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@ Let C be a smooth projective curve and E a vector bundle over C of
rank 2. Then S =P¢(E), p: S — C is a geometrically ruled surface
over C.

@ p*E contains a line bundle N as a sub-bundle: above a point s € S
corresponding to a line D C Ej (), we have Ny = D .

@ The tautological bundle Os(1) is defined by the exact sequence:

0 N p*E —— Os(1) — 0
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@ Assume that T is a variety and f : T — C a morphism.

@ There is a one-to-one correspondence between the following two sets:

{g: T — Slpg =1}

[1a

{L € Pic(T) and surjective v:f*E — L}
where the map from upstairs to downstairs is given by taking
L =g*Os(1) and v = g*u, while the inverse is by g : t > [ker(v¢)].

o If we have shown this, by taking T = C and f = id, we see that giving
a section s: C — S is equivalent to giving a rank 1 quotient of E.
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e Given a C-morphism g: T — S, let L = g*Og(1) and v = g*u.

@ For the exact sequence

0 N p*E —" 0s(1) —— 0

taking fibers at g(t), we see that ker(v;) = Ny(y).

@ Via the map from downstairs to upstairs, t is assigned to

[Ng(t)] = g(t) by the definition of N.
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@ Conversely, given a line bundle L and a surjective morphism
v:f*E — L, we can immediately see that g(t) is corresponding to a
subspace of E¢(;), so it is on the fiber of f(t) along p, i.e. f = pg.

e Furthermore, L; is the cokernel of the embedding Ng(;) C Ef(4). So
L=g*Os(1).
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WLOG, let s € P(E) corresponds to [1 : 0] of P(Eys)). Then O(1)s is
generated by (0, 1), or in other words, it is parametrized by 3%, whose

vanishing degree is 1. This means that the restriction of Os(1) at each
fiber is equal to Op1(1).

Li Li (HU Berlin) 28 Jun 2021  8/46



Proposition(111.18)

Let S = P¢(E) be a geometrically ruled surface over C, p: S — C the
structure map. Write h for the class of Os(1) in Pic(S)(or in H3(S,Z)).
Then:

(1)Pic(S) = p*Pic(C) @ Z;

(2)H?(S,7Z) = Zh © Zf, where f is the class of a fiber;

(3)h? = deg(E), where deg(E) = deg(det(E));

(4)[K] = —2h + (deg(E) + 2g(C) — 2)f in H?(S, Z).
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We show that Pic(S) = p*Pic(C) & Z.
Let F be a fiber of p. Since Os(1)|F = Opi(1), h.F =1

Let D € Pic(S) such that D.F = m and D’ := D — mh. Then
D'.F =0.

For any x € C, we have p,O(D'), ® k(x) = Ho(p_l(X),O(D/)p—l(X))
by Grauert's Theorem. The latter group is isomorphic to HO(P*, Op1).
So p.O(D’) is a line bundle.

O(D') = p*p.O(D")

We have a decomposition D = (D — mh) + mh with
D — mh € p*Pic(C), which is clearly unique. We proved (1).
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e For the claim H?(S,Z) = Zh @ Zf, recall that H(S,Z) is a quotient
of Pic(S) by taking the induced long exact sequence of cohomology
for the short exact sequence

0—+2Z—0s— 05 —0.

@ Two points on C have the same cohomology class in H?(C,Z) = 7Z.

o Therefore H*(S,Z) is generated by f and h, which are linearly
independent since > = 0 and f.h = 1.
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o To prove h? = deg(E), we use the following result: let E’ be a vector
bundle on a surface S with the exact sequence
0—L— E' — M— 0with L, M € Pic(S).

Then

LM = (=L).(—M)
x(0s) — x(L) — x(M) + x(L® M)
= X(Os) = x(E") + x(det E')

@ In particular, L.M is independent of the choice of L and M. Denote it
by C2(El).

@ Whenever there is an exact sequence 0 — L — E — M — 0, we have
o (p*E) = p*L.p*M = 0.
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@ Such an extension 0 — L — E —+ M — 0 exists, because p admits a
section. As a result, &x(p*E) = 0.

o Locally the morphism p looks like P} — Spec(A) C C, so there is a
section s : C --+ S. But every rational map starting from a curve is a
morphism. So there is a section of p.

@ On the other hand, the exact sequence 0 — N — p*E — Os(1) = 0
gives h.N = c(p*E) = 0.

e N =p*detE — h= h>= h.p*det E = deg(E).
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e To calculate [K], write [K] = ah + bf in H?(S,Z). Then
—2=deg(Kp)=K.f+fl=a=a= -2

@ Denote the class of the image of s in Pic(S)(or in H?(S,Z)) by [C].

e Since [C].f = 1, we write [C] = h+ rf in H?(S,7Z). Then
2g(C) — 2 = ([K] + [C])-[C] gives b = deg(E) + 2g(C) — 2.

Li Li (HU Berlin) 28 Jun 2021 14 /46



Table of Contents

© Properties of Hirzebruch surfaces

Li Li (HU Berlin) 28 Jun 2021 15 /46



@ Recall that every geometrically ruled surface over C is C-isomorphic
to Pc(E) for some rank 2 vector bundle E.

@ Pc(E) and P¢(E’) are C-isomorphic if and only if there exists a line
bundle L on C such that E' =~ E @ L.

o (Birkhoff-Grothendieck)Every vector bundle on P* is decomposable
i.e. in the form of O(e1) @ -+ @ O(en).

@ A Hirzebruch surface is a geometrically ruled surface over P!. It is
isomorphic to I, := P(O @ O(n)) for some n > 0.
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Proposition V.1

(1)Pic(F,) = Zh ® Zf with f2 =0, f.h=1 and h?> = n.

(2)If n > 0, there is a unique irreducible curve B on F,, with negative
self-intersection. If b is its class in Pic(F,), then b = h — nf, b> = —n.
(3)F, and [, are not isomorphic unless m = n. F,, is minimal except if
n = 1. [F; is isomorphic to Blp]P’z.
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o Let s denote the section P! — [, corresponding to Op: as a quotient
of Op1 @ Op1(n). Let b denote the class of s(C) in Pic(F,). We show
that s(C) is the unique irreducible curve with negative
self-intersection and calculate b.

@ b= h+ rf since b.f =1.
@ Recall that for the commutative diagram

T-%2.5

Nk

C

we have L = g*Og(1) and the quotient g*u : f*E — L. Replacing T
by C, f by id and g by s, we find that s*Op, (1) = Om

@ h.b=degh|, =degcs*h=0. Sor=—nand b> = (h— nf)? = —n.
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@ We now prove the uniqueness.

@ Let C’ be an irreducible curve with negative self-intersection on [,
other than s(C). Write [C'] = aoh + Sf in Pic(Fp,).

e Since 2 = 0 and the intersection number of two different irreducible
curves are non-negative, we have [C'].f > 0 and [C].b > 0.

o [C'].f = (ah+ BF).f =a >0 and
[C'].b = (ah + Bf).(h — nf) = ah® + (B — na)h.f = 3 > 0.

o [C'2 = (ah + BF)? > 0.
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We are going to see that n is uniquely determined by F,, and to show
that IF,, is minimal except if n = 1.

When n = 0, the total space over Uy := {xg # 0} is IP’}JO = Up x PI,
while that over Uy := {x; # 0} is U; x PL. The total space over

Uo N Uy = Speck|x, %] is (Up N Up) x PL. So they glue to P* x P!, on
which the self-intersections of all irreducible curves are non-negative.

n is uniquely determined by IF,,, because it is determined by the
self-intersection of the unique irreducible curve or it is 0.

F,, is minimal for n # 1 since the self-intersection of the exceptional
divisor is —1.
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We are now to see Fy is BI,P2.

The blow-up of P? at [1:0: 0] is defined to be
M :={([x0:y0:20],[y1:2z]) € P2 x Plygz = Zoy1 }-

Consider the map M — P! given by the projection onto the second
component.

The fiber at [y1 : z1] is given by the linear equation z1y = y1z, so it is
isomorphic to P!,

M is a geometrically ruled surface over P!, not minimal. So the only
possibility is that it is isomorphic to [F.
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@ Let X be a complex manifold of dimension n. Let z;,z,--- , z, be
the local coordinates.

@ There is a decomposition Qx ¢ = Qxr © C = Q;’O & Qggl, where
Q;’ is generated by dzi,dz, -, dz, over C5° while Qggl is generated
by dzi,dz,--- ,dz,.

@ This induces the decomposition of complex k-forms into forms of type

k
(p,q) for p+qg=k: NQxc= D Q%7 where
pt+a=k

L0 o 7 501
Q89 — AQL0 @ A Q%L
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Hodge decomposition of Kahler manifolds

A complex manifold is called Kahler manifold if the imaginary part of
its Hermitian structure is a closed form.

P" is a Kahler manifold.

A projective complex manifold is a K&hler manifold as a submanifold
of P".

o HX(X,C)= €@ HPI(X), where HP9(X) = HI(X,Q%).
p+q=k

o HP9 = Har. If we write h»9 = dimc HP9(X), then h?9 = h9P.
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Hodge diamond

o Let X be a complex n-dimensional manifold.

° Q; = 'Hom(QS’(_p,wX) = (QS'(—P)V ® wx. Hence
(@) = Py,

@ By Serre’s duality,
HO(X,95) = HY9(X, (95)" @ wx)* = H'9(X, Q% )"

@ HP9 is dual to H"~P-"—4

o (Poincaré duality) HPT9(X, C) is dual to H>"~P~9(X,C) by Hodge
decomposition.
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Hodge diamond

@ hPd — ha:P

@ hPd — pn—p.n—q

e We have a Hodge diamond(take n = 4 as an example):
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@ Several numerical invariants on a complex projective surface S:
q(5) = h'(S,0s) = h°(5,95)
pe(S) = H(S,05) = K(S, K)
P.(S) = h°(S,nK),n > 1.
P, are called plurigenera of S, pg = Py is the geometric genus and g

is the irregularity of S. We have x(Os) =1 — q(S) + pg(S).

@ We also consider topological invariants:

bi(S) = dimg H'(S,C), xtop(S) = Y _(—1)'bi(S).

i

@ We have by = by = 1 and by = bz by Poincaré duality, so that
Xtop(S) =2 — 2b1 + by.
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o We now show the relation q(S) = 3b;(5).

e In fact, we have H}(S,C) = H%1(S) @ H¥0(S). Therefore
by = hO 4 A1O.

@ On the other hand, A%1 = A0, we know that qg= ROl = %bl.

Li Li (HU Berlin) 28 Jun 2021 29 /46



The Hodge diamond of a complex projective surface is in the form:

1
q q
pg h' pg
q q
1
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Propositon(111.20)

The integers g, pg and P, are birational invariants.

@ Let ¢ : S’ --+» S be a birational map, corresponding to a morphism
f:S"\F— S with F finite.

o Let w e HY(S, Q%) be a 1-form. Then f*w defines a rational form on
S’, with poles lying in F.

e But the poles form a divisor, so f*w € H(S, QL).
e We have a morphism ¢* : H9(S, QL) — HO(S', QL)).
@ Since ¢ is birational, there is clearly an inverse of ¢*.

@ The birational invariance of py and P, is deduced similarly.
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Theorem(Noether's formula)
X(0s) = 15(xtop(S) + K3)

Proposition
Let S be a ruled surface over C. Then

q(S) = g(C), pg(S) =0, Pn(S) =0,Vn > 2.
If S is geometrically ruled, then

K2 = 8(1— g(C)), ba(S) = 2

Li Li (HU Berlin)
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First we calculate g, pg and P,. Since we are calculating the
birational invariants, we may assume that S = C x P!

HO(S, Q%) = H(C x PL, Q¢ p1) = HY(C x P!, pfwe & piwpr) =
HO(C,wc) @ HO(PY, wp)

q(S) = &(C) + g(P') = g(C).
ws = det QY = det(pjwe & pywpr) = pjwe @ prwp

HO(S,we") =2 HO(C x P, (pjwc)®" © (p3wpr)®") =
HO(C x PL, (pjw&™) ® (p3wi™))

Pn(S) = h(C,wg"h (P, wi") = 0 for n > 1.
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@ Now assume that S = P¢(E) is geometrically ruled. We are going to
show K2 = 8(1 — g(C)) and by(S) = 2.

@ Recall that [Ks] = —2h + (deg(E) + 2g(C) — 2)f in H?(S,Z) and
that K2 = [Ks]?.
o K2 =4h> — 4(deg(E) +2g(C) —2)

o Recall that h? = deg(E). Therefore KZ = 8(1 — g(C)).
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@ To calculate by, we substitute x(Os) by 1 — q(S) + pg(S) and
Xtop(S) by 2 —2b1(S) + bo(S) in the Noether's formula.

0 1—q(S)+ pe(S) = 5(2—2b1(S) + bo(S) + 8 — 8g(C)) and recall
that q(S) = 1b61(S).

e h(S)=2.
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The Hodge diamond of a geometrically ruled surface is in the form:

1
g(¢)  &(0)
0 2 0
g(€)  &(0)
1

h%1 is not a birational invariant. For example a blow-up increases h''! by
1.
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Calculate the invariants of a hypersurface in P3. \

@ Assume that S C P2 is a hypersurface of degree d. There is an exact
sequence of sheaves over P3:

0 — Ops(—d) = Ops — Os — 0.
@ Taking cohomology, we have the long exact sequence:
o= HY(P3, Ops) — HY(S, 05) — H*(P3, Ops(—d)) — - -

® q(S) =h'(S,0s) =0
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By adjunction formula, we have Ks = (Kps + S)|s.
Therefore ws = Os(d — 4).

0 — Ops(nd — 4n — d) — Ops(nd — 4n) — wg" — 0.
@ Since h1(IP3, Ops(m)) = 0 for all integers m, we have
P,(S) = h°(Ops(nd — 4n)) — h°(Ops(nd — 4n — d))

B nd —4n-+3 B nd —d—4n+3
N 3 3 '

In particular, for n = 1, we have p, = (dgl)'
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We now calculate KZ and h':!.

To calculate Kg, we use the formula
LM = x(Os) — x(L) — x(M) + x(L® M).

KZ = x(Os) — 2x(Ks) + x(2Ks).
X(0s)=1—q+p; =1+ (1.

By Serre’s duality, x(Ks) =1+ (%,

Li Li (HU Berlin)

28 Jun 2021

39 /46



@ To calculate x(2Ks), consider the exact sequence
0— Ops(d 8) — Op3(2d 8) — 05(2d 8) = ws — 0.
e Since h*(P3, Ops(m)) =0,
h(S,2Ks) = hO(P3, Ops(2d — 8)) — hO(IP?, Ops(d — 8))
_ (2d=5\ (d-5
B 3 3 )

o h'(S,2Ks) = 0 since h(P3, Ops(m)) = 0 and h?(P3, Ops(m)) = 0.
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o We are left to calculate h?(S,2Ks). It is equivalent to calculate
h0(57 _KS)

o Consider

0 — Ops(—2d +4) = Ops(—d +4) = Os(—d +4) = w¢ — 0.

@ Similar to the previous discussion,

h(S,—Ks) = ho°(P3, Ops(—d + 4)) — h°(P3, Ops(—2d + 4))
_ (1-d 7-2d
- (39)-(57)

o 1(2Ks) = (4 = (%) + (59 - ()
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@ We conclude that

K =

- (50 (%)-(%)

x(Os) — 2x(Ks) + x(2K5s)

(59 (57)

o We are left to calculate A%t

@ By Noether's formula,

Xtop(S)
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@ On the other hand,

Xtop(S) = 2—2b1+ by
2 —4q+2pg + ht?

~1
= 2+2<d3 >+h171

o M1 =11 + ll(dg1> o (2d3—5) + (dg5> - (7gd) + (7—32d>
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Conclusively, a hypersurface of degree d in P3 has the Hodge diamond:
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Thank you for listening!
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