 E)) -31-199%1*+12=1 → HYE, Eskil)→0

↳ '

.

'

so
,
- → Sn basis of tholos /Ht)

For all kick choose

{ ago , aim , - - - >
ai
,
n- i } c- HOG,Os(tltg-EDs.it .

→ { Fc maps them to 0*6-011*4
Restriction map 115

a Basis of te°CE/ OECK -il)
→

houeog . polynomials of
deg k.im I variables .
A basis is given by

homage monomials of

degk-i-i-i.it?:i+-a--.'aeII-ai.oi-iai.n-i..
be



{skso , . . . . .sk
.

Reminder : s€H°(s, Os (E))

so
,
: - -
, su C- tels, Oslt))8k

- ^

ago , - - - ,
8k-^

basis

←tics, Osltltit))
, oejek.ie

'

,

,

"
"""
/
Aiij restrict to a basis •

sane
,
, , Sam,,
,

9h
,
of +1%1%(1-14) a nonzero constant

a. is forms a Iasi?
"

.EE#oYEsi-=ostiIiytj0c--1---~c1ak-i.jeH0l30slH+lk-ilE)}⇒ sian.in. c- +195,0s 41') )
si c- Hols, Oshie)) tltk E

G :3 → IPN
-^

defined by this linear system
the map [so: - - - i.sn] :S→ pm is an embeddingIt is very ample divisor )
Look at 4 I

see
: it is an embedding

9 maps E to the point p :=Eo :
- - -to :nJepN"



Denote by E : s → s
'
:-. QCS ) the rests

. of 9
Remains : Prove that s

'
is smooth !

tsnffices to prove smoothness at p
-

Sz
consider the open set UIE given by

an,o±O^ Ian
,
0-+0 ✓ aa-n.it OI

choose global sections of Osl-E) given by
✗ = ao

ago
5- %;÷

these define national maps by
hz : U → IP

"

given by ex : y]
section of

ha : u → 1172 given by Cs 0s



h := ( ha
,
hz) : U → 1172 xp

' 2117^2 the blowup of 472at0

In fact hcu ) c- Ein
9 coordinates Cun, U, G)

since it is given by a U - uU =0 blowup
h = ( sx

, syjx : y ) and this fulfills 9

T¥ : h induces an isomorphism

the E → the exceptional divisor
of CAT

4. on E we have h(a) = ( O :O; ✗Cul : you ))

wwhich is an isomorphism

linearly
independent



Property 2
'

, for all£
c-EEU

,
he is e-tale in

T-

a neighborhood of 2 in our case :

locally
biholoueohphie

there is a system of local coordinates
of hcg ) which pulls back to a local

system of coordinates at gon S

Take In ,v;U : V ) natural coordinates on 1172×1101

Reminder : CAT is given by a V - vU=O

Let's suppose that ✗ (g) -0 and ylg) =1

h(g) has coords : 10,0;D : a) c- 47^2 h=( sx , syjx : y )



Choose local coordinates at htq :
✓ and Uff

be # ( v) = voh = s -y vanishes with order 1 on E

it ( %) = ✗
/
y
when restricted to E a local
coordinate of E at g

Sy and Ty are local coordinates ons at&
which we were looking for .



To prove the theorem

s h→ AT we'll shoo :
E

[ Egypt? there is a neighborhood
U of E and V of the exce.
curve in 47^2

hlu such that

a → v
hlu '

-
U
→ V is an

IN isomorphism in analytic¥ , #'
un sense lbiholomorphism )



% " I Y.gg We now prove
§ 1 if edu is biholomorphism
s
'

→ at
ECS ) is smooth at p

E 1 IN To do this , we show

[Isis 672 Ecu) É ylv )

u ✓
a-
MI is bhoeomogehe.sn

which implies

ECU) es smooth .
E t Hewitt Blue = with assumption ofEcu) → qlv) hlu is erholonuoerphism

N
except - curve of LAI

117 I contracted to point

Eohiui : v → ccu )



Lemmy I Reverse Universal Property )

Let c :S → S be a blowup

Let f- is →✗ be a map contracting the
exceptional divisor to a point .

Then
f : I → ✗

commutes

e ↳ STE
Cin analytic category )



u ⇐ ✓
a-
☒
Eohli' :V → ECU)

%!, -4,12 factors through y
qlv) and a map
N

Mold → das
ipir

which is the inverse

of Item)

Meaning that b-lean , is a biholouiohphism

Consequently Elul is smooth .



Lenya : Let f : ✗ →Y be a continuous map
of Hausdorff topological spaces .

Let KEX be a compact subset .

Suppose that

e) fly :k→ f-(K) is a homeomorphism,

Ki)(tktK) 7- is a local homeomorphism at.k
Then there is a neighborhood Uof K
and an open set VEY such that

flu ! U → ✓ is a homeomorphism a



In our case
* u → Y

.pplE E ES ⇒ E is compact
g ↳ µzÑÉn £1

ÑTE¥ except , div . of 472 is
biholomorphism, in particular E

homeomorphism ;
| IN

CIS) is 672
Pre:(VIEE) his e-tale in a

neighborhood of q .

⇒ for every get there exist

Uqtg open neighborhood and Ug 2h(g) open
neighborhood such that hlu£Uq→Vq is a local
biholomosphism ,

in particular a local homeomorphic.

⇒ the assumptions of the lemma are satisfied



Lemma implies the existence of U2 E
an open neighbor and V2 except , dir . of /AT
such that hlu : a → V is homeomorphism

s smooth
,
117^2 smooth }hlyis holomorphic →hlu is biholoniorphism

Hu is homeomorphism)
As explained , this finishes the proof . ☐



C=V( y
'
- ✗3) CAR

<ÉÉaion
AT

IT : AT→ c
t ↳ (-12,1-3)

IT algebraic map
IT homeomorphism

both wink .

Zariski topology
and analytic topology

-1T is not an

catego ,
nor

in holomoeph .
isomorphism

neither in Alf '

category



✗ smooth prog . surface over k=I
.

CCX irreol . curve .

We say that C is CONTRACTIBLE if 3- ✗ Is Xo proper
birational s - t . a- (C) =p point , X - C ✗ - {p} isomorphism

Castelnuovo
→

c- P ? D= -1 C contractible with
← Xo smooth , projectiveC is a C- 1) - curve every proper
birational morphism
is a blowup Exercise V. 5. 7- in Hartshorne

CIP? CEO ⇒
C contractible with

f

Xo projective ,

T not necessarily smooth
⇒ CHO

① [
Gravest .

Artin]

adapt the
first part of C contractible with
the proof of ✗☐ possibly singular ,
Castelnuovo 's

possibly non - algebraictheorem


