
Today : every surface is projective , smooth 11C
.

smoolhprojediuei.b.ir/oti0nol--isomorphisfamong mop

rational
= morphism

curves
mop

bidn=ÉÉon
among :

•

morphism of blowups

surfaces s→ gl s→S1→ . - .
→ sn=S

"

• birational
=

finite composition of
blowups and blow

downs

mop S
"

proper
Reg birational

5- - - → S
'

S -
- -→ S

'

• birational ⇐* isomorphism
wop



Def A surface S is MINIMAL if

s
' surface , S →f s' proper

birational ⇒
f isomorphism

Castelnuovo Khun :

S is minimal ⇐>
$ C C- 1) - curve in S

( C _~ P1
,

0=-1)

T#(Existence of mini?%??÷?
proper

birationals surface ⇒ I 5min
s -
t

.

. 5min minimal surface

Ideaoftheproof If S doesn't contain a C- 1) - curve ,
then

S is minimal , 5min = S .

So we are done
.

If S contains a C- 1) - curve , let 's
contract it : S → s

'

rank Nums → rank Num s
'

. ☐



S surface : qcs) = lilos) = her} ) irregularity
pg (5) = lilos)=h°(Ws) geometric genus

Pmcs)=h°(w§m ? Hm> 1 plurigener.ae . B- = Pg .

Prof S , S
' miuiueol

,
7m31 : Pmcs)±o

(KS) -1--07

⇒ Every national map
S - -→ S

' is an isomorphism .

Cir (Uniqueness of
minimal models)

s surface s.t.FM
> 1 : Pm (5) =/ 0 .

( KCS ) =/ -a)

5min minimal surface s.t.
S → Smh

⇒ F ! proper birational
unique

Is the assumption on Pm necessary ?



Birational mops between rational surfaces are

often non - isomorphisms :

( Recall that
• IP? 11--0=1131×1131 , Fn for n 32 IF

,
contains a

are rational and minimal c-D- curve )

• Cremona map of P2

-1¥blowup
the 3 pointsio.o.is/t# I#- - - - - - - - - - >

•

pzp÷??É%i%j Exo :X :✗z]1→l¥¥i¥]É×µz
: ✗☐ ✗ i. xox , ]✗0=0



✗ smooth projective curve over ¢
.

GENUS of ✗ : g=h40×) = h°(w×) = I
dim HEX

,
Q)

9=0 9--1

1
""

€-7:-D
hyperbolic

Riemann sphere :
P1 1- olive complex tori

positive curvature
flat curvature negative curvature{ zerounique complex Str . reasonably few
complex structure

many complex
structures

degwx < 0 deg w×=0 degwx > O

WI ample

×=°×w×ampq



✗ projective variety .

Plurigeuera : Rm (X) = h°(w¥m) for m > 1 .

The KODAIRA DIMENSION of ✗ measures how

Pm (X) grows for m →
to :

- is if Fm > 1
,

Pm ( X) = 0

RCX ) :={ min { ke I / (Pmm¥)↳ , is bounded } othw .

KCX) c- { - co , 0,1 ,
. .

.

,
dim ✗ }

Def ✗ is OF GENERAL TYPE if KCX) = dive ✗



C smooth projective curve of genus g.

• g=0 : Ce P1
, we = Opt

C-2)

Pm (C) = h°(wc☒m)=h°( Op , C- 2mD= 0 Fm> 1

RCC ) = - co

• g=1 : C elliptic curve , we
= Oc

Pm (C) = h°(wc☒m ) = h°(Oc) = 1
Fm >I

k(C) = 0 .

• g>
2 : degwc -_ 2g

-2 > 0

h1(wc☒m)=h°(wtM☒Wc)=h°(WE
't -m)
)=O ifmzz

¢

degL<0seirreoity ⇒ hell
-0

form> 2 h9wc☒M)=X(wc☒m)¥"degw¥m+1-g=(zm -1) ( g- 1)
k(C) = 1

.



Exaiuple ✗ c 1PM hypersurface of degree d. n >2
.

wlpn = Opn (- n
- 1)

adjunction ⇒
w×=0×(d- n - 1)

w×☒m=0×(m(d- n - LD

0 → Opnl - d) → Opn → Ox → 0

0 → Opnfdtmcd - n - l )) → 0pm (m ( d
- h -D) → w¥m→o

O→H9opn( -dtmld- n- ID)→H°(Opnlmcd
- n - ID)→ H%¥m) → 0

✗ is Fano

• Is dsn ⇒ w ample ,
k(X)= - is

• D= nt1 ⇒ w×-~ Ox , a ( X) = 0

• dzntz ⇒ wx ample ,

RCX ) = dim ✗

✗ general type



• 1PM Wpn = 01pm C- n - 1)

wp☒nm = Opn ( - mln
+1)) negative

h°Cw¥M=0 Tm > 1

=) k ( Ipn ) = - A -

X national variety ⇒
k(✗ I = - is.

*
related to

Liiroth problem .

Opeuqwsl ✗ C P
'
cubic hypersurface defined by

a general polynomial . Is ✗ rational ? CKCX)= -a)



Theme (Enriques
' classification 5 s minimal surface / ①

Then exactly one of the following holds :

• 5=1132
,

k (5) = - is

• S geometrically ruled ,
k=- co ,

S→ C with fibres
P1

• ( K3 surface) k= 0 , Pg
=\

, 9=0 ,
WS
= OS (gives a

class in Pico))
• ( Enriques) k= 0

, pg =
0
,
9--0 , wg☒2 _~ 0s torsion

• (abelian) s=É4A ,

a- 0 , Pg -- 1
, 9=2 , ws _~0s

• Cbi elliptic) a- 0 , pg=
0

,
9=1

• ( elliptic ) k
- 1
, µB}= 0 , S → B elliptic fib notion

• (general type) a- 2 : too many ,
stick mysterious .

What happens in higher dimension ?



In olive 3 : 3- examples ✗ -

€
, ✗

'

birational mops

s.to are riot compositions of blowups

and blow downs

small contraction .

f :X → ×
' birational

proper
which are iso in cochin 2

.

dim ✗ = dinx
/ =3

Exdf)={ ✗ c- ✗ If is not an
iso at × } might be acurve .

Atiyah flop .



✗ proj . variety .
( C- Pick) .

L is called NEF (numerically effective ) .

if FC smooth
Droj . curve

,
tf :(→✗

degc f-
* L 30 .

Prof s Csm - prog? surface)
KCS ) # - co

.

S is minimal ←→ Ks hef

pI⇐) E C- 1) - curve .

EI -1 adjunction
kg .E= -1

PACE)=O
⇒

i :E↳S Ks .E=degEi*wg
contradicts that Ksnef .

⇒ ) exercise . ☐



Def (Honi ) A projective variety ✗ is a MINIMAL
MTDEL if Kx is nef .

theoremlconjecture-CMorisprogramthu-MII.ae model)program
✗ projective variety .

Then :

• KCX ) = - is ⇒
✗ is birational

to X
' and

✗
'
→ T with fibres

Former

varieties of dim > 0
.

Tpnoj . voriléy ,
OE dint <

dim ✗

• k(✗170 ⇒
'✗ is birational to a minimal model

• dive 3 : Mori BCHMiarbirtrarydiu.ru/)=dimXBirkar-Casa#-Hawn-Fna


